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Abstract

Modular-type transformation formulas are the identities that are invariant under the
transformation o« — 1/, and they can be represented as F'(a) = F/(f) where a f = 1.
We derive a new transformation formula of the form F(«, z,w) = F(f, z,iw) that is
a one-variable generalization of the well-known Ramanujan-Guinand identity of the
form F(«,z) = F(B,2) and a two-variable generalization of Koshliakov’s formula of
the form F'(a) = F(f) where oo = 1. The formula is generated by first finding an
integral J that is comprised of an invariance function Z and evaluating the integral
to give F(a, z, w) mentioned above. The modified Bessel function K,(z) appearing
in Ramanujan-Guinand identity is generalized to a new function, denoted as I, ,,(z),
that yields a pair of functions reciprocal in the Koshliakov kernel, which in turn yields
the invariance function Z and hence the integral 7 and the new formula. The special
function K, ,(x), first defined as the inverse Mellin transform of a product of two
gamma functions and two confluent hypergeometric functions, is shown to exhibit a
rich theory as evidenced by a number of integral and series representations as well as
a differential-difference equation.

The second topic of the thesis is 2-adic valuations of integer sequences associated
with quadratic polynomials of the form z*+a. The sequence {n?+a : n € Z} contains
numbers divisible by any power of 2 if and only if a is of the form 4™(8]+7). Applying
this result to the sequences derived from the sums of four or fewer squares when one

or more of the squares are kept constant leads to interesting results, that also points



to an inherent connection with the functions r(n) that count the number of ways to
represent n as sums of k integer squares. Another class of sequences studied is the
shifted sequences of the polygonal numbers given by the quadratic formula, for which

the most common examples are the triangular numbers and the squares.
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Chapter 1

Introduction

1.1 Transformation formulas involving a general-
ization of the modified Bessel function K, (z)

For Re(s) > 1, the Riemann zeta function ((s) is defined by the absolutely convergent

Dirichlet series,
1
Q(S) - E?

n=1
and can be analytically continued to the entire complex plane except for a simple
pole at s = 1 with residue 1. The analytical continuation makes use of the functional
equation,

1—s

7 AD(3)C(s) = 7 T T(5C( — o). (1.1)

Here I'(s) is the gamma function defined for Re(s) > 0 by the integral

[(s) = /000 ¥ e " du. (1.2)

The integral (1.2) defining the gamma function I'(s) is the Mellin transform of the

function e=*. The Mellin transform of a function f(z), used often in the thesis, is



defined as
F(s):= /oo 2 f(x) du, (1.3)

0
where s is restricted to the values for which the integral (1.3) converges and the

inverse Mellin transform is given by [1, p. 33]

1
r) = — z 3F(s)ds. .
f(x) /(C) (s) (1.4)

2w

where f(c) denotes the line integral fcc_tz;o throughout the thesis.

The Riemann ¢-function, defined by

is an entire function satisfying £(s) = £(1 — s), which means it is symmetric with

respect to the vertical line Re(s) = % in the complex plane. Riemann’s Z-function,

defined by

2(t) = &(3 + it),

is an even function of ¢.
The following integral evaluation, comprising of the Riemann =-function, is well-

known and was used by Hardy [2] to prove the infinitude of the zeros of {(s) on the

critical line Re(s) = 3:
2 E(%) 1 1 = _TI'OC2TL2
;/0 T2 08 §tloga dt = o %0 ngl e (1.5)

Clearly the integral on the left side of the equation (1.5) is invariant under the

transformation &« — 1/«. This invariance yields the following formula for complex



numbers o and 3 with Re(a?) > 0, Re(?) > 0 satisfying a8 = 1:

The right side of the equation (1.5) relates to the theta function #(x) in the

following manner:

O(x) := i e =142 ie””%.
n=1

n=—oo

The theta function 6(z) satisfies the following transformation property:

0(z) = %9 G) (1.7)

Letting x = a? yields the formula (1.6), so henceforth equation (1.6) will be referred
as the theta transformation formula.

The transformation property (1.7) for the theta function #(x) is reminiscent of the
invariance property of modular transformations under inversion. Indeed, in a slightly
different form obtained by a change of variable, the property (1.7) corresponds to the
inversion 7 — —1/7. On account of this similarity with the modular transformation,
the formulas of the form F(a) = F(pB) for a8 = k, where k is a constant, are known as
modular-type transformations. Such formulas can be found in the work of Ramanu-
jan, that have inspired the study of integrals involving Riemann =-function that are
invariant under the transformation o — 1/« to generate the modular-type transfor-
mation formulas. One of the elegant formulas found on page 220 in Ramanujan’s

Lost Notebook [3] is given below.

Theorem 1.1.1. Define

L(x) :==¢(z) + % —logx



where

P(z) = dizhl I'(z) = I(2)

1s the logarithmic derivative of the gamma function. If o and B are positive numbers

such that a8 = 1, then

n=1
1 B N 12
=(L\r 1+t
2 4
The evaluation of the integrals of the type

- /OOO F(t) cos (%tlog a) dt, (1.9)

that are invariant under the transformation a — 1/« by finding their alternate series

\/5{7 log(2ma) ZL (na } _ B{fy lc;g/;g(%rﬂ) Z (nﬁ)}

3
T2 JO

coS (%t log a)
1+¢2

dt. (1.8)

or integral representation, is a useful technique to derive modular-type transforma-
tion formulas. N.S. Koshlikov, known for his work on modular-type transformation
formulas, worked with a kernel function given by a combination of trigonometric and
Bessel functions. This kernel, proved to be an essential tool in employing the above
mentioned technique to derive some of the results in the thesis, will be referred to as
Koshlikov kernel. To introduce the kernel, the definitions of the Bessel functions are
presented first. The Bessel functions of the first and second kinds of order z, namely

J.(x) and Y,(z), are defined by [4, p. 40, 64]

AT R il /L) e THTI (1.10)

—~ mil'(m+1+ z)
and

J.(x)cos(mz) — J_,(x)

sin 7wz

Ya(z) =




respectively. The modified Bessel functions of the first and second kinds of order z

are defined by [4, p. 77|

e 2™ ] (e2™x), if —m < arg @ < z
I(z) = (1.11)

3 ; 3. .
e2™ J (e72™x), if T <argwx <,

and [4, p. 78]

The Koshlikov transform of a function f(z) is

o /0 " f(2) (cos(m2) My (47/2) — sin(r2) Jo, (47/2)) do, (1.12)

whenever the integral converges. A pair of functions (¢, ?) is said to be reciprocal in
the Koshlikov kernel if the two functions ¢ and v are Koshlikov transforms of each
1

other as stated explicitly in (2.1) in Chapter 2. Koshliakov proved that, for —5 <

o / T K.(2n) <cos(m)M22(4m/E> —sm(m)Jz,z(zm/E)) dt = K,(2rz). (1.13)

Thus the modified Bessel function of the second kind K, (z) is self-reciprocal in the
Koshliakov kernel. This yields the first known pair of reciprocal functions in the
Koshliakov kernel viz. (y/aK,(2rax), /BK.(27Bx)), where a8 = 1.

A large number of the integrals studied for the modular-type transformations com-
prises of the Riemann =-function or a product of two Z-functions in the integrand.
In this thesis, we restrict our discussion to such integrals comprising of Riemann
=-function(s) that generates the modular-type transformation formulas and can be
broadly classified into two categories, both comprising of another function that is in-

variant under the transformation o — 1/« called as the invariance function. Hence-



forth a and [ satisfy a8 = 1 throughout the thesis. The first family of integrals,

denoted as Z(h, V;w, «), is given by

I(h, Viw,a) = / h <3> = <3> v (a,w, ﬂ) dt, (1.14)
o "\3)=\3 2

where h(t) = |¢(it)]* = ¢(it)p(—it) is an even function of ¢, for some analytic function
¢ and the function V satisfying the invariance property V(a,w,s) = V(f,iw, s) is
the sum of the normalized Mellin transforms of a pair of functions reciprocal in
the Fourier cosine transform, defined explicitly in Chapter 2. The evaluation of the
integrals Z(h, V;w, a) gives rise to the formulas of the type F(o,w) = F(f,iw),
where w can be identically equal to zero. When w is identically equal to zero, the

143t
2

invariance function V (a, 0, ) reduces to 2 cos (%t log a).

The integral (1.5) associated with the theta transformation formula (1.6) is an
example of the first kind Z(h, V; w, ) with w = 0, ¢(t) = é so that h (%) = IJ%
and V = 2cos (%tlog a). A variety of integrals of the kind Z(h, V;w, «) are studied
by Ramanujan [5], Koshliakov [6], G. H. Hardy [2], W. L. Ferrar [7] and lately by
A. Dixit [8]. A transformation of the kind F(«,w) = F(f,iw) that is of particular

interest in the thesis is the generalization of the theta transformation formula

2

1 [ =(4 1+ it T o
_/0 %V (a,w, —;Z ) dt = \/a<62 ’ —e?Ze_m%z cos(ﬁomw))

™ « 1

2

_ \/B(e;; _ ie—wﬁznz cos(iﬁﬁnw)>7 (1.15)

n=1

for w € C, where

V(a,w,s) = pla,w,s) + pla,w, 1 — s),

1 w? 1—-s 1 w?
=a2 es | | —;=;—— 1.1
p(a,w,s) Q2 €89 1< 9 72a 4) ( 6)



where 1 F (a; ¢; w) denotes the confluent hypergeometric function defined as [9, p. 188§]

> (a)n
1F1acz:§ ,
cnn'

with (a), being the Pochhammer symbol given by
(@), :=ala+1)---(a+n—-1)=

for a € C. Here p(a,w,s) and p(a,w,1 — s) are the normalized Mellin transforms
of the functions \/56%26*““%2 cos(y/rarw) and \/Be_w?ge*w%z cos(iy/mBrw) respec-
tively. Though the first equality involving the integral in (1.15) is found more recently
n [8] by A. Dixit, the second equality in (1.15) is well-known in another version given

in terms of Ramanujan’s theta function f(a,b):

e \/_f ( —a?+iza e—oﬂ—z‘za> Y VBf <6—52+iz676—52—izﬂ> ‘ (1.17)

where

flab) = 3 a2 " Jab| < 1, (1.18)

The second family of integrals, denoted as J (h, Z; z, ), is obtained by introducing

a product of two Riemann =-functions,

* t t—iz t+iz 141t 2
j(h,Z,z,a).—/O h(z,§) ( 5 >u< 5 )Z( 5 ,5,(1) dt, (1.19)

where h (z,t) is an even function of ¢ of the form

[1]

h(z,t) =|o(z,it)|* = ¢(z,it)¢(z, —it), (1.20)

where the function ¢ is analytic in the complex variable z and in the real variable



t and the function Z satisfying the invariance property Z(s,z,a) = Z(s, z,3) is the
sum of the normalized Mellin transforms of a pair of functions that is reciprocal in
the Koshliakov kernel, defined explicitly in Chapter 2. The evaluation of the integrals
J (h,w; ) generates the formulas of the second kind F(«a, z) = F([3, z), which is of a
different kind than F'(«,w) = F(3,iw) seen above.

The integral in Theorem (1.1.1) given by Ramanujan is the first example of the
integrals of the second kind J(h, Z; z, «), with the variable z identically equal to
zero. A transformation formula derived by N.S. Koshliakov , though it was also
proved by Ramanujan ten years earlier[10, p. 253], will be referred to as Koshliakov’s
formula throughout the thesis. It is obtained from the integrals of the second kind
J(h, Z; z,«) by letting z = 0 and using ¢(t) = ——1, so that h () = 7757, For

EmSTr CETRES
a, >0,

32 [ EQ(%)
T Jo (1+12)?

1 - — log(4
Cos (§tlog a) dt = \/a<4 d(n)Ky(2nma) — %W)
n=1

= \/E<4§; d(n)Ko(2nmB) — %”W) (1.21)

where d(n) is the number of positive divisors of the positive integer n, v is Euler’s
constant and Ky(x) is the modified Bessel function of the second kind of order zero.
The well-known Ramanujan-Guinand identity generalizes Koshliakov’s formula

(1.21) by extending Ky(z) to K,(z). For —1 < Re(z) < 1,

> z\ _ [t—1z coS %lo @
() () e S
= ﬁ<4ZJ_Z(n)n§K§(2ﬂan) — a2 7T (%) C(z) —a~27IxaT <—§> Q(—Z))
= JB(zxia_z(n)n?K;<2wﬁn>—ﬁé-1w—ér (5)¢t)-pimin (=) c<—z>)



The second equality is the transformation formula known to Ramanujan (see [10])
and rediscovered by Guinand [11] whereas the first equality is proved recently by
A. Dixit [12]. The pair of functions (v/aK,(2raz),/BK,(27Bz)) reciprocal in the
Koshliakov kernel is used for the calculation of the invariance function Z for both
(1.21) and (1.22), where z = 0 for the former. In both the formulas, Z reduce to
cos (%tlog a), as shown in Chapter 2, independent of the variable z.

A number of interesting formulas involving integrals of the kind J(h, Z; z, «) for
which the invariance function Z is restricted to cos (%tlog a) are known, see for ex-

ample [12-15]. The paper [16] has developed a unified theory for the integrals of

the kind J(h, Z; z, a) for a specific h = (t2+(z+1)2)1(t2+(z_1)2). The integrals involving
both the Koshlikov’s formula and Ramanujan-Guinand formula are examples for this
particular h. The results in the paper [16] serves as a template for generating new
transformation formulas that can possibly involve an invariance functions Z other
than cos (%tlog a). To derive a transformation formula that uses a non-trivial in-
variance function Z, the trick is to find a quintessential pair of functions reciprocal
in the Koshliakov kernel for which Z does not reduce to cos (%tlog a), while being
not too complicated so that we are still able to find an alternate representation for
the integral J(h, Z;z,«). The difficulty lies in generating the reciprocal pairs in
the Koshliakov kernel as it is rare for a function to yield an exact evaluation in the
Koshliakov transform. In course of searching the literature for finding a reciprocal
pair in three variables x, z and w, that reduces to K, (x) when w = 0, only one useful
equation in Koshliakov’s paper [17] was found, though it proved to be inapplicable for
calculating Z. To the best of the author’s knowledge, the transformation formula de-
rived in the thesis is the first one obtained from the integrals of the kind J (h, Z; z, @)
in which the invariance function Z do not reduce to cos (%tlog a). It is to be noted
that this is not the case with the invariance function V for the integrals of the first

kind Z(h,w; ), as seen above from the generalization of the theta transformation
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formula (1.15) of the kind F(«a,w) = F(8,iw).

Evidently the integrals evaluating the theta transformation formula (1.6) and
Koshliakov’s formula (1.21), that are of the first and second kind respectively, com-
prise of the same functions, though all of the functions, except the invariance function
cosine, are squared in the latter. The two formulas exhibit other similarities as well
that is elaborated as follows. The theta transformation formula (1.6) is equivalent to
the functional equation (1.1) of the Riemann zeta function ((s) whereas Koshliakov’s
formula (1.21) is shown to be equivalent to that of (?(s) as shown by W. L. Ferrar
[7] and F. Oberhettinger and K. L. Soni [18]. The functions appearing in the sums
of the respective formulas, that is e and Ko(x) exhibit similarity in the following
manner.

The Mellin transforms for the functions e=** and Ko(z) are well-known [19]. For

o 1
/ e dy = §F (%) : (1.23)
0

Re(s) > 0,

and again, for Re(s) > 0,

/OOO vV Ko (2) do = 25721 (g) (1.24)

Thus, up to constant factors, the functions e~ and Koy(x) are the inverse Mellin
transforms of T’ (%) and I'? (%) respectively.

Ramanujan-Guinand formula is a one-variable generalization of Koshliakov’s for-
mula of the kind F(«,z) = F(B,z). This generalization is of a different kind than
the one seen above for the generalization of the theta transformation formula, that is
F(a,w) = F(f,1w). One of the goals of the thesis is to find a one-variable general-
ization of the Ramanujan-Guinand formula and hence, a two-variable generalization

of Koshliakov’s formula. This formula is of the form F(«,z,w) = F(f, z,1w). To

reach that goal, we first discover the elusive reciprocal pair by defining a new special



11

function K, ,(x), that is first introduced as an inverse Mellin transform as follows.

For z,w € C, x € C\{z € R: 2 <0}, and Re(s) > + Re(z), we define

(1.25)

The special function K, ,,(z) can be considered as a generalization of the modified

Bessel function of second kind K, (z). For w =0

1 s—z St2\os2 s,
Kz,o(x)_zm/(c)r( . >r< : )2 vids = Ko(z).  (1.26)

The integral in (1.26) is an inverse Mellin transform representation of K, (x), as

given in [19, p. 115, formula 11.1], hence the second equality.

The new function K, ,,(z) yields a non-trivial invariance function Z leading to the
desired generalization of the Ramanujan-Guinand formula of the kind F(a, z,w) =
F (B, z,iw) involving two variables z and w as follows, unlike previous formulas which
belong strictly to one of the two kinds, with either one or no variable. Let w € C,

z € C\{-1,1} and o, 8 > 0,
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where
Z(a,z,w, s) = Z(a, z,w, s) + Z(a, z,w, 1 — s),

1 l-s—2z 1 w? l—s+2z 1 w?
Z =2 5 F | —= = ) F L )
(CY,Z,U),S) a2 7 1( 92 727 4)1 1( 9 a27 4>
Here Z(«, z,w,s) and Z(«, z,w,1 — s) are the normalized Mellin transforms of the

functions \/ae™ 1 K, ,(2raz) and /e 1 K, ;,,(273z) respectively.

Ramanujan-Guinand formula is a special case of (1.27) when w = 0 whereas
Koshliakov’s formula is a special case of (1.27) when both w = 0 and z = 0.
As a special case when only z = 0 in (1.27), we obtain another previously un-

known formula, that is one-variable generalization of Koshliakov’s formula of the

kind F(a,w) = F(f,iw). Let w € C and o, 8 > 0,
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+ 4 2
= a@_wTQ <4§;d(n)e_ ) K0w<2n7704) . Y — lOi<4W&) (1 B %2) n w_:)

Note that this transformation formula can be given in the form F(a,w) = F(f,iw),
like most formulas associated with the integrals of the first kind Z(h, V;w, a), never-
theless, the integral equal to it is of the second kind J (h, Z; z, «), as reflected by the
squares or the products of the functions, for example =-function, in the integrand.
The generalization of the theta transformation formula led to the motivation be-
hind the discovery of the function K, ,(x), as explained in Chapter 2. The function
involved in the theta transformula formula (of the type F(a) = F(3)), that is e,

* cos(we) appearing in its generalization of

is extended to an elementary function e~
the kind F'(a,w) = F(f,iw). On the other hand, the special function of K,(x), that
appears in Ramanujan-Guinand formula of the kind F(«, z) = F(, z), is extended
to a new special function, namely K, ,(z) that yields the generalized formula of the
type F(a, z,w) = F(f, z,iw). A significant portion of the thesis is devoted to devel-
oping the theory of K, ,(x) as much as possible with the intention it might be useful
in other places. Hence, a large part of the analysis of K, ,(z), given in Chapter 5, is
not integral to the discovery of the desired modular-type transformation but is inde-
pendent of it. A number of integral and series representations of K, ,,(z) are derived
in Chapter 5, motivated by the corresponding representations of the modified Bessel

function K, (z), and they point to a rich theory of the special function K, ,(x).

For example, the function K, ,(z) exhibits the following simple integral represen-
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tation. For z,w € C and |argz| < §
_ ® s’ WL 12--1
K,.,(2x) =27 e 7 cos(wt) cos ( ; )t T dt. (1.28)
0

We note that from the definition of K, (z) itself, it is evident that it is an even
function in both the variables z and w. From the above integral representation (1.28)
as well, it is clear that K, ,(z) is an even function of w and by the change of variable
t — x/t, it follows that it is also an even function in z.

Another integral representation for the function Ky, (z) involving an exponential

and two cosine functions is as follows. For |argz| < i?‘(‘ and w € C, we have

o0 w?a? w?zru cosu du
Kow = S — ) 1.29
0(?) /0 P ( 2(x? + u2)> cos (2(:62 + u2)) 2?2 4 u? (1:29)

This is a generalization of the well-known Basset’s formula for the modified Bessel

function of the second kind K, (z), given in [4, p. 172],

K.(zy) =

(1.30)

I'(z+1)(22)* [ cos(yu)du
y*T(5) /o (

1>
ZE2 + ug)z+2

for Re(z) > —3,y > 0, and |argz| < 37 in the case z = 0.
The function K, ,(x) relates to the modified Bessel function K, (z) in the following

manner. For z,w € C and |argz| < %

n+m

K. .(22) ZZ Koz (22). (1.31)

The special function K, ,(x) also exhibits a series representation, involving the

three different Bessel functions J,(z), I,(z) and K, (z) as follows. For —1 < Re(z) <
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1, weC, and |argz| < T

Ko@) = 5 3 (1) Kepn(28) (Tan(20V/E) + Jon (20E)) (1.32)

n=—oo

When w = 0, the above result reduces to the trivial relation K,(2z) = K,(2x) since
Iy(0) = Jo(0) = 1 and [,(0) = J,(0) = 0 for n # 0. It is to be noted that in both
the series (1.31) and (1.32) representing K, , (), the variable z appears only in the
order of the modified Bessel function K, (x) whereas the variable w appears either in
the arguments of the Bessel functions J,(z) and I,(z), as in (1.32) or seperately as
n (1.32). Moreover the Bessel functions themselves are defined as series, see (1.10),

more specially the modified Bessel function K, (z) is given by

—z

- §k2zok!sin(7rz) (F(k;—z+1) a P(k+z+1)> (133)

Hence the function K, ,(z) is effectively a triple series, one representation of which

is derived using (1.31) and (1.33) and is given by

w2(n+m)x2k

Kz,w(Qx) = gz Z Z (Qn)‘ (Qm)' k! SiH(TI'Z) %
( p2m—z B 2tz ) 7 (134>

Nk+m-n—2z+1) TI'(k+n—m+2z+1)

forw € C, 2 ¢ Z and |argz| < 7. Another representation for K () is an infinite
series of Laplace transform of a special function involving ¢F5 as given below. For

w € C, Re(z) > —1 and |argz| < T

K, .(z) = Sz(j)jg Z (_ ’ > /Oo (1) (28 4+ 1)K, (2(2t + 1))
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This is the generalization of the well-known integral [20, p. 236]' for K (z), where it

is expressed as a Laplace transform of an elementary function, that is, for Re(z) > —%
and |argz| < §
2 Z,—T oo
K () = YT2a)e / 2R (1 4 1)773 dt. (1.36)
T(z+3) Jo

The integral in the above representation for K, ,,(z) is indeed a Laplace transform as

[21, p. 934, formula 8.468]

[—yzk' ”*k e (1.37)

In an attempt to derive the asymptotic expansion of the function K, ,(z), the
following double integral representation is discovered by chance. For w € C,

Re(z) > —1 and |arg x| < T,

et s [ e (2l ) D)

wix 11 wiat
X oF3 <— 5’ 142 — 8y)0F2 <—;§,§;— 3 )dtdy.

(1.38)

Letting w = 0 in the above equation (1.38) gives the following double integral repre-
sentation for the modified Bessel function K, (x) which the author could not find in

the literature. For Re(z) > —1 and |argz| < §

ko =g | e (2 (+5) (0+3))

The asymptotic expansion of K, ,(z) for large values of |z| obtained by Nico M.

Temme is stated in Theorem 5.4.1 in Chapter 5. Its proof is given in the Appendix of

! There is minor misprint in that (2z)? is typed as (2/x)%.
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[22], the paper that also contains most of the results from the first topic of the thesis.
For small values of |z|, the asymptotic expansion of K, ,(z) is as follows.
(i) Let w € C be fixed. Consider a fixed z such that Re(z) > 0. Let ® = {z € C:

|argz| < 7}. Then as 2 — 0 along any path in D, we have

Kew(x) ~ %F(z) (E>_Z 11 (Z§ %3 _Twz) . (1.39)

(ii) Let w € C be fixed. Let |argz| < 7. As z — 0,

2 3 2
Kow(z) ~ —loga — %QFQ (1, 1; 5,2; —wz) . (1.40)

The result in (1.40) shows that, similar to the modified Bessel function Ky(z), the
function Ky, (z) also has a logarithmic singularity at = = 0. Note that when w = 0,
the above two results agree with the corresponding ones for K (x) given below.

iP(z) (%) 7,ifRe 2 > 0,

2

K.(z) ~ (1.41)

—log z, if z=0.
The function satisfies the differential-difference equation

d* d2 d2
— K, ,(22) + 2z (—Kz+1,w(2x) + WKZ_LM(%C))

dw?* dw?

+ 27 (Ko y0.0(22) — 2K, ,(27) + K, _9,,(27)) = 0.

for z,w € C and |argz| < 7.

The first topic in the thesis, described above, is organized as follows. Chapter
2 presents the motivation behind the definition of the new function K, ,(z) as the
inverse Mellin transform by inspecting the analogy between Ramanujan-Guinand for-

mula and the theta transformation formula. In Chapter 3, the desired pair of functions
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that is reciprocal in the Koshliakov kernel is derived using the function K, ,(z). In
Chapter 4, the generalization of the Ramanujan-Guinand transformation formula of
the kind F(«, z,w) = F(f, z,iw) is obtained along with the integral associated with
it. In the last chapter of this topic, that is Chapter 5, the theory of the function
K, ,(z) is developed. The introduction to the second topic in the thesis is given

below.

1.2 2-adic valuations of integer sequences associ-
ated with quadratic polynomials

The second part of the thesis deals with the 2-adic valuations of the integer sequences.
The p-adic valuation, also known as p-order and denoted by 1,(n), of a number n
is the exponent of the highest power of p that divides n. A sequence (s,) is said to
possess infinte p-adic valuation, denoted as v,(s,) — oo if for any power of p, say p*,
there is a term in the sequence that is divisible by p".

The sequences studied in the thesis can all be traced back to those generated by
the quadratic polynomials with integer coefficients and no linear term, for example the
sequence {n? +7:n € N}. The p-adic valuations, for any prime p, of such sequences
are inherently related to the existence of roots of the corresponding polynomials in
the respective p-adic field F,. The Hensel’s lemma is a useful tool to study the roots
of polynomials in F,, but it fails to hold in case of the combination of the prime
p = 2 and the polynomials of the kind p(z) = x? + k since the derivative of p(z)
equals 0 (mod 2). An interesting result that links the distinct sequences studied in
the later part of the thesis is that the sequences generated by the integer polynomials
{z* + k : x € N} contain numbers divisible by any high power of 2 if and only if k& is
of the form 4™(8] + 7). To sum it up, ve(n* + k) — oo and only if k is of the form
4m(81 4 7).



19

The integers of the form 4™ (8] + 7) mentioned above are special in the sense that
they are the only integers that cannot be represented as the sum of three or less
squares, a result known as Legendre’s three-square theorem. This leads to the study
of the sequences given by the sums of four integer squares that yields the following
counterintuitive results.

Let the set S be defined as all the possible sums of four integers squares, that is
S={a®>+b+c*+d®:abecde Z}). By Lagrange’s four-square theorem, every
number can be written as a sum of four integer squares. Thus the set S is essentially
the set of natural numbers, repeated a certain number of times, which in turn implies
that S has numbers divisible by any power of 2. Three different classes of sequences
can be derived from the set S by fixing either one, two or three of the squares in the
sum and letting the rest vary. For example, fixing one of the squares would yield the
integer sequences given by S(a) = {a? +b* +c*+d* : b,c,d € Z} where a is fixed and
b, c,d takes all integer values. The sets S(a) are the first class of sequences and the
other two classes are given by S(a,b) = {a* +b* + >+ d*: ¢,d € Z} and S(a,b,c) =
{a®*+V*+c*+d?*: d € Z} fixing two and three squares respectively. For every integer
a, it turns out that the set S(a) contains no numbers divisible by high enough power
of 2 (see Theorem 6.2.1). For example, S(3) = {9+ b*> + > + d? : b,c,d € Z} has no
numbers divisible by 8. Moreover the highest power of 2 that divides numbers in the
set S(a) is proportional to the highest power of 2 that divides a, in fact it is equal to
2v5(a) 4+ 2 (see Theorem 6.2.1).

Similar results holds true for the sets obtained by fixing two and three squares
viz. S(a,b) = {a®* +0* + 2+ d* : ¢,d € Z} (see Theorem 6.2.4) and S(a,b,c) =
{a* + V> +* +d*: d € Z} (see Theorem 6.2.7). In a nutshell, for sets of the type
S(a), S(a,b) and S(a,b,c), there is an exponent v, specific to that particular set,
such that no number in the set is divisible by powers of 2 higher than v. On the

contrary, another question is, given a fixed expoenent v, what proportion of the sets
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in either one of the three classes, say S(a,b), contains no numbers divisible by 2¥7?
For example, only half of the sets of the class S(a, b) have numbers that are divisible
by 4. In contrast with the natural numbers for which every fourth number is divisible
by 4, half of the sets of the class S(a,b) are devoid of any multiples of 4 whereas for
the other half the multliples of 4 are fewer and inherently related to the sequence of
triangular numbers defined below.

The function ri(n), that counts the number of ways n can be represented as sums
of k integer squares, allows zeros and distinguishes between signs and order in the
representations. The collection of the sets S(a) forms a disjoint partition of the set
S if the numbers equal in value but coming from different representations as sums
of squares are considered different. Similarly, the collections of the sets of both the
classes S(a,b) and S(a,b,c) always gives respective partitions of the set S. The
connection of this analysis with the function r3(n) is evident in Theorem 6.2.9 in
Chapter 6 that says the proportion of subsets of the type S(a, b, ¢) that has numbers
divisible by 22? is 1/23". This can be compared with the asymptotic behavior of the

function r3(n) (see [23]):

4
Z r3(n) ~ gﬂ'l’%

n<x

which implies the following identity satisfied asymptotically by the function r3(n):

1 22V k
LS i~ Yo
n=1 n=1

It is elaborated in the last section of Chapter 6 that the combination of prime p = 2
and the sums of four squares is special and the results cannot be generalized if the
problem is even slightly modified. For example if any other prime p is considered, then
the above property will no longer hold true. For example, the set {1+1+0+n?: n € Z}
contains numbers divisible by all powers of 3. Similarly, if prime p = 2 but sum of

more than four squares are considered, then again some sets will contain numbers
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divisible by any power of 2, for example the set {1+ 1+1+4+n?:n € Z}. This is
because of the beautiful confluence of the conditions for which Hensel’s lemma fails
to hold, an integer is a sum of three squares as given by the Legendre’s three-square
theorem and the polynomials n? + k yields finite 2-adic valuations.

The sequence arising from the polynomials n? + k can be considered as the
translations of the sequence of squares in the number line. It is an interesting
observation that, much more often than not, when an integer is added to each
square, the resulting sequence contains no number is divisible by high enough pow-
ers of 2. Like squares, there is another type of figurate numbers called triangular
numbers given by the formula n(n + 1)/2. The sequences of triangular numbers
{1,3,6,10,15,21,28,36,45, ...} contains infinitely many numbers divisible by any
power of 2, similar to the sequence of squares. However unlike squares, when shifted
by adding any integer the resulting sequence always contains infitinely many num-
bers divisible by any power of 2 no matter what integer is added uniformly to the
sequence. Both squares and traingular numbers are examples of polygonal numbers
that are given by a quadratic formula and hence it is natural to ask what is the
pattern exhibited in general by polygonal numbers. It turns out that the behaviour
of squares is truly unique whereas the behaviour of the remaining polygonal numbers

can be put into two categories, that is summed up as follows.

1. For s = 4, the sequence obtained by adding an integer k to s-gonal numbers
(that is squares) have numbers divisible by all powers of 2 if and only if & is of

the form 4™ (81 4 7).

2. For s # 0 (mod 4), the sequence obtained by adding an integer k to s-gonal

numbers have numbers divisible by all powers of 2 for any k.

3. For s #4 and s =0 (mod 4), let v5(s —4) = u, then the sequence obtained by

adding an integer k to s-gonal numbers have numbers divisible by all powers of



2 if and only if k =0 (mod 2% 1),

22
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Chapter 2

Analogy between the theta
transformation formula and

Ramanujan-Guinand formula

The motivation behind the definition of special function K, ,(x) can be clearly seen
by understanding the analogy between the theta transformation formula and its gen-
eralization on one hand and Koshliakov’s formula and Ramanujan-Guinand formula
on the other. The former are the transformation formulas associated with the inte-
grals of the first kind Z(h, V;w, o) while the latter are the ones associated with the
integrals of the second kind J(h, Z; z, &). The pair of functions involved in the gen-
eralization of the theta transformation formula gives a clue about the corresponding
pair needed to find the generalization of Ramanujan-Guinand formula. In view of
this, the mechanism behind deriving the formulas along with the associated integrals
using pairs of functions is demonstrated for the above known formulas of both the
kinds. A comparison is made pointing the similarities and the differences in the re-
spective mechanisms for the two distinct kinds of formulas mentioned above leading

to the definition of the generalized modified Bessel function K, ,,(z).
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2.1 Transformation formulas associated with the

integrals of the second kind J(h, Z; z, o)

A pair of functions ¢ and 1) is said be reciprocal in the Koshliakov kernel if the pair

satisfies the following.

oz, z,w) = 2w /OOO Y(t, z,w) (cos (72) My, (4v/tx) — sin (72) JQZ(4\/E)> dt,
W(w, 2, w) = 27 /0 ol 2 w) (cos (m2) My, (4v/£7) — sin (n2) J22(4\/§)> dt. (2.1)

The pair of functions that is reciprocal in the Koshliakov kernel (p,1) yields

14t 2 w), an example of which is the function cos (%tlog a).

invariance function Z ( 55,

More specifically, the invariance function Z is the sum of the normalized Mellin
transforms of the functions ¢ and v from the reciprocal pair.
The normalized Mellin transforms Z;(s, z,w) and Zs(s, z,w) of the functions

o(x, z,w) and Y(z, z,w) are given by

7 °T (S ; z) r (S _;— Z) Z1(s,z,w) = /000 5 o(x, 2, w) du, (2.2)
7 °T (S ; Z) r (8 ;— Z) Zy(s,z,w) = /000 v M)(z, 2, w) d, (2.3)

where each equation is valid in a specific vertical strip in the complex s-plane. The

function Z(s, z,w) is defined as

Z(s,z,w) == Z1(s,z,w) + Za(s, z,w), (2.4)
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so that

7 °T (8 ; Z) r <8 _g Z) Z(s,z,w) = / r¥7'0(x, 2, w) dz,
0

for values of s in the intersection of the above two vertical strips, where
(—)(a’;7 Z’ w) = SO(.:C, Z? w) +¢(':C7 Z7w)' (2'5)

For a pair of functions ¢ and 1 reciprocal in the Koshliakov kernel to eventually
generate a transformation formula, the functions ¢ and 1) must satisfy additional
conditions. The ¢, class, that was originally defined in [16] for functions in two

variables ¢(s, z) and (s, z), is slightly modified below to be used for (s, z,w) and
U(s, z,w).

Definition 2.1.1. Let 0 < w < 7 and n > 0. For fixed z and w, if u(s, z,w) is such

that

(i) u(s,z,w) is an analytic function of s = re? regular in the angle defined by

r>0, |0 <w,

(i) u(s,z,w) satisfies the bounds

0..ulls) if |s] < 1,
u(s, z,w) = (2.6)

O (711 RCN) i || > 1,
for every positive § and uniformly in any angle |0| < w, then we say that u belongs
to the class O, and write u(s, z,w) € 0.

For the second family of integrals of the kind 7 (h, Z; z, &) and the specific function

h=(t*+(z+1)?)(t*+ (2 —1)?))7}, the following result is given in [16, Theorem 1.2]
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Theorem 2.1.2. Letn > 1/4 and 0 < w < m. Suppose that v, € Oy, are reciprocal
in the Koshliakov kernel, and that —1/2 < Re(z) < 1/2. Let Z(s,z,w) and O(z, z,w)
be defined in (2.4) and (2.5). Let o_.(n) =} ,,d"*. Then

32 [ _[(t+iz\ _[t—iz 7 1+t =z dt
— = = —,w
T Jo 2 2 2 2 2+ (z+ 1)) (2 + (2 —1)?)

= i J_Z(n)nz/2@ (7m, g, w) — R(z,w), (2.7)

The rigth side of the equation (2.7) comprises of © (x, z, w) in the summation, that
is itself the sum of the functions ¢(s, z,w) and (s, z, w) in the reciprocal pair, as
well as the invariance function Z(s, z, w, «) that satisfies Z(s, z, w, a) = Z(s, z, 1w, 3).
When Theorem 2.1.2 is applied to a pair of functions, the integral on the rigth side
of the equation (2.7), say J, is equal to a function that can be broken into two parts

in the following manner.

J == (F(a,z,w)+ F(B, z,iw)) . (2.9)

N | —

The intermediate step is to prove that the two parts are equal to this each other, that
is
Fla,z,w) = F(B, z,iw), (2.10)

which implies

J = F(a, z,w) (2.11)

The equation (2.10) is the modular-type transformation formula associated with the
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integral J. Thus the application of Theorem 2.1.2 to a pair of functions gener-
ates a transformation formula, without proving it. The lemma 4.0.1 by Guinand
[11, equation (1)] stated in Chapter 4 is a useful tool in the proof of such formulas.
To summarize, Theorem 2.1.2 not only helps in finding modular-type transformation
formulas but also gives an integral that is equal to the known or newly found trans-
formation formulas. Finding new formulas is the trickier part than proving them in
most cases, however with the help of Theorem 2.1.2, the task boils down to finding
an approriate pair of functions reciprocal in the Koshliakov kernel.

One of the goal of the thesis is to obtain the transformation formula of the kind
F(a,z,w) = F(B,z,iw) that is a one-variable generalization of the Ramanujan-
Guinand formula (1.21) and hence, a two-variable generalization of Koshliakov’s for-
mula (1.21). We first demonstrate the application of Theorem 2.1.2 in these two
formulas using the reciprocial pairs in both cases so as to motivate the definition of
the new special function K, ,(x) that gives the reciprocal pair leading to the desired
generalization.

For Koshliakov’s formula

Va (4 > d(n)Ko(ana)—M> _ @(450: d(m)Ko(2nmB)— 1= 1og(47rﬁ)> |

n=1 a 5
(2.12)
for a;, § > 0, the integral associated with the formula is
32 [~ =*(%) 1
— — —t1 dt 2.13
) A Iy cos | gtloga ) dt, (2.13)

whereas for the Ramanujan-Guinand identity of the kind F(a, z) = F(f, z), which is
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essentially the generalization of Koshliakov’s formula,

¢a<4 i o_.(n)ni K= (2man) + a3l (_g) C(—2)+a 33T (g) C(z))
= /B (4§oz<n>n2f(;<2wn> + #5mir (=) ¢(=2) + p7En i (5) <<z>),

(2.14)

for —1 < Re(z) < —1, the integral associated with it is obtained by introducing

variable z in (2.13) in the following manner [16]

32 [ t+1iz
T Jo 2

Both the formulas (2.12) and (2.14) comprises of the modified Bessel function of the

(1]
(1]

t—iz cos (5t log )
( 2 ) (z+1)2+12)((z — 1)2 4+ 12) dt. (2.15)

second kind K,(z), that is self-reciprocal in the Koshliakov kernel and yeilds the
reciprocal pair as shown below. The invariance function, derived from the reciprocal
pairs, in the integral of both the formulas is cos (%tlog a) which turns out to be
independent of z, even though the reciprocal pair in case of Ramanujan-Guinand
formula is not independent of z, as demonstrated below.

The modified Bessel function of the second kind K, (x) is reciprocal in the Koshli-

akove kernel, as proved in [17],
o / K.(2rt) (cos(m2)Ma. (47V/2E) — sin(w2) Jos(4/aT) ) i = K.(272). (2.16)
0

for —3 < Re(z) < 3. The reciprocal pair (vaK.(2raz),/BK.(2rfxz)) is derived

2

using the self-reciprocity of K,(27x) by change of variables as follows.

o /0 " JBK.(27B1) <cos<m)M2Z<47r\/E) . sm(m>J2z(4WE)) dt = oK, (2raz),
o /0 " Jak.(2rat) (cos(wz)Mgz(Zlﬂx/E) . sin(ﬂz)Jzz(Zlﬂ\/E)) dt = \/BK.(2rBx).
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The Mellin transform for K, (z) [19, p. 115, formula 11.1] is

/Oooxs_le(x)dx:T_QF <8;Z) T (3‘2”) (2.17)

for Re(s) > £ Re(z). Using change of variables in (2.17), the Mellin transforms

derived for the functions in the reciprocal pair (/oK (2raz), v/BK.(27Bz)) are given

below.

/ " 'WaK,(2rax)dr = 7T (S_Z) r (S+Z> ar ,

] 2 2 4

/ o' N/ BEK.(2npz) dx = 7°T (S;Z) r (s—;—z) ﬁl
0

By definition (2.2), the normalized Mellin transforms are

Zl(O{,S,Z) - azi 9
gz
Zy(B,s,2) = I (2.18)

Hence the invariance function is

as expected. Note that Z;(«, s, z) and Zs(f, s, z) are independent of the variable z
and satisfy Z;(a, s, z) = Z3(5,1 — s,2). For Koshliakov’s formula, that is a special
case of Ramanujan-Guinand formula when z = 0, the pair of reciprocal functions
(VaKy(2rax),/BKy(2rBz)) is used instead of (v/aK.(2raz), /BK.(2rBz)) and all
the calculations above are the same. Since the invariance function Z(«, s, z) for the
pair (v/aK,(2rax), /BK.(27x)) turned out to be independent of z, it is the exactly
the same for both the reciprocal pairs.

We expect the generalized reciprocal pair we are looking for to appear in the
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generalization of Ramanujan-Guinand formula, in the same manner that the recip-
rocal pairs (y/a K, (2raz), BK.(2nBz)) and (VaKy(2raz), /BKo(27Bz)) appeared
in the summations of the Ramanujan-Guinand formula and Koshlikov formula respec-
tively. The desired pair of functions in three variables z, z and w must also reduce to
(VaK,(2rax),/BK,.(2rfx)) when w = 0. Since K,(z) is itself a special function,
so must be the function that is used in the generalization.

For a function to be a part of the reciprocal pair, it is to be integrated with the
Koshliakov kernel and the evaluation must give the other function in the pair and vice
versa. An extensive search for functions involving K, (z) that have exact evaluation in
the Koshliakov transform lead to only one identity in [24], that is not helpful for this
purpose. The desired generalization formula require introduction of a new function,
namely K, (z), that eluded discovery by trial and error. The function K, ,(z) is
intuitively found by observing the analogy between the theta transformation formula
and Koshliakov’s formula. The generalization of the theta transformation formula of
the kind F(«o,w) = F(B,iw) is known and a close inspection of this generalization
leads to defining K, ,,(z) as the inverse Mellin transform of the product of two gamma

and two confluent hypergeometric functions as follows.

2.2 Transformation formulas associated with the
integrals of the first kind Z(h, V; w, a)

For the theta transformation formula

Ak Ee) A ) e

n=1
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for Re(a?®) > 0 and Re(?%) > 0, the integral associated with the formula is

2(%) 1
 The cos §tloga dt. (2.20)

The integrals for the theta transformation formula and its generalization are of the

kind Z(h, V; w, a) whereas Theorem 2.1.2 is applicable to those of a different kind that
is J(h, Z; z, ). However, Theorem 2.1.2 covers the integral for which the h function
is essentially the square of the h function used for these two formulas. It turns out
the mechanism is inherently the similar to that of the two formulas discussed above
except that the Koshliakov kernel is replaced with another kernel as explained below.

Laplace’s integral gives
e =2 / e™™ cos(2mat) dt. (2.21)
0

Thus e~ is self reciprocal in the Fourier cosine transform. So the natural kernel to
work with for choosing the reciprocal pair (¢, ) is the Fourier cosine transform. The
invariance function V is given by V (o, w, s) := p1(a, w, s) + pa(a, w, 1 — s) where the
normalization in the normalized Mellin transforms Vi(o,w, s) and Va(5,w, s) are

adjusted accordingly to a single gamma factor devoid of the variable w as follows.

7 °T (f) Vi(a,w,s) = / ¥ o(r, w, o) dz,
2 0

7 °T (g) Va(B,w,s) = /000 ¥ (2, w, B) dz,

where each equation is valid in a specific vertical strip in the complex s-plane.

The self-reciprocity of the function e yields the pair (/e ™%, \/Be_”52’”2)
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reciprocal in the Fourier cosine transform as follows.

Jae e / \/_@ B Cos (2mzt) dt,
VB = [T e costomat
0

The Mellin transform of the function e** derived from the definition of the gamma

function (1.2) by a change of variable is

> s 1
/ 5 e ™ dy = 7T_§—F< > : (2.22)
; 2 \2

for Re(s) > 0. The respective Mellin transform for the reciprocal pair are as follows.

/ 2 ae ™ dy = n—%a; r (g) , (2.23)
0

00 6%—3 s
/0 >/ BRe ™ dy = 3 5 r <§> . (2.24)

The equations (2.23) and (2.24) implies that the following normalized Mellin trans-
forms are exactly the same as those obtained for both Koshliakov’s formula and

Ramanujan-Guinand formula, up to a factor by a constant.

p1(a,w, s) = a;S, (2.25)
paB,9) =2 (2.20)

Hence the invariance function is also the same as that of the above two formulas

For all the three formulas above, the invariance function is the same cos (%t log a).
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To generalize the Ramanujan-Guinand formula of the kind F(a, 2) = F(/3, z) to that
of the kind F(«,z,w) = F(B,z,iw), it requires a non-trivial invariance function
that is achieved by introducing a generalization of the function K,(z) by adding
another variable, say w. The invariance function in the integral associated with the
generalization of theta transformation formula is non-trivial and it is helpful to study
the mechanism for this formula since the function h is essentially similar, except for the
being squared in case of Koshliakov’s formula. The generalized theta transformation

formula of the kind F(«,w) = F(5,iw) is

w2

8

2a

@(6 s cos(ﬁomw))

n=1
_ \/3(62; B e_w; Ze_wznz cos(iﬁﬁnw)) (2.27)
n=1

for w € C, for which the associated integral [8] given by

W2 [ E(L) 1—it 1 w? 14+it 1 w?
= 2 -5 F - L. 5 F - L. dt
€ /0\ 1+t2 (Oé 1 1( 4 727 4)+OK 1 1( 4 a27 4>) )

as demonstrated below. The generalized theta transformation formula is inherently

2

w w2 .
related to the pair (yae's e ™ cos(y/mazw), v/Be™ s e ™" cos(iy/mfzw)) that
appeared in the summation of the formula and is reciprocal in the Fourier cosine

transform [21, p. 527, Formula 4.133.2] as stated below.

2

Vae s e cos(vrazw) = 2/ \/Be_Te_“ﬁ%2 cos(iv/mBtw)) cos(2mat) dt,
0
w? oo 2
VBe™ 5 e ™ cos(iv/TBaw)) = 2/ Vae's e ™ cos(y/matw) cos(2mmt) di.
0

Note that the above pair is a one-variable generalization of the reciprocal pair

(yae ™% /Be~™7"%*) obtained by introducing the cosine function.
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For 0 < Re(s) < 1, the Mellin transform for the functions in the pair [19] is

1 s

/0 -’10‘9_1\/56?6_7“‘%2 cos(v/Tazw)dr = 72 a22 r <§> e s [ (TS, Y %) ,
(2.28)

s %_S w2 ]_ - ]_
_ i (%) e R ( . 5 —U’Z) . (2.29)

Hence the normalized Mellin transform is given by

sz 2 1-s 1 w?

,01(0[,'11},8) = 9 e*TlFl ( 9 ,5, I) s (230)
ERL 1-s 1 w?

pg(ﬁ,w,s) = 62 eTlFl (T, 5, —Z) . (231)

Kummer’s first transformaion for the confluent hypergeometric function [9, p. 191,
Equation (4.1.11)] is
1Fi(a;e;—2) = e *1Fi(c— a;¢; 2). (2.32)

Using (2.32) in the second equality below, we get

1 s

w2 1 - 1 2
p2(B,w,s) = 522 es 11 (—S; 5 —wz)

= p(a,w, 1 — ). (2.33)
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Hence the invariance function is given by

\ (a,w, S) = Pl(a7w7 S) + 92(5710: S)

= p1(a,w, s) + p1(a,w, 1 — s)
1 1
w2 [ 278 1—s 1 w? a2 s 1 w?
— o 8 F e F e e .
€ ( 2 11< 2 7274)+ 2 11<272a4>)

We check that the function V is invariant under the transformation « — 1/a and

w — w, that is V(a,w, s) = V(B,iw, s), using (2.32) in the second equality below.

1 1
w2 [ B27° 1-s 1 w? B2 s 1 w?
(67“’078) es ( 9 1 1( 9 a2a 4)+ 2 1 1(2a2a 4>>

1 1
W? [ a2 s 1 w? az2”s 1—s 1 w?
— - g F e e F e
68(2“(2’2’4)+ 211<2’2’4)>

=V (a,w,s).

This implies that the following integral (2.34) is invariant under the transformation

a—1/a.

e s =(%) i 1—it 1 w? it 14+t 1 w?
Fil—— = — Fil—— = — dt. (2.34
2 /0 1+t2 (Oé 21 1( 4 72a 4 +Oé21 1 4 727 4 ( )

The rigorous proof that integral (2.34) is equal to the generalization of the theta

transformation formula can be found in [8]. In the paper [§], this integral is first
converted into a line integral and then evaluated using the residue calculus and the
theory of Mellin transforms.

For w =0

1+t 1 i i 1
Vv (oz,O, —12-2 ) =3 (oz_é5 + oﬁt> = cos (§tloga>

as expected since the integral is obtained from (2.20) by generalizing the function
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coS (%tlog a) to V (a, w, 1+it).

2

2.3 Rationale behind the definition of the gener-
alized modified Bessel function X,

For finding the function K, (z) that leads to the pair (p(a,z, z,w), ¥ (o, z, 2, w))
reciprocal in the Koshliakov kernel, we first start with the normalized Mellin transform
motivated from the ones (2.30) used for the generalization of the theta transformation
formula. We replace the ; F} in these normalized Mellin transforms with a product of

two 1F}] along with introducing another variable z as follows.

1 g w2 1—s— 1 2 1 — 1 2
Zi(a, s, z,w) == a24 e T, F (#’ X _w_) F < stz 1 _w_)
2

2 4 2 27 4
azTs .2 s+2 1 w s—z 1 w?
_ P ) R oY 2.35
464“<2’2’4“(2’2’4>’ (2.35)
B35 42 s+2z 1  w? s—z 1  w?
Z — 4 - _ e 2.36
2(/37&2,20) €411 5 9’ A 141 5 9’ 4 ( )

B2s 2 s+z 1 w? s—2z 1 w?
Z. pp— A Ja L
2(673727w) 4 €411 2 727 4 141 2 72a 4

Similarly, it is easy to check the invariance function Z given by

Z(s,z,w) = Z1(a, s, z,w) + Zo(f, 8, 2, w)

=Z(a, 8, z,w) + Z1(a, 1 — s, 2, w),
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is invariant under the transformation a — 1/a and w — fw, that is Z(«, s, z,w) =
Z(B, s, z,iw).
The normalized Mellin transform Z;(«, s, z, w) and Zs(f, s, z, w) yields the Mellin

transform of the reciprocal pair (p(«a, z, 2z, w), ¥ (o, z, z,w)) as follows.

00 _ 1_g w2
/ 2 o(a, m, 2, w) de = 7T (S 5 Z) r (S i Z) al e~ T X
0

s+2z 1 w? s—z 1 w?
F g F D= — 2.37
11( 2 2 )11( 2 ’2’4) ( )

\)

|

This implies that the functions in the reciprocal pair (¢(a, x, z,w), ¥ (o, x, z,w)) are

given by the following inverse Mellin transforms.

1 az™® w2 _[(s—z s+ 2z
= — w® 4l r X
ola, x, z,w) s /(C) 1 e ( 5 ( 5 )

and

1 5%_5 w2 [s—z s+ z
—— [ 7 ) r

s—z 1  w? s+z 1w\ _|
lFI <Ta 5; _Z> lFl (Ta 57 _I>I ds. (240)

This in turn leads to the definition of the new function K, ,(x) as follows. For
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z,w e C,z e C\{r € R: 2z <0}, and Re(s) > + Re(z),

The pair of functions given by ¢(a, x, z,w) = \/56%2[(;@(2%041:) and

(B, 1,2z, w) = \/Be_szKZ7iw(27rﬁx) reduces to the pair (va K, (2raz), /BK.(273z)),
seen above in relation to the Ramanujan-Guinand formula, when w = 0. Note that
the pair itself is invariant under the transformations & — 1/a and w — w, that is
(B, x,z,iw) = p(a,z,z,w). In the next chapter, we prove that this pair (¢, )
is reciprocal in the Koshliakov kernel and then proceed to apply Theorem 2.1.2
for this pair to find the desired modular-type transformation formula of the kind

F(a, z,w) = F(B, z,iw) in Chapter 4.
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Chapter 3

A pair of functions reciprocal in

the Koshliakov kernel

The new function K, ,(x) given as an inverse Mellin transform can be considered as
a generalization of the modified Bessel function of the second kind function K, (x), in
the sense that the function K ,(x) reduces to K,(x) when w = 0. To the best of the
author’s knowledge, the modified Bessel function K,(z) is the only known function
that is self-reciprocal in the Koshlikov kernel. The self-reciprocity of K,(x) leads
to the pair (yaK,(2rax),/BK.(2rfx)) reciprocal in the Koshliakov kernel, that
is central to Koshliakov’s formula and Ramanujan-Guinand formula, as seen in the
previous chapter. It is to be noted that there are pairs of functions, not involving
K. (z), known to be reciprocal in the Koshliakov kernel that are not derived from a
self-reciprocal function.

The function K, ,(z) is introduced with an intention to generate a pair recip-
rocal in the Koshliakov kernel that can yield a transformula formula. It turns out
that the function K, ., (z) is not self-reciprocal in the Koshlikov kernel like the mod-
ified Bessel function K,(x) and its definition cannot be easily tweaked to yield a

self-reciprocal function. This is because the extra variable w introduced in the con-
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fluent hypergeometric functions 1 F; in the definition of the function K, ,(z) do not
play along well. However, the Koshliakov transform of a slightly modified function
6%2 K, () yields e’%Kz,iw(x) and vice versa. The pair of functions are almost the
same except for the change in variable w — iw. Thus, even though K, ,(x) itself is
not self-reciprocal in the Koshliakov kernel, it conveniently yields a pair of functions
(\/aesz K. .,(2razx), \/BG_MTQme(%r/B:E)) that is reciprocal in the Koshliakov kernel
exhibiting the desired symmetry.

To show the reciprocity of the pair, the Koshliakov transform of the function
e K, () is taken and first shown to be convergent and then evaluated to give back
the e’w;Kz,iw (x). For the convergence of the integral, the asymptotics of the function
K, () is required, that is stated in Theorem 5.4.1 in Chapter 5. The derivation of
the asymptotics do not use the reciprocity of the functions involving K, ,,(z) in the
Koshliakov kernel and hence, it can be used in the proof of reciprocity given below. On
a side note, the results of Chapter 5 establishing the theory of the function K, ,,(x)
are studied independently of the goal of proving the reciprocity in the Koshliakov
kernel and the transformation formula.

Let the Koshlikov kernel be denoted as g(x), that is

g(z) := cos(mz) Ms, (4m/1) — sin(nz) Jo, (47/) (3.1)

Then the Koshlikov transform of a function f(z) is given by

27 /OO f(x) (cos(mz) M, (4m\/x) — sin(mz) Jo. (47y/7)) dx = 27 /OO f(z)g(x) dx
i i (3.2)
To evaluate the Koshlikov transform of any function f(x) in general, a very useful
tool is the Parseval identity given below. If § and & respectively denote the Mellin
transforms of g and h satisfying appropriate conditions, and if the line Re(s) = ¢

lies in the common strip of analyticity of F(1 — s) and &(s), then Parseval’s identity
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25, p. 82, Equation (3.1.11)] gives

[ et = o [ 5090 3.3)

A variant of this formula is [25, p. 83, Equation (3.1.13)]

Awf@m(ﬁ)w %m/’s ds. (3.49)

Thus to evaluate the integral (3.2), we need the Mellin transforms for both the func-
tions f(x), which is K, ,(z) in our case, and g(z), that is the Koshlikov kernel. The
Mellin transform for the function K, ,(z) follows directly from its definition whereas
the Mellin transform the Koshliakov kernel is derived below by first using the Mellin

transforms of the Bessel functions in its definition.

Lemma 3.0.1. For +Re(z) < Re(s) < 2 and t > 0, the Mellin transform of the

Koshlikove kernel is

/oOO A <Cos(7rz)M2z(47r\/E) - Sin(ﬂz)‘]”(zlﬂ\/ﬁ)) dx

1

= WF(S — 2)['(s + 2) (cos(mz) + cos(ms)) (3.5)

Proof. The Mellin transform

/0°° 251 <COS(7TZ)M22(47T\/E) — sin(wz)ng(Zlﬂ\/E)) dx, (3.6)

where the function M, (x) is defined by

can be evaluated by considering the mellin transforms for the Bessel functions appear-
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ing in the Koshliakov kernel. The Mellin transform of the modified Bessel function

K,(z), as given in [19, p. 115, formula 11.1], is

/0 " 1K, (ax) dv = 25 2a"°T (S ; Z) I (S —5 Z) , (3.7)

for Re(s) > + Re(z) and a > 0. This implies

e 2
/ T 2K (A at) do = 2727 2T (s — 2)T(s + 2), (3.8)
0 N

for Re(s) > £+ Re(z) and ¢ > 0. Similarly, the Mellin transform of the Bessel function

of the second kind Y, (), as given in [19, p. 93, formula 10.2], is

/OOO 57, (ax) do = —%281&3 cos (g(é’ - 2)) r (S ; Z) I (S —g Z) - 39)

for £Re(z) < Re(s) < 2. This implies

/ 27 VYo, (Anvat) de = 27277172 % cos (m(s — 2)) D(s — 2)[(s + 2),  (3.10)
0
for £Re(z) < Re(s) < 2. This in turn implies

/ T e M, (4mv/a) de = 222 (14 cos (m(s — 2))) D(s—2)D(s42) (3.11)

for +Re(z) < Re(s) < 2. On the other hand, the Mellin transform of the Bessel

function of the first kind J,(z), as given in [19, p. 93, formula 10.1], is

/OOO ¥V, (ax) dr = —% <g> B FF(S—%Z) (3.12)
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for —Re(z) < Re(s) < 3. This implies

['(s+ z)

I'(1—s+2) (3:13)

/ 5V, (A xt) do = 272525t
0

for —Re(z) < Re(s) < 3. Using the reflection formula for the gamma function

20, p.46]

T(W)(1 — w) = Sin(:'w) (3.14)

the equation (3.13) yields

/00 Ly, (At do = 2731 Bt S sin (n(s — 2)) T(s — 2)D(s + 2)  (3.15)

Combining the evaluations (3.11) and (3.15), we get

/ooO 251 <COS(7TZ)M2,Z(47T\/E> — Sin(ﬁz)‘]%(lm\/a)) e

- mf(s — 2)[(s + z) (cos(mz) + cos (m(s — z)) cos(mz) — sin (7(s — 2)) sin(72))
1

- WF(S — 2)I'(s + z) (cos(mz) + cos(ms)) .

Hence proved. —

Lemma 3.0.2. The Mellin transform of the generalization of the modified Bessel
function K, ,(x), for z,w € C, and Re(s) > + Re(z), is

/ 'K, (27m7) do

0
s _(s—z s+ z s—z 1 w? s+2z 1 w
- ) (e ) () e

Proof. Follows directly from the definition (2.41) of the function K, ,(x) as the inverse

Mellin transform of the right side of equation (3.16). O

The reciprocal behavior of the generalized modified Bessel function K, ,(x) in the
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Ksohliakov kernel is stated and proved as follows.

Theorem 3.0.3. Let —3 < Re(z) < 3. Let w € C and z > 0.

wl

27r/ e%Kz,w(%m) (COS(WZ>M22<47T\/_> — sin(7z) o, ( 47?\/_) dx
0
K

_ e Law(2t). (3.17)

Proof. Note that from Theorems 5.4.1, 5.4.2 and from the bound [16, Eqn. (2.11)]

(

1+ |log(tx)|, if z=0,0 <tx <1,

cos (12) My, (4mv/'tz) — sin (72) Jo, (dmvV'tz)| <. (tz) 1Re@Iif 2 £0,0 <tz <1,

(to)~1/4, if tx > 1,

\

we see that the integrals in Theorem 3.0.4 indeed converge for —3 < Re(z) < 1. From

Lemma 3.0.1, we have

/0°° 51 (COS(WZ)M2Z(47T\/E) — Sm(m)JQZ(ZM\/E)) -

1

= WF(S — 2)I'(s + 2) (cos(mz) + cos(ms)), (3.18)

for £Re(z) < Re(s) < 3/4 and ¢t > 0. From Lemma 3.0.2, we have

/ 'K, (27m) do
0
T _[(s—2z s+ z s—z 1 w? s+2 1  w?
T4 ( 2 >F( 2 )1F1< 2 ’5’_1)@( 2 ’5’_T>’ (3.19)

for Re(s) > +Re(z). Note that by the hypothesis, we have —1 < Re(z) < 3 so that

+Re(z) < 1+Re(z). Then by Parseval’s identity (3.3), and the evaluations (3.18) and
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(3.19), we have

o /0 TR K. (2mt) (cos(m2)Mau (4m/al) = sin(mz) Joo(4mv/ah) ) dt
— 2%” /(C) 4T (1 — ; ) (1 stz 822_sj17rs+1ts ?) (cos(mz) + cos(ms)) X

l—s—z 1 w l—s+z 1 w?
1F1<T’§’_Z>1F1<T’§’_I> ds, (3.20)

for £Re(z) < ¢ = Re(s) < min (2,14 Re(2)), by an application of (2.32). Legren-

dre’s duplication formula for the gamma function is

222—1

[(22) = == T()r (z + %) . (3.21)

Hence, we have

This implies

T 2

r s—z+1 r 1—s+z r s+z+1 r l1—s5s—2
2 2 2 2

223—2

F(1_;_Z>F<1_2+Z)F(S—Z)F(s+z):2232F<S_Z)F(S+Z) x

™

“ sy ()T () e

where the last equality is obtained by using the reflection formula (3.14) for the

gamma function. Using the trigonometric identity for the product of the sine functions
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yields

r (1 —= Z) r <1 — Z) T(s — 2)0(s + 2) (cos(m2) + cos(ms))

_ g2l <S N Z) r (S ;“ z) . (3.23)

Thus from (3.20) and (3.23), we have

o /0 TR K, (2mt) (cos(me) Mo (4mv/at) — sin(2).Jo. (4v/a1) ) dt

1 -5 L2 _
_ b s ST S —z r S+ z o
27TZ (c) 4 2 2

l—s—z 1 w? l—s+2z 1 w?
F|———— = — WFi| —————; = —— |t ds.
1 1< 2 727 4)1 1< 2 72a 4) S

Using Kummer’s first transformationn 2.32 for | F;, we get

o0 U)2
o / e K. (2t) (cos(mz) Mo (4mv/2E) — sin(2).Jo. (47 v/a) ) i
0
1 T W2 s —z s+ z
[ e () ()
s—z 1 w? s+2z 1 w?
F - e F e t*s d
11( 2 7274>1 1( 2 72a4> S

2

= G_wTKzﬂ'w(Qﬂ't),

where the last step follows from the definition (2.41) of K, ;,,(z). Hence proved. [J

Replacing w by iw on both sides of (3.17) in Theorem 3.0.3 above proves the
reciprocity of the pair of function (ewTQKZ,w(ch), K »iw(2m2)) in the Koshliakov
kernel. The technique used to prove the reciprocity can be summarized as first de-
riving the Mellin tranform of one of the functions in the pair say ¢, then applying
Parseval’s identity (3.3) using the Mellin transforms of function ¢ as well as that of

the Koshliakov kernel, and then evaluating the integral to give back the other function
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in the pair say v, along with showing the convergence of the Koshliakov transform
integral and then repeating the process with the other function . This technique is
one of the reasons that starting with a function defined as an inverse Mellin trans-
form has worked so well in generating the transformation formula, as shown below in

Chapter 4. to derive the transformation formulas.

Theorem 3.0.4. Let —% < Re(z) < —, weC, x>0 and o, > 0. The functions
'Ll.)2 w
Vaet K, ,(2rax) and \/Be’TKZ7iw(27r5:v) form a pair of reciprocal functions in the

Koshliakov kernel, that is

2m /000 \/ae%sz(Qwax) (COS(WZ)MQZ(élwx/E) — sin(ﬂz)ng(éhr\/E)) dx

— Be 5 Ko p(2081), (3.24)

27r/ v Be~ T K K, w(27px) (COS(WZ)MQZ<47T\/E) —sin(wz)ng(Zlﬂ\/E)) dx

=VaeTK,,(2rat). (3.25)

Proof. The equation (3.24) follows from Theorem 3.0.3 by the change of variables
x — ax and t — ft. Similarly the equation (3.25) follows from Theorem 3.0.3 by the

change of variables x — Sz and t — at. O

This gives the desired reciprocal pair (v/ae T K, ,,(2rax),/Be T K, ,(270x))
that is used below in Chapter 4 in deriving the generalization of the Ramanujan-

Guinand formula, that is of the form F(«, z,w) = F(f, 2, iw).
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Chapter 4

A generalization of

Ramanujan-Guinand formula of

the form F(a,z,w) = F(5, z,iw)

The transformation formula of the kind F(«,z,w) = F(f,z,iw) given in 4.0.2 is
the desired generalization of Ramanujan-Guinand formula. Theorem 4.0.4 gives the
integral associated with this formula. The formula is first proved independently using
Lemma 4.0.1 by Guinand [11, equation (1)] given below and then the formula itself

is later used as an intermediate step in the proof of Theorem 4.0.4.

Lemma 4.0.1. If f(x) and f'(x) are integrals, f tends to zero as x — oo, f(x),xf'(z),

and 2% f"(x) belong to L*(0,00), and

g(x) =27 /OOO f(t) (cos (%) M. (47v/xt) — sin (%) Jz(47T\/E)> dt, (4.1)



49

then the following identity holds true:

o) = C1+2) [ al @) de—g-2) [ o ) da

0

=S o(mign) =1 +2) [ wbgte)de = C1-2) [ igle)da

Theorem 4.0.2 (Generalization of Ramanujan-Guinand identity). Let w € C,

z € C\{-1,1}. For a,f >0,

> 2 w? y4 z z 1_Z 1 w2
\/&<4Z U,Z(n)nieTKg w(2nma) =T <§> ((2)m 2oz ' Py ( 5 g Z)
n=1

Proof. We first prove the result for a fixed z such that —1 < Re(z) < 1 and then
extend it by analytic continuation. Let f(x) = \/56%2[(%@(2#043:) and g(zr) =
\/Be_wTQK%iw(Qwﬁx). Then from Theorem 3.0.4 f(z) and g(x) satisfy (4.1) when
—1 < Re(z) < 1. Now (2.41) implies that for Re(s) > £Re(3),

/was_lf(x)dx:%F <g—Z>F<

Since Re(z) > —1, we can let s = 1+ 5 in the above equation so that

4 1 (+2) 142 1+2z 1 w?
2 dr = — - r F j = —— 4.4
[att@ o= e T (F) i (R -T) . G
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(S

w

since 1 F} (%, 2 —w2> =e 1. Since Re(z) < 1, we can let s =1 — £ in (4.3) whence

<, 1 (1-2) 1—=2 1—2z 1 w?
T2 de = —(ma)” 2 1 F|—=—. 4.
/0 x 2 f(x)dx 4( @) ( 5 ) 1 1( 5 iy 4) (4.5)

Furthermore, for Re(s) > £Re(%),

[t e G- e )

so that

R Lep 1tz liz‘l'w2
/0 ¥3g(z) da (ﬁﬁ) ( 5 )1F1< 5 ’§’Z>' (4.6)

Hence from (4.4), (4.5) and (4.6) and Lemma 4.0.1, we see that

(1+2)
1 1 1 w?
ZO'_ n2\/_€4Kz (27Tom)—(7m) ’ F( +Z>C(1+Z)IF1( +z;§;wz)

(1-2)
(ra)™ 2 1—2 1—2 1 w?
— r 1 —2),F )
4 o e ==h Al 55

(1+z

ia_z(n)ng BeszK;w(QWQ) - (Wﬁ>4 F(l + Z)((l +2).1Fy <2 1. _w_Q)

2
(xB8)""2" (1—2 1—2 1 w?
B F( > >((1_Z)1F1(T’§’_Z)‘

Using the functional equation of the Riemann ((s) in the following forms

50T (1 "g Z) C(142) =il (—%) (=2),
T (1 = ) (-2 =i ().




o1

replacing o by 87! and 8 by a~! and multliplying by 4 on both sides, we get

9 . 1421 w
420 nni Vae'T K (2mn>—0/13)”Zr(%)q—z)lﬂ( +Zs§st>

= (+2) 2 z 1+2 1 w
:420— n2\/_e4 KZ (2mn) — B2 w2 <_§> ((—2)1F (—2 ;5;_I>
n=1

This simplifies to (4.2) completing the proof of Theorem 4.0.2 for —1 < Re(z) < 1.
Note that both sides are analytic, as functions of z, in C\{—1, 1} since the poles of
r (jzf) at z = F2,F4,--- are the trivial zeros of ((£z). Hence the result holds in

2

C\{—1, 1} by analytic continuation. O

Remark: In [26, p. 60], it is shown that the Ramanujan-Guinand formula is
equivalent to the functional equation of the non-holomorphic Eisenstein series on
SLy(Z). (See also [10, p. 23] for discussion on this topic.) The generalization of the
Ramanujan-Guinand formula that we have obtained in Theorem 4.0.2 now poses a
very interesting question - is this generalization equivalent to the functional equation
of some generalization of the non-holomorphic Eisenstein series on SLy(Z)?

The following corollary is obtained by letting z — 0 in Theorem 4.0.2.

Corollary 4.0.3. Let w € C. For a, 8 > 0,

Ja { 42 d(n)e™"5 Ko su(2nma) — é ((V — log(4ma)) (1 - “{) + %2) }

_ \/§{4n§ d(n)e’s Ko(2nmf) — % (('y ~log(475)) (1 + %) - %) } (4.7)

Proof. The Laurent series expansion of the gamma function is given by [21, p. 903,
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formula 8.321, no. 1]

D) =7 —7+, (48)

where as the power series expansion of ((z) around z = 0 is given by [1, p. 19-20,

Equations (2.4.3), (2.4.5)]

1 1

((z) = 575 log(2m)z + -+, (4.9)

Also,
(%)7 —1+ glog (—) - (4.10)

and
lFl(lgz;%;w;>:1+w£—w£z+m. (4.11)

1/2 1 1 z a
w?  w?
G+Z‘z““)

2

[—%(1+%2)+(1+%2> (3 -~ log(2v/a)) + -

+ terms with positive powers of z] .

(4.12)
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Similarly,

+ terms with positive powers of z | .

(4.13)
From (4.12) and (4.13),
lim [F (E) C(z)ﬂ_ga%_l B (1 _ Z; 1; w_2> +
=0 |\ 2 2 24
r (—%) ((—2)m2a 2 (1 ; z. ;, If)]
= é (1 + %2) (v —log(4ma)) + %2 (4.14)

Letting z — 0 in (4.2) and using (4.14) for the left side of (4.2), and then replacing
a by f and w by iw in (4.14) and using it for the right side of (4.2), gives (4.7) upon

simplification. O
Theorem 4.0.4. Let w € C, —1 < Re(z) <1 and o, 3 > 0

16 t+1z t—1iz ,pg’t,;,w) dt

™ Jo =\ 2 2 +(z+1)2) (2 + (2 —1)?)

2

7_U2 o z w Z z z
V430 i K onma) T (2) ey
e 1 a{ n:la (n)n2e™ 1 Kz j,(2nmar)— 5 ((2)m 2027 | F}
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14t w? i 1 t 1 w? 1— it
z(a, —H,z,w Y ofglFl + 241 1 B z+z;
2 2 2 "9’ 2
1

(4.16)

Proof. We show that Theorem 4.0.4 follows from (2.7) upon choosing the pair (p, 1))
of functions reciprocal in the Koshliakov kernel to be
(ﬁewTQsz(Qﬁazv), \/Bew;Kz,w(Qwﬁx)). The reciprocal property for this choice of
the pair follows from Theorem 3.0.4. First we show that these two functions are in
the diamond class ¢,,,, defined in the introduction. It suffices to show only K, ., (x) as
a member of the class. To that end, note that Theorem 2.3 from [20, p. 30-31] implies
that K ,(x) defined by the integral in Theorem 5.1.1 is analytic in  in |argz| < 7,
so the w in the definition of ¢, can be taken to be m/4. Now Theorem 5.4.2 implies
that the first bound in (2.6) is satisfied where as Theorem 5.4.1 implies that K, ,(z)
satisfies the second bound as well. This prove that K, ,,(z) € Oy-

The normalized Mellin transforms (2.35) and (2.36) for the above pair (¢, ) from

Chapter 2 are

so that
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E

Using Kummer’s first transformation (2.32) for 1 F7 in the second equality below:
B8 .2 s+z 1 w? s—z 1  w?
7. — F Lo e
Q(ﬁasazaw) 4 €411 9 a27 4 2 727 4

1
a’T2 W2 l—s—2z 1 w? l—s+2 1 w?
— (< _._ 7 )V pl—"T< .7
46 11( 2 727 4)1 1< 2 727 4>

This implies

Z(s,z,w) = Zi(a, s, z,w) + Zs(B, s, 2, w),

Z(a, s, z,w) = Zy(ay s, z,w) + Zy(a, 1 — 8, z,w).

2

14+t =2 e~ T I+z+4at 1 w? 1—z+it 1 w?
Zla, " 2 ) = ja LG I ) LW
(O" 2 ’2’“’) 1 (O‘ 2“( 2 2 ) ( 2 ’2’4)

4
. 5F 1—|—z—zt1w2 1—z—zt1w2
e\ Ty 9y

Now

© <7m, g, w) = \/aew;Kéw(Zﬂom) + \/BewTQK%w(QWBn). (4.19)

To compute R(z,w), we first compute




From the definition of R(z,w) given by (2.8) in Chapter 2,

[1]

32 [* _(t+iz
T Jo 2

(t—z’z) Z (a, 8%, 2 w) dt
2

where Z (a, 1;”, s

=35(z,w, ) + §(z,iw, ), (4.21)
w) is given by (4.16) and

-1-w2
2 2 1))

However, Theorem 4.0.2 implies that §(z, w, a) = §(z,iw, 5), which simplifies (4.21)
to (4.15).

]
If we let z — 0 in Theorem 4.0.4 and note that Corollary 4.0.3 is the special case

when z — 0 of Theorem 4.0.2, we readily obtain the corollary given below.

26
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Corollary 4.0.5. For w € C,

2
16 > Z(%) w o (1—it 1 w? i o (14it 1 w?
—_ S T 2. F - 2  F - e dt
™ Jo (t2+1) S L el e S S

2 > 2 _ 2 2
— Vae <4Zd<n>e—w<0,m<znm> -1l (12 ) + )
n=1

« 4 20

When w = 0, the above corollary gives the integral associated with Koshliakov’s

formula [27, Equation (17)] (see also [28, p. 169)]).
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Chapter 5

Properties of the generalized

modified Bessel function K, ,(z)

5.1 Some integral representations for the function

K, ()

Y

The following integral representation for the generalized modified Bessel function
K. ,(x) involving the product of the exponential and two cosine functions is very
useful. It is used in the derivation of the asymptotic expansion K, () for small as
well as large values of z, the differential-difference equation for K, ,(x), and a few
interesting representations for K, ,,(z), for example the series representation (5.24) in-
volving K, (x) and the representation given by an infinite series of Laplace transforms

of a special function (5.39).

Theorem 5.1.1. For z,w € C and |argz| < 7, we have

2

K, .,(22) = x_z/ et cos(wt) cos <?> t#= 71 dt. (5.1)
0
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Proof. For ¢ = Re s > 0 and Re(a) > 0, we have [19, p. 47, Equation 5.30]
1 1 _s 2 1—s5 1 b
e~ cosbt = — —a 2T <§> e a1 Fy (—S, =; —) t~ds, (5.2)
2 (c) 2 2 2 2" 4a

Using Kummer’s first transformation for the confluent hypergeometric function (2.32)

in (5.2) and then using the resultant with s replaced by s — z, a = 1 and b = w, we

obtain

1 1 55—z s—z 1 w? 2
- _F F .. tfsd :tfz —t t
i © 2 ( 2 ) 141 < 9 727 4 > S e COS(UJ )7
for ¢ = Re(s) > Re(z). Similarly for ¢ = Re(s) > —Re(z),

1 1 s+ z s+z 1 w? 2
=T F|—= 2 —— )t %ds=1te! t).
2mi i 2 < 2 )1 1( 9 'Y’ 4> s = the™ cos(wt)

So for ¢ = Re(s) > £Re(z) and Re(2?) > 0, that is, for |argz| < I, the above two

equations along with Parseval’s identity (3.4) and the definition of K, ,(z) (2.41)
imply

o0 2 -z z2 dt
K, .(2z) = t*e™" cos(wt) Y e meos (L) 2
' t t

0 t

> 22 wx
= / {214 cos(wt) cos (T) dt.
0

O
The following lemma is needed to prove the next integral representation for

K, ., (z).

Lemma 5.1.2. For |argz| < § and w € C,

% dt > w?r? cos(2t)
_t2—.’L'2/t2 / (_ )
e cos(wt)— = ex dt. 5.3
/0 (wt) ¢ o P\Ta@re)) Vet e (53)
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Proof. Consider the left-hand side. Expanding cos(wt) into its Taylor series and then
interchanging the order of summation and integration because of absolute conver-

gence, we see that

00 o 2\n oo
—t2—x2/t? ¢ dt _ (—'LU ) / t2n—1 —t2—22/t? dt
/0 e cos(w )_t g o e

From [29, p. 344, Formula 2.3.16.1], for Re(p) > 0, Re(q) > 0,

(9] s/2
/ ys_le_py_q/y dy =2 (%) K(2+/pq). (5.4)
0

This gives for Re(xz?) > 0, that is, for |argz| < §

/ e 7 cos( wt Z K, (2x). (5.5)
0 n=

On the other hand, expanding the exponential function in the integrand on the right
side of (5.3), separating the n = 0 term and then interchanging the order of summa-
tion and integration because of absolute convergence [20, p. 30, Thm. 2.1], we find

that

/Ooe ( w?a? ) cos(2t) it
X —_—
o CP\T1e ) Vet e
/ cos(2 Z /°° cos(2t) il
N t2 n'4” (2 + t2)" 2

=1

It is to be noted that the first integral on the above right-hand side is not absolutely

convergent which is why we need to first separate it before interchanging the order.
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Employing (5.7) and making use of the fact that (3), = (2n)!/(n!4"), we arrive at

>  wha? cos(2t) . ; = (—w?z)" .
/O exp( 4(x2+t2))\/mdt_l(o(2)+;—(2n)! Ky22).  (5.6)

The identity in the lemma follows immediately from (5.5) and (5.6). O

The following theorem gives the generalization of Basset’s formula for the modified

Bessel function of the second kind [4, p. 172]

K.(vy) =

I'(z+1)(22)* [ cos(yu)du
yT(5) /0 (

1
ZEQ +u2)z+§
valid for Re(z) > —%,y > 0, and |argz| < 3.

Theorem 5.1.3. For |argz| < 3w and w € C, we have

o0 w?ax? w?zu cosu du
Ko w = S ) 5.8
0.() /o exp ( 20 + u2)) coS (2(1:2 n u2)) e (5.8)
Proof. From [30, p. 121, Eqn. (43)], we have

(@)n(c = a)n

1A (a; 6 u) R o) = Z n!(c)n(c)2n

n=0

(—uwv)" 1 Fi(a+n;e+2n,u+v).  (5.9)

First assume z > 0. Let

Ko(z) = i] (f w> . (5.10)
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Now from (5.9), we have

1
I(w,w)—Q—m
® (5} (l=s 4\ " 2
F2<f) (Q)n( 2 )n (_w_) F ( _‘_n7_+2n7__> 5 ds
/<c> 2 ;n' (3), (), \ 16/ TPR2 72 2
- ]1(m,w)+12(m,w),
where

1 of 8 s 1w\ _
= —— = — = * 1
Ii(z,w) 5 (C)P (2)1}7’1 (2, 55 );1: ds, (5.11)

w2

1
1Fy (g +n; 5 + 2n; —7) x%ds. (5.12)
We first evaluate I;(x, w). First employing (2.32) in (5.2), and then using the resultant

with @ = 2 and b = 2w and t replaced by t/+/2, we find that for ¢ = Re(s) > 0,

1 s s 1 w? 2
— F<_> Fy <—; —: ——) t=*ds = 2e7* cos(v2wt). (5.13)
21 (c) 2 22 2

Also for ¢ = Re(s) > 0,

1
— [T (f> 5 ds = 2¢7F. (5.14)
271 (c) 2

Hence from (5.13), (5.14) and Parseval’s identity (3.4), we see that for 0 < ¢ =
Re(s) < 1,

dt

oo 22
L(z,w) = 4/ et cos(vV2wt) n (5.15)
0

We now evaluate Ir(z,w). Let 0 < ¢ = Re(s) < 1. Stirling’s formula for I'(s),
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s = o0 +it, in a vertical strip a < o < 3 is given by

ID(s)| = (2m)z2 [t]7 227 (1 +0 <l>) (5.16)

i

as [t| — oo. The exponential decay of the gamma function, seen from (5.16), allows
us to interchange the order of summation and integration on the right side of (5.12).

Hence

L(z,w) = Z n'_wﬂfln(% w),

= (), (B

where

s s 1=s 2
Ay (z,w) = 1 PEIG+Hm) (5 +n)1F1 (f +n;1+2n;—w—) r %ds.

Now write the | F7 in the above equation in the form of series and again interchange

the order of summation and integration using (5.16) to arrive at

A (z,w) =T (% + 2n) SR ), (5.17)

where

" omi

_ L TG TG tntm)
Bm(x) /(C) 5 ( x~*ds. (5.18)

We now evaluate B, ,,(z). Using elementary properties of the gamma function, one

can show [31, p. 73] that
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Hence for 0 < ¢ = Re(s) < 1,

1 I (%) —s _ 2 1 s s
o T (%yp ds = N /(C) ['(s) cos <7> (2z) "% ds
= lcos(%c), (5.19)

NG

as can be seen from [19, p. 42, Eqn. 5.2]. Next, Euler’s beta integral gives for 0 < d =

Re(s) < Re(z),

1 I'(s)I'(z — 1
RN RO R
21 J a ['(z2) (1+x)?

so that for —2n — 2m < ¢ = Re(s) < 1+ 2n, n,€ Nym € NU {0},

x %ds = ; . (5.20)
5+ 2n+m) (1 4 x2)z+2ntm

L/ F(IT—F n)T (§+n+m) _ 2 2ntam

From (5.19), (5.20), (5.18) and (3.4), we deduce that for 0 < Re(s) < 1,

YPrrdm o0 20 cog(2t) dt
NZ3 0 <x2+t2)%+2n+m’

Bym (z) =

which implies through (5.17),

A () = 4x ”F (% —|—2n> Z (—w?z?/2)™ /Ooo ( 2" cos(2t) dt . (5.21)

N3 m)! 22 + t2)%+2n+m

m=0

Note that >~ % converges uniformly on any compact interval of (0, c0)

w3a?

to exp <—m) Moreover, it is easy to see that

>/

is finite. Then, [20, p. 30, Thm. 2.1] permits us to interchange the order of summation

t2n 2t 2 2)m
cos( w?x?/2) dt‘

ml $2+t2) +2n+m
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and integration in (5.21) so that

A, (o w) = 4:1:2"F (1 +2n) /000 £ cos§2t) i (—w?z?/2)™ "
(
)2

N (22 + ¢2 %+2nm < ml(a? + £2)m
4 2n 1 [e%¢} th 2 2,.2

_ r(_+2n) / _eos@) (_w_) @ (522)
ﬁ 2 0 (.T2—|—t2 +2n 2(:52_{_{;2)

Now (5.12) and (5.22) imply

2 n

< > 00 t2n 21 2,.2
(x,w —42 / COS(l ) exp 0T ) ar
n! ( 0 (a2 412)2Fn 222 +12)

(7w412/16)n

intervals of (0, 00) and

>

is finite. Hence another appeal to [20, p. 30, Thm. 2.1] allows us to interchange the

converges uniformly to cos (2(;”22 ﬁ2)> — 1 on compact

Note that Y,

(—w g;2/16) %" cos(2t) <_%) dt

(22 + t2>%+2n exXp 22 4 2

order of summation and integration so that

so that from (5.15) and (5.23), we finally arrive at

> 22 dt
I(z,w) = 4/ e cos(\/ﬁwt)7
0
> w?x? cos(2t) w3t
4 — — —1 dt
o [ Lo () vew (o (e )
4/00 w?ax? cos(2t) wixt 0
= exp | — cos | ———
o P\T2@r ) Ve o \2@Ere))

as can be seen from Lemma 5.1.2. From (5.10), we now obtain (5.8) upon change of

variable. This completes the proof of Theorem 5.1.3 for x > 0. Since both sides of
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(5.8) are analytic when | arg x| < 7/4, the identity holds for |arg x| < 7/4 by analytic

continuation. O

5.2 Some series representations for the function

K, ()

Y

The first series representation for the generalized modified Bessel function K, ,,(2z)

is given in terms of the modified Bessel function K, (2z) as follows.
Theorem 5.2.1. For z,w € C and |argz| < §, we have

n+m

K.o20)=> )" %Kn_erz(Zx). (5.24)

n=0 m=0 m>‘

Proof. Using Theorem 5.1.1, expanding each of the cosines into its Taylor series and

then interchanging the order of summation and integration each time, we arrive at

2

K. ., (2x) :xz/ eV cos(wt) cos( ; >t2z Lt

2

—w t2 atc2 (w )t2n+2z 1dt
Z 2n)' cos { —

2\n 0
(_w ) / e —t2— f; COS <U.; >t2n+2z Lt
: 0

et (2n)!
- ni:o (822)?" O°° 2 (_g;:)f)zl)m'eﬁfjﬁ“m”“ dt
— 7 ni;o (ZQI::)?n mi;o —Z;’Zj;)m /Ooo e—tQ—Ltz(n m+2)—1 gy
=323 gy o2
where in the last step we used (5.4). O

From the above series representation (5.24), we get the following triple series
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representation for K, ,,(2z).
Theorem 5.2.2. Forw € C, z ¢ Z and |argz| <

2(n+m) 2k

m A =
zw2x _§ZZZ 2n 2m'/€'81n(ﬂ'2>x

x2m—z 2n+z
- (5.25)
Fk+m—-n—z+1) T'(k+n—m+z+1)

Proof. The following series representation for the modified Bessel function K, (x) is
derived from the definition of K, (x) (1.1) using the series representation for the Bessel
function I,(x) (1.10). For z ¢ Z,

—z

= Ekzzo K sin(n2) (F(k—z+1) - F(k+z+1)>' (5:26)

Using this series representation for K, (x) in the double series representation (5.24),

the desired triple series representation for K, (z) is obtained. O

Another series representation for the function K ,,(z) in terms of Bessel functions

is given as follows.
Theorem 5.2.3. For — < Re(z) < 5, w € C, and |argz| < %

Ko@) = 1 3 (1 K (20) (Bal20V) + Jon(20V/E) . (5:27)

n=—oo

Proof. Let x € C such that |argz| < 7/4 and w € C. By Basset’s formula (5.7) and

the fact that K,(x) is an even function of its order, we have
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(T(n—m+z+ 1)(2z)"—m+= /°° cos(2u) du
2n— m“F(%) 0 (u? 4 g2)rmtery]

if Re(n—m+z) > —%,

+(27) ) L(m—n—z+ 3)(2z)™ """ /°° cos(2u) du (5.28)
2T (3) A
\ if Re(m—n—z)>—3.
By an application of Lemma 5.2.1,
n+m n+m
Ko(22) = ZZ K20+ Z Kon-n—s(20).
n=0 m=0 n=0 m=n+1

By the hypothesis, —3 < Re(z) < 2. Now Re(z) > —1/2 implies Re(z) + n+ 3 > n.
So if m < n, then m < Re(z) +n+ 3, that, is, Re(n —m+z) > —31. Also, Re(z) < 3

implies Re(z) + n — 3 < n. Hence if m > n + 1, then Re(z) + n — 1 < m, that is,

Re(m —n — z) > —1. Hence along with (5.28), we find that
K. ., (2x) = Si(z,w,z) + Sa(z,w, x), (5.29)

where

n

(z,w, ) f: —w 37)”%: F(n—m—i-zl—l- )" /°° cos(2u) du 1
n=0 m=0 m)! I'(3) o (u?+z?2)nmtEty

(5.30)
—wig)ntm F( —n—z+ )™ "F [ cos(2u) du
=3 3§ )

T-
2 2\m—n—z+3
n=0 m=n+1 2 u —I—l‘) 2

(5.31)

We first simplify S (z, w, z). Writing S;(z, w, x) as a doubly infinite series, we see that
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g (Z " x) B i i 2m+d 2m+-2d+z F(d—I— Z+ %) /oo COS(2U) du
e — I(2m + 2d)! I'(3) o (U4 22)teta

m=0 d
= Ti(z,w,z) + Tr(z,w,z), (5.32)
where

D(z+ 1) S wma?™ [ cos(2u) du
Ti(z,w, ) ( 12) 2/ 2 1

I'(3) 2= (@m))* Jo  (u2+22)**+s

d

im0 cos(2u) du <_x1§ixj2> D(d+z+3)
Tolz,w,7) = 2m)! 2 2)2+3 Z 2 2d)! NG '

= Cm)b o (w2 4 a2 4 (2m 4 2d))! (3)

Employing (5.7), we have

+3) = Wt rr K (2a)
P(z) = (@m))? T(z+3)

_ %KZ(Q;E) (Lo(2wv/z) + Jo(2wy/z)), (5.33)

where the last step follows from the definitions (1.10) and (1.11) of the two Bessel

functions. Now it is easy to see that

d
’U)2Z'2
i( m) Td+z+3) —w? I(z+3) y
“—~ (2m+2d)!  T(3) (u? +22)T(5)T'(2m + 3)
3 3 —w?z?
oy (1 2, — .
< z+2 m+2 ,m+ e +x2)>

To see this, we use the series representation of the right side and apply twice the
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duplication formula (3.21) for the gamma function to arrive at the left side. Thus,
§ i 4m 2m
Ty(z,w, ) = —w’x w2l 2 Z

0
2,.2

> cos(2u 3 3 —w
————9Fy (1 2, ————— | du.
X/o (u2+x2)+32 2( FhgimtgmEs 4(u? +932)) !

N(2m + 2)!

The case d = 0 in (5.32) is singled out to guarantee absolute convergence. This then
allow us to interchange the order of summation and integration as well as the order
of two summations. (Note that we could not have done the interchange had we kept
the d = 0 term in the infinite sum over d in (5.32). Thus writing the o F5 in the form

of a series and making the interchanges, we arrive at

e = TS (43, 05)

2 k=0

y /0" cos(2u) du Z Am g, 2m
0 (u2 4 22)7tht3 2m)!(2m + 2)/(m + 2)(m + 2)

m=0

After representing the rising factorials in the inner series over m in terms of gamma
functions and applying the duplication formula (3.21) for the gamma function, we are

led upon simplification to

i whmn g o2k Z w™z?™T(2m + 3)
= (2m)!(2m + 2)/(m + 3)x(m + 2); (2m)! 2m—1—2)‘F(2m—|—2k‘+3)
2m
— 22k
Z (2m)! 2m + 2k + 3)

22k 1
w2k+2$k+1 (]2k+2(2w\/_) + J2k+2(2w\/_))

where the last step follows, as in (5.33), by employing the series definitions of the two
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Bessel functions and simplifying. Thus,

To(z,w,x) = —2:?;%) ; r (Z +k+ g) (—2)F (L2 (2wv/T) + Jopr2(2wy/T))
* cos(2u) du
%; 1Kk+1+z<2x) ([2k+2(2w\/5) + J2k+2(2w\/5)) , (5.34)

where in the last step, we applied (5.7) again. Therefore from (5.32), (5.33) and
(5.34), we see that

Si(z,w,z) = %Z(—1)’f}(k+z(2x) (Lok(2wy/z) + Jox(2w/)) . (5.35)

k=0

We still need to evaluate Sy(z, w, z). To that end, let £ =m —n in (5.31) so that

ZU).Z’

ii 2n+e 2n4-20— zl—\(€+ 1_2) /oo cos(2u) du
n=0 (=1 271—1-2@‘1—‘( ) 0 (uz—i—x?)E*Z*%
3= %) /°° cos(2u) du
) o (

1
u2 + x2)—2+§

oo ( w2)2n 2n— ZF(
Sl(_z’w’“”)_; (@ner(L

as can be seen from (5.32). Since Re(z) < 1/2, we can employ (5.7) in the single
series over n in the above equation. Then simplifying as in (5.33) and making use of

the fact that K, (\) is an even function of v, we see from the above equation that

So(z,w,z) = Si(—z,w,x) — %KZ(Qx) (Io(2wy/z) + Jo(2w\/x))

EZ ) Ky (22) (Lo (2wv/z) + Jo(2wy/T)) | (5.36)

\)

where the last step follows from (5.35). Now replace k by —Fk in (5.36), again make

use of the fact that K, (\) is an even function of v along with the identities J_, () =
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(=1)"J,(N) and I_,,(A) = I,(\) so as to obtain

-1

Salz,w,2) = 5 > (1) Ky (22) (T (2wv/) + o (2u/T)) . (5.37)
k=—00
Finally, (5.29), (5.35) and (5.37) imply (5.27). O

5.3 More representations for the function K. ,(z)

The following representation for the function K, ,(x) is an infinite series of Laplace
transformation of a special function. The integral in the below representation is

indeed a Laplace transform as [21, p. 934, formula 8.468]

T n+k)!
Koy (y) = \/;_ye y; Wf_ k)!22y)’f' (5.38)

Theorem 5.3.1. Let w € C, Re(z) > —3 and |argz| < Z. Then

K. (z) = (- 12+ 1)K, (2(2t + 1
e DI o AL R CER R AR
11 222t + 1

Proof. Replace x by /2 in (5.1) and then let ¢ = /% in the resulting equation to

arrive at

K..(z) = %/OOO exp (—g (u + %)) cos <w\/§“) cos (%) wdu, (5.40)

where the last step follows from the fact that K, (z) = K_,,(z). Now using [19,
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p. 186, Equation (4.25)] !, it can be seen that from Re(z) > —1/2,

1 wy\/T 1 /°° w1 ( 11 w%y)
u 72 cos = ey gy | — =, = 2 — dy. (5.41

This result can be easily obtained by writing the ¢ F3 as a series and then integrating
term by term. Now substitute (5.41) in (5.40) and interchange the order of integration,

which is permissible due to absolute convergence, to arrive at

1 * 11 w?zy
Kow(t) = ooy YN d
(@) 2F(z—|—%)/0 y “( 227578 ) v

X /000 exp (—u <y + g) - %) cos (w\/;u) % (5.42)

Arguing as in the first part of Lemma 5.1.2, we find that

Qx)n

/ V5 COS(IUU)UZZ_I dv — 12 Z (_w—'Kn+z(2x).
; ot (2n)!

In the above equation let z = 1/2, v = |/y + 51/u and replace w by \1;—”3/;2 and x
y+ax

by /5 (y + %) so that

/Oooexp (—u(y+ g) = %) cos (w\/;“) %

2(%)1/4 >~ 1 w232 " p ”
‘<y+§>1/4Z i \ ey raz) P A Ga) RS

n=0 (

Substituting (5.43) in (5.42) and interchanging the order of summation and integra-

2
! There is a typo in the argument of o in the version given there in that the — %% should be
_d?y
1
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tion due to absolute convergence, we see that

_w2z3/2\"
(%)1/4 s ( 93/2 )
I(z+1) (2n)!
2

X/ Kl (2 > <y+ —)) of2 <_;_7_ +z;— ) dy
0 (y+g)te TR VZAY 2 2’2 g

K, ,(x) =

n=0

N|=

Next, make a change of variable [ = |/y + %/\/g so as to obtain

1 1 00 —w2:c "
xz+§27z+§ 2

K, .,(z)=
I (z+3) = (2n)!
o 11 wrz?(1? — 1)
P 1) 3K (2o F (=5 m 2 — di
<[y A e =)
(5.44)
Finally let [ = 2t 4 1 to arrive at (5.39). O

The following is a double integral representation for the function K, ,(x) involving

a product of two hypergeometric functions.

Theorem 5.3.2. Let w € C. For Re(z) > —1 and |argx| < T,

et g [ () (0 3)

1 wir 11 wiat
X ol (—;§,1+Z;— 3 y) o5 (—§§,§;— > dt dy.

Proof. Replace z by z + 5 in (5.41) so as to have for Re(z) > —1,

1 o0 1 2
uw " teos <li}/\2/_f> =T Gt 1) / e Myto by <—; 3 14 z; _w;y) dy.  (5.46)
0

Substitute the above equation in (5.40) and interchange the order of integration,
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which is valid by absolute convergence, so that

1 * 1 w3zy
K.w(®) = g7 ofy | =514z - d
w(7) 2F(z+1)/0 Yo 2( 5 +z 3 ) Yy

X /OOO exp <—u (y + g) - %) cos (w\/;:u) du.  (5.47)

Next, replace u by 1/u in (5.46) and then let z = —1/2 so that

wy/Tu 1 X u—1)2 11 wiat
= “t Fol—=z,5— dt. 4
COS ( \/5 ) \/ﬁ/@ € 02 1979’ g (5 8)

Now substitute (5.48) in (5.47) and again interchange the order of integration. This

gives
1 R 1 w?zy
K, ()= - 2R (=2 12—
,(m) 2ﬁr<2+1)/0 0 Yy 0 2( a27 +Z> ] )
11 wat o x x\ 1Y\ du
== = — — ( —)—(t —)— —=dt dy.
><“(22 8)/06Xp(“y+2 o)u)

(5.49)

Using (5.4), the innermost integral is now evaluated to

(1) (3005 (3)) - e (/) (+5).

(5.50)

since we have K%(:v) =4/ ge_z (see [21, p. 934, formula 8.468]). The representation
x
in (5.45) now follows from (5.49) and (5.50). O

5.4 Asymptotic exapansion of the function K. ()

The asymptotic expansion of K, ,,(z) for large values of |z| stated below is obtained

by Nico M. Temme, and its proof is given in the Appendix of the paper [22].
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Theorem 5.4.1. Let the complex variables w and z belong to compact domains, then

for large values of |x|, larg x| < 37, we have the representation

K, w(2z) = i\/geh (cos(2w\/§)P — sin(2wv/7)Q + e*i“ﬂR)7

where P, ) and R have the asymptotic expansions

3222 — 3w? — 8
P=1 -
+ 1582 + O (x ) ,

Q= % + 0 (m_%> ,
(422 — 1)(2 — w?)
32x

R=1+ +O(x_2).

For small values of x, the following result is obtained, of which the first part is

proved using (5.1) and the second using (5.27).

Theorem 5.4.2. (i) Let w € C be fized. Consider a fized z such that Re(z) > 0. Let

D ={recC:largz| < T}. Then asx — 0 along any path in D, we have

K;m(m)AJ%I(z)<E>ZLFl(z;%p:§f>. (5.51)

(ii) Let w € C be fized. Let |argx| < 5. Asxz — 0,

2 3 2
Ahw@gmh—ng—fggﬁg(Lhﬁgz—%%). (5.52)

Proof. Replacing x by x/2 in (5.1), we get

2

K, ,(x) = <§>Z/ e i cos(wt) cos (%f) t#=7 1. (5.53)
0
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Next, for Re(z) > 0,

oo ) wr & z2 wr
lim e e cos(wt) cos (—) t2 1t dt = / lim e~z cos(wt) cos (—) 21 dt
=0 J, 2t o 2—0 2t

:/ e cos(wt)t>* 1 dt
0

1 1 w?
=-T F =
2 (2)1 1 (Za 27 4 ) )

as can be seen from [19, p. 47, Eqn. 5.30]. The above two equations lead us to (5.51)
for x lying in the region ® and tending to 0.

To prove (ii) of Theorem (5.4.2), we note the following asymptotic formulas for
the modified Bessel functions I, (z) and K, (x) as x — 0 [32, p. 375, equations (9.7.1),

(9.7.2)]:
(z/2)°

[z(x) ~ m7

2 —1,-2,-3,- . (5.54)

and

K.(z) ~ ['(z) (%) " ,ifRe z > 0, (5.55)

—log x, it 2 = 0.

o=

From (5.27), for |argz| < 7,

Ko,w(x)%f(o(x) (Io(w 21) + Jo(w 2x))—|—

S (1) Ko () (12n<w 27) + Jon (w 2;5)).

n=1

Consider the first term on the above right-hand side. Note that as z — 0, Iy(wv/2z) —

0 and Jo(wv2z) — 0, so along with the second part of (5.55), this implies that

5 Ko() (o(wv30) + J(wv/3n)) = ~loga. (5.56)
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Now from (5.54), as x — 0,

Ton (03/27) ~ (wy/3)”

I'2n+1)

Also, from (1.11) and (5.54), we find that as x — 0,

Ton(WN3T) = (—1)" In(—iw/27) ~ (-1)71%.

Interchanging the order of limit and summation using [33, p. 149, Theorem 7.11] and

combining the above two equations with the first part of (5.55), we find that

o0

lim n_l(—l)"Kn(x) (f%(w 21) + Jon(w 2;1;))

- Ooi%(_mz(n(x) (Ign(w 27) + Jo(w 23;))

-SSP (3) (ol ol

_ —%ZQFQ (1, 1 g 2. —“’;) , (5.57)

where in the last step we used (3.21). The required asymptotic formula is obtained

from (5.56) and (5.57). O

5.5 A differential-difference equation for K. ,(x)

The differential-difference equation for K, ,(x) is proved below for which we state

and prove two simple lemmas.



79

Lemma 5.5.1. For z,w € C and |argx| < %,

P o €2r > _(t+£)2 z 2z—1
2* K, .(2x) = 5 e T cos (w (t+ " = dt
0

—2x

+ ¢ / e~ (=) cog (w (t — f)) 2L qt.
2, t

Proof. The proof readily follows from (5.1) and the elementary trigonometric identity

2cos Acos B = cos(A + B) + cos(A — B). O

Lemma 5.5.2. Let z,w € C and |argxz| < 7. Let

2x

I(z,w,2) = %/ e cos (w (14 1)) £ .
0

Then
_P(z,w, )

T2 =I(z+ 1, w,2) +2zI(z,w,z) + 2*I(z — 1,w, ).
w

Proof.

“a (= (0 (7)) = () oo (w(1+5)

2

= t* cos (w <t+ %)) + 2x cos (w <t+ %)) + %COS <w <t~|— %)) (5.58)

The identity now follows by differentiating under the integral sign. n

Theorem 5.5.3. Let z,w € C and |argx| < §. Then

d4 2 2

d d
w[(z7w(2x) + 2x (ﬁKZJer(ZI') + WKZLU/(Q‘CC))

+ 2% (K, 12.0(22) — 2K, ,(27) + K, _9,,(27)) = 0.
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Proof. Let K(z,w,z) = 2*K, ,(2x). From Lemma 5.5.1,

K(z,w,z) = 1(z,w,x) + I(z,w, —x), (5.59)

where as Lemma 5.5.2 gives

d*1
(5,?21),33) =—I(z+1Lw,z)—22l(z,w,7) — 2*I(2 — 1,w, x), (5.60)
w
d*I -
% =—I(z+ L w, —2) + 22l (z,w, —z) = 2*I(z = Lw,—x).  (5.61)
w

From (5.59), (5.60) and (5.61), we obtain

d*K(z,w, )

T = K+ 1wax)—2’K(z -1, w,x) —22(I(z,w,z) — I(z,w, —1)).
w

(5.62)
Taking the second derivative with respect to w on both sides of the above equation

leads to

d'K(z,w,x)  dEK(z+1wz) LdK(z—1,wz)

dw* B dw? - dw?
d*I(z,w,zr) d*I(z,w,—x)
_ 2 Y Y _ 7 ) ) .
z ( = - ) (5.63)

Using (5.60), (5.61) and (5.62) in (5.63), we arrive at

d*K(z,w,)
dw*

+dx(I(z+ 1 w,x) — I(z+ 1w, —2)) +42°(I(z — 1,w,2) — (2 — 1,w, —x)).

= K(z+2,w,2)+62°K(2,w,r) + 2*K(z — 2,w, z)

(5.64)
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Employing (5.62) in (5.64) twice, we get

d* d? d?
w[((z, w,x) + QWK(,Z +1,w,z) + 2:52WK(2 —1,w,x)

= —K(z+2,w,1) + 20°K(z,w,z) — 2*K(2 — 2,w, 7).

The desired differential-difference equation follows readily by substituting back
K(z,w,x) = *K, ,,(27). O
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Chapter 6

2-adic valuations of sums of four

integer squares

6.1 Introduction

Lagrange’s four-square theorem says every natural number can be written as a sum
of four integer squares. Let S = {a® +0* +c® + d* : a,b,c,d € Z}, then set S is
effectively the set of natural numbers with each number repeating a certain number
of times. Given any power of 2, no matter how large say v, there are infinitely many
natural numbers that are divisible by 2V periodically spaced in the number line at
intervals of length 2¥. Consequently, the set S also contains infinitely many numbers
divisible by any power of 2, though not necessarily in the same frequency as above.
Let the set S be restricted by fixing one of the four squares, say a2, while letting
the other three squares take all the possible values, and the subset so obtained be
denoted as S(a) = {a*+0* +c2+d? : b,c,d € Z}. Counterintuitively, the set S(a) no
longer contains numbers divisible by all powers of 2. For any number a, there is a large
enough power of 2, say v, such that no number in the set S(a) is divisible by 2¥ (see

Theorem 6.2.1). For example, for a = 1, the set S(1) = {14+0*+c*+d*: b,c,d € Z}
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has no numbers divisible by 8. On the other hand, given any power of 2, no matter
how large, there exists infinitely many natural numbers a such that the set S(a) has
infinitely many numbers divisible by that power (see Theorem 6.2.2). The existence
of such an a such that S(a) has numbers divisible by any given power of 2 is not
surprising since the union of the sets S(a) as a vary over natural numbers gives back
the set S that has numbers divisible by all powers of 2. However, the existence of
infinitely many such a’s placed in a characteristic pattern in the number line (see
Remark 6.4.6) such that in each set S(a) there are infinitely many numbers divisible
by that power of 2 presents an interesting pattern of divisibility by 2. The next
question analysed is for a fixed v, how often the sets of the type S(a) contains no
numbers divisible by 2V (see Theorem 6.2.3). For example, as we look at sets S(a)
for different values of the natural number a, the proportion of the sets that contains
no numbers divisible by 16 is exactly half.

Apart from the sets S(a), two more kinds of sets obtained by fixing two or three
sqaures respectively in the sums of four squares are studied. The sets S(a,b) =
{a* +V0*+ A +d*:c,d € Z} and S(a,b,¢) = {a* + b* + * + d* : d € Z} exhibits the
properties very similar in nature to S(a).

It is noteworthy to mention that this property of infinite sets having no numbers
divisible by higher powers of a prime p no longer holds true if either the number
of squares or the prime is changed. For the sums of five or more squares, even
the sets of the smallest cardinality among them viz the ones obatined by fixing all
but one squares, often contains numbers divisible by all powers of 2, for example
{1+14+4+9+n?:n€Z}. Similarly for any odd prime and the sets obtained by
summing any number of squares, some of which fixed, a number of such sets contains
numbers divisible by all powers of p. For example, the set {1 +1+0+n?:n € Z}
contains numbers divisible by all powers of 3.

The combination of p = 2 and sums of four squares is special in view of the
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following facts:

1. Hensel’s lemma does not hold true for certain cases and the quadratic 22 + n

and p = 2 precisely fits the criteria.

2. For a fixed integer n, the set of integer polynomials {z?+n : x € N} has numbers

divisible by any high power of 2 if and only if n is of the form 4™ (8] + 7).

3. Legendre’s three-square theorem: An integer n can be written as sum of three

or less squares if and only if n is not of the form 4™ (8( + 7).

It is also noteworthy to mention the inherent connection of this analysis with the
widely known function r(n) that counts the number of ways n can be represented as
sum of k integer squares, allowing zeros and distinguishing signs and order in counting
the number of ways. The set S itself is natural numbers repeated r4(n) number of
times. If two numbers are considered different even if they are equal in value but
comes from two different represenation as sums of squares, then the collection of
subsets S(a) as a varies over integers forms a disjoint partition of the set S. From
this perspective, the chapter considers the three different ways of partitioning the set
S viz using subsets of the types S(a), S(a,b) and S(a,b, c) respectively and studies
the divisibility by powers of 2 of the subsets taken as an whole as well as the numbers
the subsets contains. The most direct connection with the function ri(n) in this
analysis is evident in Theorem 6.2.9 that says the proportion of subsets of the type
S(a, b, c) that has numbers divisible by 22V is 1/23”. On the other hand, the function

r3(n) satisfies the identity asymptotically [23]:

1 22v k
o5 2 a(n) ~ Y rs(n)
n=1 n=1

Theorems 6.2.3, 6.2.6 and 6.2.9 indicates that in contrast with the highly regular

spacing of numbers divisible by powers of 2 in the number line, the numbers divisible
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by powers of 2 are distributed in an highly uneven pattern in all the three partitions
of S. For example, 31 out of 32 subsets of the type S(a,b,c) picked at random will
have no numbers divisible by 2%. The partitioning inherently involves 73(n) and ro(n),
so it is likely these functions play a role in the skewed proportions. However, the rest
of the analysis concerning the divisibility by powers of 2 especially Theorems 6.2.1,
6.2.4 and 6.2.7 does not seem to show a direct connection with the functions ry(n).
Incidentally, the triangular numbers kept recurring in the proofs of these theorems in
interesting ways.

The proofs presented here are straighforward, elementary and self-sufficient to
appreciate the results. The second section of the chapter lists all the results. The
third section covers the preliminary lemmas that can be skipped altogether. The
fourth, fifth and sixth sections comprises of Propositions 6.4.1, 6.5.1 and 6.6.1 that
gives insight into the divisibility of sums of four squares by powers of 2 while fixing
one, two and three of the squares respectively and prove all the theorems from the
second section. The concluding section discusses the failing of the phenomena for any

other combination of primes and the sums of squares.

6.2 Main Theorems

Definition. For n € Z, the 2-adic valuation of n denoted as v,(n) is defined as the

exponent of the highest power of 2 that divides n.

Theorems 6.2.1, 6.2.2 and 6.2.3 concerns the set obtained by fixing one out of the

four squares:

Theorem 6.2.1. Given a # 0, there ezists v such that no number in the set S(a) :=
{a®> + 2% +y* + 2% : x,y,2 € Z} is divisible by 2'. Moreover, the highest power of 2
that divides any number in the set S(a) is directly proportional to the highest power

of 2 that divides a, i.e. it is equal to 2v5(a) + 2.
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Theorem 6.2.2. Given v, there exists infinitely many non-zero numbers a’s such
that the sets S(a) = {a®> + 2% + y? + 2% : z,y,2 € Z} has infinitely many numbers
divisible by 2°.

Theorem 6.2.3. For arbitrary but fived a # 0, the probability that the set S(a) =

{a®> + 2?2 + y* + 2% 1 w,y,2 € Z} has a number divisible by 2*° is equal to 1/2°71.

Theorems 6.2.4, 6.2.5 and 6.2.6 concerns the set obtained by fixing two out of the

four squares:

Theorem 6.2.4. Given a couple (a,b) # (0,0), there exists v such that no term in
the set S(a,b) == {a®>+b*+2*+y*: x,y € Z} is divisible by 2. Moreover, the highest
power of 2 that divides any number in the set S(a,b) is directly proportional to the

highest power of 2 that divides a® + b?, i.e. it is equal to vo(a® + b?) + 1.

Theorem 6.2.5. Given v, there exists infinitely many couples (a,b) # (0,0) such
that the sets S(a,b) = {a®> +b* + 2*> + y? : x,y € Z} has infinitely many numbers
divisible by 2°.

Theorem 6.2.6. For arbitrary but fived couples (a,b) # (0,0), the probability that
the set S(a,b) = {a* + 0 + 2* + y*> + 2° : x,y € Z} has a number divisible by 2" is

equal to 1/2°71.

Theorems 6.2.7, 6.2.8 and 6.2.9 concerns the set obtained by fixing three out of

the four squares:

Theorem 6.2.7. Given a triplet (a,b,c) # (0,0,0), there exists v such that no number
in the set S(a,b,c) := {a* + V* + * + 2% : © € Z} is divisible by 2°. Moreover, the
highest power of 2 that divides any number in the set S(a,b,c) is directly proportional

to the highest power of 2 that divides a®>+b*+c? i.e. it is proportional to vy(a®+b*+c?).
Theorem 6.2.8. Given v, there exists infinitely many triplets (b, c,d) # (0,0,0) such
that the sets S(a, b, c) = {a*+b*+c*+2? : & € Z} has infintely many numbers divisible

by 2V periodically spaced if the set is considered a sequence.
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Theorem 6.2.9. For arbitrary but fized triplets (a,b,c) # (0,0,0), the probability
that the sets S(a,b,c) = {a® + b* + * + 2? : x € Z} has a number divisible by 2V is

equal to 1/27") where f(v) equals | %] — 1.

Remark 6.2.10. The function f(v) takes the values 0,2,3,5,6,8,9,11,12... for v =
1,2,3,....

6.3 Preliminaries

Definition. The 2-adic valuation of a number, denoted as v5(n), is defined as the

exponent of the highest power of 2 that divides n.

Notation. For a set A, we define {12(A)} as the set of the 2-adic valuations of each
number in the set A. Moreover, 15(A) — oo means the sequence {v,(A)} diverges
to infinity. In other words, v5(A) — oo implies any given power of 2 divides some

number in the set A.

The following result is proved in [34] using modular trees.
Theorem 6.3.1. 1p(2? + k) — 00 <= k is of the form 4™(81 +7) .
Lemma 6.3.2. For any integer x:

1. 22 =0 (mod 2*) <= =0 (mod 2")

2. 22 =2%" (mod 22"?) < x =2" (mod 2"*)

3. 22 =0 (mod 2 ™) < z =0 (mod 2"!)

4. 2 = 2% (mod 2% ') <= 2z =2" (mod 2"*)

Proof. By Unique Factorization Theorem: 2% = 22"(2k + 1) <= z =2"(2l +1). It

follows. L

Lemma 6.3.3. Forx,y € Z and r > 0:
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1. 22+ 9> =0 (mod 2*) < x=y =0 (mod 2").
2. 224+ y*=0 (mod 2*!) <= 2=y =0 or2" (mod 2"1).

Proof. 1. Let 2 + y* = 0 (mod 4") which implies 22 + y?> = 0 (mod 4). Since z*
can only be O or 1 (mod 4), 22 = y*> = 0 (mod 4) which means z = 2z, y = 2y,
with 22 + 2 = 0 (mod 4" !). Proceeding this way we get z = 2"x,, y = 2"y,
and thus, z =y =0 (mod 27).
Conversely, using Lemma 6.3.2 it is obvious # = y = 0 (mod 2") = 22+y? =

0 (mod 47)

—_

2. Let 22 + y* = 0 (mod 2*"*') which implies 2? + y* = 0 (mod 4) for r >
Similar arguments as above gives x = 2" "'z, _;, y =21y, with 22_,+¢2 | =
0 (mod 2), the solution for which is 22, = y2 ; = 0 or 1 (mod 2) and thus,
r=y=0or2 (mod2).
Conversely, using Lemma 6.3.2 it is obvious z = y = 0 or 2" (mod 2""!) =

2?2+ y* =0 (mod 2% 1)

Lemma 6.3.4. For x,y,z € Z:
1. 224+ y*+2°=0 (mod 2%) <= z=y=2=0 (mod 2").
2. 2%+ y*+22=3-4""1 (mod 2%¥) <= z=y=2=2"" (mod 2").

Proof. 1. Let 22 +y*> + 22 = 0 (mod 4") which implies 2% + y? + 22 = 0 (mod 4).
Since x? can only be 0 or 1 (mod 4), z? = y? = 22 = 0 (mod 4) which means
T =2, y =2y, z=2z with 27 + y§ + 2§ =0 (mod 4"~ '). Proceeding this
way we get x = 2"z, y =2"y,, z=2"z, and thus, z =y =2=0 (mod 2").
Conversely, using Lemma 6.3.3 it is obvious x = y = 2 = 0 (mod 2") —

22+ y*+ 22 =0 (mod 47)
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2. Using similar arguments we get, x = 2" o, y =2""Yy,_;, 2 =2""12._; and

22 +y2 | +22 | =3 (mod 4), the solution for whichisz? | =¢? =22, =1

1

(mod 4). Thismeans z,_1 = y,_1 = 2,1 = 1 (mod 2)) by Lemma 6.3.3. Hence,

r=y=2z=2""1 (mod 2").

Conversely, using Lemma 6.3.3 it is obvious r = y = 2 = 2"! (mod 2") =

2+ y?+22=3-4""1 (mod 2%")

6.4 Fixing one of the four squares in the sums of
squares

Definition. Let A\(n) := sup {w(z?+ y?> + 2% +n)} i.e. A(n) is the supremum of
T,Y,2€EL

the powers of 2 that divides any number in the set {z? +y* + 2% +n: x,y,2 € Z}.

Proposition 6.4.1. 1. For any r,k € N, let n = 4"(8k + 1), then A\(n) = 2r + 2.
Moreover, there are infinitely many numbers in the set S(n) = {x?+y*+2°+n :

x,y,2 € Z} divisible by 2272
2. For n not of the form 4"(8k + 1), A(n) — oo.

Remark 6.4.2 (Legendre’s Three square theorem). A non-zero number n is sum of
three squares <= n # 4"(8k + 7). In other words, any number n not of the form

4"(8k 4 7) can be written as sum of three squares.

Proof of Proposition 6.4.1. 1. Let n = 4"(8k+1). By the remark 6.4.2, 22 +y*+ 2>
takes all values except the numbers of the form 4°(8/ + 7). The possible cases

for 2% + y* + 2%

(a) Let 2® + y* + 2% = 2257121 + 1), then

vo(2? 2 + 224+ n) = (22T (20 +1) +4"(8k + 1)) = min(2r,2s + 1) < 2r
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(b) Let a2 + y? + 2% = 4°(4] + 1), then

min(2r, 2s) < 2r ifr#s
v(2® +y* 4+ 22 +n) =

2r+ 18k +14+4l+1)=2r+1 ifr=s

(c) Let 22 4+ y* + 2% = 45(8] + 3), then

min(2r, 2s) < 2r ifr#s
vo(z® +y° +2° +n) =

2r + 158k +1+81+3)=2r+2 ifr=s

From the remark 6.4.2, for every natural number [, there exists z,y, z € Z such
that 22 +y*+ 2% = 47(81+3) for which vy(2? +y*+2%2+n) = 2r+2. Hence there
are infinitely many numbers in the set S(n) = {z* +y* + 22 +n: z,y,2 € Z}

divisible by 2272,

. Let n be not of the form 4"(8k + 1). Then n must be of one of the form:
22712k 4+ 1), 47(4k + 3) and 47(8k +5). In each of these forms of n, a suitable
form for 2% + y? + 22, that is not equal to 4°(8] +7) in view of remark 6.4.2, can

be chosen as follows:

(a) For n =2%*1(2k + 1), let 22 + y* + 22 = 22 *1(2] + 1). Then,

Vo (2242422 4n) = (27T (204-1)+27 T (2k+1)) = 2r4+-24vo(k+1+1)

(b) For n = 47(4k + 3), let 2? + y*> + 22 = 47(4l + 1). Then,

vo(2? 4+ 92+ 22+ n) = (4" (4l +1)+4"(4k +3)) = 2r + 2+ o (k+1+1)
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(c) For n =4"(8k +5), let x? 4+ y* + 2% = 47(81 + 3) Then,
vo(2® + 1y +2°+n) = 1a(4"(81+3) +4"(8k +5)) = 2r +3+va(k+1+1)

In all the above cases n is given, and the sum 22+ 3% + 22, whose form is chosen
based on the form of n, can take different values. Thus £ is fixed once n is
given, but [ can take different values. Moreover, the remark 6.4.2 implies for
any number of the form 2%t1(2] + 1),47(4l + 1) or 4"(8] + 3), it is equal to
2% + 9% + 2% for some x,y, 2 € Z. Thus [ ranges over all natural numbers which
implies vo(k + 1+ 1) — oco. Hence, vo(2? + y* + 2° + n) — oo for all n not of
the form 4"(8k + 1).

O

Lemma 6.4.3. A non-zero number n is a square implies n = 4"(8k + 1) for some

r,k € N.

Proof. It n= (2m + 1), then n? =4m? +dm +1=4m(m+1) + 1 =8k + 1.
For n = 2"(2m + 1), it follows that n? = 47(8k + 1). O

The converse is not true, i.e. a number of the form n = 4"(8%k 4+ 1) need not be a
square. In fact, it is a square if and only if & is a triangular number as defined below.

Definition 6.4.4. Triangular numbers are numbers of the form w for n € N.

Lemma 6.4.5. A number of the form 8t + 1 is a square <= t is a triangular

number.

Proof. t =" 0 8t 4 1=dn(n+1)+1 = (2n+ 1) O

Now, we are ready to give proofs of the first three main theorems given in Section

6.2.
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Proof of Theorem 6.2.1. Given a # 0, Lemma 6.4.3 implies a®> = 4"(8k + 1) where
r = vy(a). Proposition 6.4.1 implies A(a?) = 2r + 2 which means the highest power of
2 that divides any number in the set S(a) is 2v5(a) + 2. Moreover, for any v > 2r + 2,

no number in the set S(a) = {a* + 2® + y* + 2% : x,y, z € Z} is divisible by 2. O

Proof of Theorem 6.2.2. Given v > 0, let r be defined in the folowing manner: if v
is even, then let r = v/2, else let » = (v — 1)/2 so that in either case 2r > v. From
Proposition 6.4.1, for any k, v(4"(8k + 1)) = 2r > v and there are infinitely many
x,y, 2 € Z such that x? + y? + 2% + 47 (8% + 1) is divisible by 2. On the other hand,
from Lemma 6.4.5, 8k + 1 is a square whenever k is a triangular number. Since there
are infinitely many triangular numbers, it implies there are infinitely many a’s of the
form a? = 4"71(8%k + 1). Hence there exists infinitely many non-zero numbers a’s of
the form a? = 4"71(8k + 1) such that the sets S(a) = {a® + 2® + y* + 2* : x,y,2 € Z}

has infinitely many numbers divisible by 2°. m

Remark 6.4.6. In Theorem 6.2.2, the even exponent of all such a’s is solely determined
by the power v whereas for every traingular number k& = n(n + 1)/2, there is a

corresponding a whose odd part equals 2n + 1.

Proof of Theorem 6.2.3. For arbitrary but fixed a # 0, the probability that the set
S(a) = {a® + 2> + y*> + 2% : x,y,2 € Z} has a number divisible by 2% is given
by the probability that A(a?) > 2v. From Proposition 6.4.1, A\(a?) = 2v <= a* =
4771 (8k+1) <= wy(a) = v—1. Therefore A(a?) > 2v <= wy(a) >v—1 < a=0

(mod 2v71).

Hence, Prob(\(a?) > 2v) = Prob(a =0 (mod 27 !)) =5.1+. O

Qu—1
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6.5 Fixing two of the four squares in the sums of
squares

Definition. Let u(n) := sup {w(z? + y* +n)} ie. p(n) is the supremum of the
T, YEZ

powers of 2 that divides any number in the set {z% +y*> +n : x,y € Z}.
Proposition 6.5.1. 1. For any r,k € N, let n = 2"(4k + 1), then u(n) = r + 1.
Moreover, there are infinitely many numbers in the set {z*> +y* +n:z,y € Z}

divisible by 271,
2. (2" (4k + 3)) — oo.
Before we proceed to the proof of Proposition 6.5.1, we need a few lemmas.

Lemma 6.5.2. A non-zero number n is sum of two squares <= n has no prime

p = 3 (mod 4) with an odd exponent in its factorization. The latter implies n =

2"(4k + 1) for some r,k € N

Lemma 6.5.2 is well-known in number theory and its proof is readily available in

textbooks.

Lemma 6.5.3. A number of the form 41+ 1 is a sum of two squares <= [ is either

itself a triangular number or a sum of two triangular numbers.

Proof. Let | = @ Then, 4l +1=n?+ (n+ 1)%

Let [ = "(n;l) + m(";ﬂ). Then, 4+ 1= (m—n)*+ (m+n+ 1)~

Conversely, let 4l + 1 = ¢ + d?. Then, setting a = m —n and b = m +n + 1, we

1b-1 b—a—1 _ m(m+1) _ (atb)?—1
ULT a—2  let ll = D) =

n(n+1) (b—a)?—1
2 8 .

and [, = =

and n = 5 5

get m =

Then, 4(1; +15) + 1 = a® + b? = 4] + 1 which implies [ = I} + I. O

Lemma 6.5.4. Let {I} = {1,3,6,10,15,21,...} be the sequence of all triangular

numbers. Then for arbitray but fized integer m, the sequence {vs(l +m)} — oco.
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Proof. From the definition 6.4.4 of triangular numbers, [ = @ for n € N. Let

m = 2n 4 1, then | = =1 where m is odd. For any fixed r € Z, n(l 4+ r) =

8

1/2(’”28_1 +7) = vp(m? + 8 — 1) — 3. From Proposition 6.6.1, since 8 — 1 is of the

form 8k + 7, va(m* + 8 — 1) — oo when m ranges over odd numbers and hence

{va(l+m)} — oo. O

Proof of Proposition 6.5.1. 1. Let n = 2"(4k + 1). From Lemma 6.5.2, 2% + y* =

2%(4l + 1) for some s,l € N.

min(r,s) <r ifr#s
vo(z? + 92 +n) =
r+uv(dk+1+44+1)=r+1 ifr=s

Thus ve(2? + y* +n) <7+ 1 for all z,y € N. Lemma 6.5.2 implies given any
r and [ € N, there exists z,y € Z such that z? + y* = 2"(4l + 1) for which
vo(2? +y? +n) = r+1. Here r is fixed once n is given, however [ ranges over all
natural numbers giving infinitely many numbers in the set {z*+y*+n : z,y € Z}

divisible by 27+1.

2. Let n = 2"(4k + 3). As explained above, there exists z,y such that 2?2 + y? =

27 (41 + 1),

(2 4+ 2 +n) = (274l +1) + 274k +3)) =1+ 2+ vk + 1+ 1)

Here n is given, and the sum 22 + 3? can take different values. Thus, k is fixed
while [ can only take values for which 4/ + 1 is a sum of two squares x? + y°.
Lemma 6.5.3 implies 4/ 4+ 1 is a sum of two squares whenever [ is a triangular
number and Lemma 6.5.4 implies {v5(k + 1+ 1)} — oo for the set of triangular

numbers [. Hence, {vp(z? +y* +n)} — oco.
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Now, we are ready to give proofs of the three main theorems given in Section 6.2.

Proof of Theorem 6.2.4. Given a couple (a,b) # (0,0), Lemma 6.5.2 implies a® +b* =
27(4k + 1) where 7 = wy(a® + b%). Proposition 6.5.1 implies p(a® +0?) = r + 1
which means the highest power of 2 that divides any number in the set S(a,b) is
vo(a® + b?) + 1. Moreover, for any v > r + 1, no number in the set S(a,b) =

{a® + b* + 22 + y* : x,y € Z} is divisible by 2V. H

Proof of Theorem 6.2.5. Given v > 0, from Proposition 6.5.2, u(2°7'(4k + 1)) = v
for any k and there are infinitely many z,y € Z such that z? + y* + 2v71(4k + 1)
is divisible by 2¥. On the other hand, from Lemma 6.5.3, 4k + 1 is a sum of two
squares whenever k is itself a triangular number or a sum of two triangular numbers.
Since there are infinitely many triangular numbers, it implies there are infinitely
many couples (a,b) such that their sum a? + b* equals 2V7!(4k + 1). Hence there
exists infinitely many couples (a,b) with a? + b* = 2°71(4k + 1) such that the sets
S(a,b) = {a* + b* + 22 +y? : x,y € Z} has infinitely many numbers divisible by
2Y. O
Proof of Theorem 6.2.6. For arbitrary but fixed couples (a, b) # (0, 0), the probability

that the set S(a,b) = {a*+b* + 2° + y*> + 2% : 2,y € Z} has a number divisible by 2V

is given by the probability that u(a® + b?) > v.

1. For v odd, say 2r 4 1:

Prob (u(a®+b°) >2r+1) = Prob (a>+b*=0 (mod 2°))

= Prob (a =0&b=0 (mod zr))
1 1 1

—_

? ’ ? 22r 21}—1
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2. For v even, say 2r + 2:

Prob (u(a®+b*) >2r+2) = Prob (a®+b*=0 (mod 2*"))
= Prob (a =0&b=0 (mod 2T+1)) +

Prob (a =2" & b= 2T (mod 211))
- 1 _ 1
- 2r+1 2r+1 22r+1 T ou—1

In both the cases, Lemma 6.5.1 implies the first step and Lemma 6.3.3 implies the

second step. O

6.6 Fixing three of the four squares in the sums of
squares

Definition. Let v(n) := sup {vs(2? +n)} i.e. v(n) is the supremum of the powers of
x>0

2 that divides any number in the set {z? +n:z € Z}.
Proposition 6.6.1. For any number k:
v(dk) =2+ v(k)
2. v(4k + 1) = 1. Moreover, x* + 4k + 1 is divisible by 2 iff x is an odd integer.
3. v(4k +2) = 1. Moreover, x* + 4k + 2 is divisible by 2 iff x is an even integer.
4. v(8k + 3) = 2. Moreover, x? + 8k + 3 is divisible by 4 iff x is an odd integer.

5. v(8k +7) — oo. Moreover, x* + 8k + 7 is divisible by powers of 2 only when x

15 an odd integer.

Remark 6.6.2. To rephrase Proposition 6.6.1, v(n) — oo if and only if n is of the
form 4™ (80 + 7). For any number n not of this form, v(n) takes either of the three

values v5(n), va(n) + 1 or va(n) + 2.



97

Proof. 1. If x = 2m, then z? + 4k = 4(m? + k) else let z = 2m + 1, then 2> + 4k =

(2m + 1)% + 4k = 4m? + 4m + 4k + 1. Hence, v(4k) =2 + v (k).

2. If x = 2m, then 2% +4k +1 = 4m? + 4k + 1 else let = 2m + 1, then

2 +4k+1= 2m+1)?+4k+1=2(2m*+2m+2k+1). Hence, v(4k+1) = 1.

3. If z = 2m, then 22 +4k+2 = 4m? +4k+2 = 2(2m*+2k+1) else let z = 2m+1,
then 22 +4k+2 = (2m+1)>+4k+2 = 4m?+4m+4k+3. Hence, v(4k+2) = 1.

4. If x = 2m, then 2% + 8k + 3 = 4m? + 8k + 3 else let z = 2m + 1, then

2?2 +8k+3=(2m+ 1)+ 8k + 3 = 4(m* +m + 2k + 1). Hence, v(8k + 3) = 2.

5. Follows from Theorem 6.3.1.

Remark. v(2k) # 1+ v(k). For e.g. v(2) =v(1) = 1.

Corollary 6.6.3. v(n) — oo <= n is of the form 4"(8k+T7). Moreover, the highest
power of 2 that divides any number in the set {x* +n : x € Z}, say v, equals either
vo(n), va(n) + 1 or va(n) + 2 depending on n. The x’s corresponding to the numbers
22 +n that are divisible by the above mentioned v are spaced periodically in the number

line with period lengths that are powers of 2.

Now, we give the proof for Theorem 6.2.7 stated in Section 6.2.

Proof of Theorem 6.2.7. Given a triple (a,b,c) # (0,0,0), the remark 6.4.2 implies
a?+b*+c* takes one of the three forms 4"(4k+1), 4"(4k+2) or 4"(8k+3). Proposition
6.6.1 implies v(a® + b* + ¢?) < wa(a? + b* 4+ ¢*) + 2 as explained in Corollary 6.6.3.
This means the highest power of 2 that divides any number in the set S(a,b,c) is
directly proportional to vo(a? + b + ¢%). Moreover, for any v > vy(a® + b* + ¢?) + 2,

no number in the set S(a,b,c) = {a* + b* + ¢ + 2% : x € Z} is divisible by 2*. O
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Lemma 6.6.4. A number of the form 8n + 3 is a square of three squares <= n is

a sum of three triangular number.

Proof. From Lemma 6.4.3, a square can only be 0,1 or 4 (mod 8). Hence, 8n + 3 is
a sum of three squares if and only if all the three are odd squares.

8k+3=02k+1)2+2l+1)*+(2m+1)? < 8n+3=4k(k+1)+1+4l(+1)+

L+4m(m+1)+1 <= n=FEL L G | mimil) -

Remark 6.6.5. Guass’s Eureka theorem that every number n is the sum of 3 triangular

numbers and hence every 8n + 3 is a sum of 3 squares.

Proof of Theorem 6.2.8. Given v > 0, let r be defined in the folowing manner: if v
is even, then let r = v/2, else let » = (v — 1)/2 so that in either case 2r > v. From
Proposition 6.6.6, for any k, A(4"'(8%k +3)) = 2r > v and there are infinitely many z
periodically spaced in the number line such that x? + 4"!(8k + 3) is divisible by 2°.
On the other hand, from Lemma 6.6.4, 8k + 3 is a sum of two squares whenever k is a
sum of three triangular numbers. Since there are infinitely many triangular numbers,
it implies there are infinitely many triplets (a, b, ¢) such that their sum a? + b* + ¢?
equals 4”71 (8k + 3). Hence there exists infinitely many triplets (a,b, ¢) such that the
sequences S(a,b,c) = {a® + b* + 2 + 2? : © € Z} has infinitely many periodically

spaced numbers divisible by 2°. O
Lemma 6.6.6. For any r € N and n not of the form 4"(8k +7),

(i) v(n) > 2r+1 <= n is of the form 4"k (k need not be odd).

(ii) v(n) > 2r <= n is either of the two forms 4"k or n = 4~ (8k + 3).

Proof. (i) Proof by induction on r: The case r = 0 and r = 1 trivially holds true
from Proposition 6.6.1 and let v(n) > 2(r — 1) +1 <= n =4""'k holds true.
Let v(n) > 2r + 1, then v(n) > 3 since r > 1. From Proposition 6.6.1, this is

possible only if n is divisible by 4, so let n = 4/. Then again using Proposition
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6.6.1, v(n) = 2+ v(l). Thus, v(n) > 2r + 1 implies v(I) > 2(r — 1) + L.
By induction hypothesis, I = 4"7'k and hence, n = 4] = 4"k. Conversely,
let n = 47k, then v(n) = v(4"k) = 2 + v(4"'k) > 2+ 2(r — 1) + 1. Thus,

v(n) > 2r + 1.

(ii) It is only left to be proved that v(n) = 2r <= n = 4""1(8k + 3) for some k.
Proof by induction on r: The case r = 1 trivially holds true from Proposition
6.6.1 and let v(n) = 2(r — 1) <= n = 4"2(8k + 3) holds true.

Let v(n) = 2r, then v(n) > 4 since 2r > 4. From Proposition 6.6.1, the
same argument as above gives n = 4l and v(n) = 2 4 v(l), which in turn
implies v(l) = 2(r — 1). By induction hypothesis, | = 4"7%(8k + 3) and hence,
n =418k + 3).

[

Proof of Theorem 6.2.9. For arbitrary but fixed triplets (a, b, ¢) # (0,0, 0), the prob-
ability that the sets S(a,b, c) = {a*+ b* + ¢ + 2% : & € Z} has a number divisible by

2v is given by the probability that v(a? + b* + %) > v.

(i) Let v be odd, say 2r + 1:

Prob (v(a® +b*+¢*) >2r+1) = Prob (a®*+b*+ ¢ =0mod 4")

= Prob (a=0&b=0& c=0mod?2")
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(ii) Let v be even, say 2r:

Prob (v(a®+b*4¢*) > 2r) = Prob (a®+b*+¢* =0mod 4") +
Prob (a* 40>+ ¢*=3-4""" mod 4")
= Prob (a=0&b=0& c=0mod 2") +
Prob (a=2""&b=2"& c=2""mod 2")
3

(LY L (2 S
- or or _237"71

In both the cases, Lemma 6.6.6 implies the first step and Lemma 6.3.4 implies the

second step. O

6.7 Combination of prime p = 2 and sums of four
squares

From Proposition 6.6.1 and the remark 6.4.2, the set {2 +n : x € Z} has no numbers
divisible by large enough powers of 2 if and only if n = a® + b* + ¢2. Moreover, from
Proposition 6.5.1, if n = a® + b* then the set {z? +4*>+n : x,y € Z} has no numbers
divisible by large enough powers of 2. Similarly, from Proposition 6.4.1, if then n = a?
the set {#?+y?+2%+n : z,y, 2 € Z} has no numbers divisible by large enough powers
of 2. However, the converse fails to hold true in the second and third cases unlike the
first one. This means that there are sets of the kinds {2 + y* + n : x,y € Z} and
{22 +y*+ 22+ n:x,y,2 € Z} that do not come from sums of four squares but still
display the phenomena occuring with the sums of squares. Nevertheless, it is still
striking that the sets coming from sums of four squares fixing one or more squares
always follows the property - that it has no numbers divisible by large enough powers
of 2.

For the sums of five or more squares, even if all except one of the squares are fixed,
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it is evident that the sums of fixed squares in certain cases would add upto numbers
of the form 47(8k + 7) in light of remark 6.4.2. From Lemma 6.6.1, it follows that
in such cases, the set so obtained will contain numbers divisible by all powers of 2.
However, depending on the constant obtained by the sums of fixed squares, there will
also be sets that have no number divisible by high enough powers of 2. For example,
the set {1+ 1+ 1+ 4+ n?:n € Z} contains numbers divisible by all powers of 2
whereas no numbers in the set {1+ 04 0+ n?: n € Z} is divisible by 4. Similarly,
for the odd primes and the sums of two or more squares some of which are fixed, the
sets obtained may or may not have numbers divisible by all powers of prime p. For
example, the set {1+ 1+ 0+n?:n € Z} contains numbers divisible by all powers of
3 whereas all numbers in the set {1+ 0+ 0+ n?: n € Z} are indivisible by 3.

Both squares and triangular numbers are polygonal numbers given by quadratic
formula. The equivalent of Lagrange’s four square theorem is Guass’s Eureka Theorem
6.6.5 that says every number is the sum of 3 triangular numbers. Unlike the sums of
four squares, the subsets obtained by taking sums of three triangular numbers with
one or more of the triangular number fixed always contains numbers divisible by all
powers of 2 as evident from Lemma 6.5.4. In general, any number can be written
as sum of s s-gonal numbers and only the sum of four squares is unique among the

polygonal numbers having this property.
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Chapter 7

2-adic valuations of the translations

of sequences of polygonal numbers

7.1 Introduction

The numbers that are squares considered as a sequence s, = {n* : n € Z} are spread
throughout the number line getting sparser as n — oco. On the other hand, for any
fixed power of 2, say 4, the multiples of 4 are distributed evenly in the number line
generating a sequence given by 4n. The two sequences intersect at regular intervals
even as the gap in the sequence of square grows wider as n — oo. On the contrary
the similarly spaced sequence given by n? + 1 contains no numbers divisible by 4. In
fact, the sequence n? + 1 is not the only example, the sequence n? + 2 do not contain
any number divisible by 4 either. The result 7.2.2 below shows that much more often
than not, when the sequence of squares is shifted uniformly by adding a fixed but
arbitrary integer to each term, the resulting sequence contains no numbers divisible
by high enough power of 2.

On the other hand the sequence of triangular numbers, that are spread in the

number line in a manner similar to squares, considered as a sequence ¢, = {n(n +
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1)/2 : n € Z} contains numbers divisible by all powers of 2. However unlike squares,
when shifted uniformly by adding an integer k the resulting sequence always contains
numbers divisible by all powers of 2 regardless of the integer k. For both the sequences
of the squares and the triangular numbers, the gap between consecutive terms, that
is 2n + 1 and n + 1 respectively, increases linearly with n. Unlike the widening gap
between the terms in these two sequences, the sequence of multiples of a fixed power
of 2 have a constant difference between consecutive terms, though this difference is
larger for higher powers of 2. The results stated below presents an interesting insight
in the way the squares and triangular numbers are distributed in the number line and
how their distribution intersect with that of fixed but arbitrary powers of 2.

Both squares and triangular numbers are examples of figurate numbers, also
known as polygonal or s-gonal numbers, given by a quadratic formula Ps(n) :=
(n?(s —2) —n(s —4)) /2. By the very definition it follows that the sequence of s-
gonal numbers contains numbers divisible by all powers of 2 for any s, as shown
in Theorem 7.2.1. The sequences obtained by shifting the s-gonal numbers by the
addition of a number k£ may or may not have numbers divisible by all powers of 2 de-
pending the combination of s and k. Except for the truly unique case of the squares,
that is s = 4, all other s-gonal numbers can be categorized into two classes depending
on whether s = 0 (mod 4) or not. For the later case that includes triangular numbers,
the sequences resulting from adding integer k always have numbers divisible by all
powers of 2 regardless of the value of k. For the former case, the sequence obtained
by uniformly adding integer £ contains terms divisible by all powers of 2 if and only if
k is of the form 4™ (8] + 7). For the squares, similar to the case of s =0 (mod 4) the
behavior of the resulting sequence depends on k. As seen previously, the sequence

n? + k contains terms divisible by all powers of 2 if and only if £ =0 (mod 22*71).
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7.2 Main results

Definition. The s-gonal number is defined as:

P.(n) _n (3—2)2—71(5—4)‘

Theorem 7.2.1. The sequence of s-gonal numbers always contains numbers divisible

by all powers of 2, that is ve(Ps(n)) — oo, for any s.

Proof.
va(Pu(n)) = vy (n (3—2)2—n(5—4)>
=1(n)+ra(n(s—2)—(s—4))—1
Since v5(n) — 0o as n — 00, we have v5(Ps(n)) — oc. O

Theorem 7.2.2. Let k be a non-zero integer.

1. For s = 4, 15(Ps(n) + k) — o0 <= k is of the form 4™ (81 + 7). In other
words, the sequence obtained by adding an integer k to s-gonal numbers (that is

squares) have numbers divisible by all powers of 2 if and only if k is of the form

4™ (8l +7).

2. Fors #0 (mod 4), va(Ps(n) + k) — oo for any k. In other words, the sequence
obtained by adding an integer k to s-gonal numbers have numbers divisible by

all powers of 2 for any k.

3. For s # 4 and s =0 (mod 4), let vs(s — 4) = u, then
va(Py(n) + k) = 0o < k = 0 (mod 22*71). In other words, the sequence
obtained by adding an integer k to s-gonal numbers have numbers divisible by

all powers of 2 if and only if k =0 (mod 22*71).
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The first case of Theorem 7.2.2 follows directly from Theorem 6.3.1. To prove the

other two cases, we need the following lemmas:

Lemma 7.2.3. For fized but arbitrary s > 2 and k € Z, let a = 8(s — 2)k — (s —4)?,
then vo(Ps(n) + k) — oo if and only if vo(t* + a) — oo where t is restricted to take

only the values that satisfy t = s (mod 2(s — 2)).

Proof of Lemma 7.2.3. For s = 2, we have Py(n) = n and a = —4. Clearly vy(n +

k) — oo for every k as well as vo(t? — 4) = v(t — 2) + v(t + 2) — oo. Now for s > 2,

n*(s —2) —n(s —4)

Pi(n) = 5 +k
_ n*(s —2) —n(s—4) + 2k
2
_ An*(s —2)* —4dn(s —2)(s —4) + 8k(s — 2)
B 8(s —2)
_ (2n(s —2) — (s —4))* + 8k(s — 2) — (s — 4)?
8(s—2)
_ 2+ 8(s — 2)k — (s — 4)?

05— where t = 2n(s —2) — (s — 4)

Let a = 8(s — 2)k — (s — 4)?, then

va(Py(n)) = 1o (* + a) — va(s — 2) — 3

The condition ¢t = 2n(s — 2) — (s — 4) as n varies over N can be given by t = s

mod 2(s — 2)). Hence v5(Py(n) + k) — oo if and only if 15 (% + a) — oo. O
(

From Theorem 6.3.1 we know that v5(t? + a) — oo if and only if a is of the
form 4™(8] + 7) when ¢ takes all values in Z. Hence even if a is in the desired form
4™ (814 T7), the restriction on ¢ given in Lemma 7.2.3 needs to be checked to conclude

vo(t? 4+ a) — oo. For example when s = 5, then a = 24k — 1 = 8(3k — 1) 4+ 7 and the
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restriction on ¢ becomes ¢ = 5 (mod 6). So to confirm whether vy(t* + a) — oo or
not, the congruence t =5 (mod 6) needs to be taken into account. For some cases of
s, it suffices to use Chinese remainder theorem whereas for the cases that needs more

consideration, the following lemmas are used.

Lemma 7.2.4. For an arbitrary but fized integer l, let u =3 + vo(l +1). When t is
restricted to t = 2“1 +1 (mod 2%), it follows that vs(t* + (81 + 7)) — oo, that is, the
sequence {t* + (81 +7)| t =21 +1 (mod 2*)} have numbers divisible by any power
of 2.

Proof. From Theorem 6.3.1, we know that v(t* 4+ (8] + 7)) — oo when ¢ takes all
values in Z. The condition vy(t? + (8] + 7)) — oo is equivalent to the existence of a
root of the quadratic * 4 (8] + 7) in the 2-adic field Fy. There are atmost two roots
of the quadratic t* + (8] 4 7) in Fy and the modular class given by ¢ = d (mod 2%)
corresponds to a root of t? + (81 +7) in Fy if and only if #> + (8 +7) = 0 (mod 2v*1).
Hence, to prove that v,(t? + (81 + 7)) — oo when ¢ is restricted to t = 27! + 1
(mod 2*) it suffices to show that t* + (8! + 7) = 0 (mod 2*™') for the modular class

given by t = 2“71 + 1 (mod 2%). Now

t=2""141 (mod?2") = t=2"n+2""'+1 for some integer n
= t=2""12n+1)+1
— ?=2""?2n+1)*+2"2n+1)+1
— £+ 81 +7)=2"+8(+1) (mod 2“t") since u >3

— t*+(81+7)=0 (mod 2*“") since o(l +1) =u—3

Hence proved. O

Lemma 7.2.5. For an arbitrary but fived integer . When t is restricted to t = 3

(mod 22), it follows that vy(t* + (81 + 7)) — oo.
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Lemma 7.2.6. The set of congruences

t=a (mod 2°)

t=a (mod 2b+ 1)

have a solution if and only if the congruence

t

a (mod 2°(2b+ 1))

has a solution.

Proof. Since ged(2%,2b+1) = 1, it follows from the Chinese remainder theorem given

below. Let ged(m,n) =1, then

r=a (modm)

r=b (modn)

have a unique solution (mod mn) O

Lemma 7.2.7. If (t> + a) — oo when t is restricted to t = c¢ (mod 2%), then
vo(t? + a) — oo when t is restricted to t = ¢ (mod 2*) and t = d (mod 2b + 1) for

any numbers b and d.

Proof. If v5(t* +a) — oo for the modular class t = ¢ (mod 2*), it means that for any
k, there exists a ¢, satisfyting ¢, = ¢ (mod 2%) such that ¢t = ¢; (mod 2“**) and for
this modular class, we have v5(t? +a) > u+ k+ 1. From Lemma (7.2.6) (the Chinese
remainder theorem), it follows that infinitely many of such t’s also satisfy ¢t = d
(mod 2b+ 1) for any numbers b and d. Thus for any k, we have v5(t?* +a) > u+k+1

when t is restricted to ¢ = ¢ (mod 2*) and t = d (mod 2b + 1). Hence proved. O

Proof of Theorem 7.2.2. For k # 0.
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1. For s = 4, Py(n) = n® Hence it follows directly from Theorem 6.3.1 that

va(Ps(n) + k) — oo <= k is of the form 4™(8] 4 7).

2. For s # 0 (mod 4), there are two cases:

(a)

To use Lemma 7.2.3 with s = 2b+1 and hence a = 8k(20—1) — (2b—3)* =
—1 = 7 (mod 8), we need to first prove that v5(t> + a) — oo when ¢ is
restricted to t = s (mod 2(s — 2)), which is equivalent to the two modular
congruences, viz. ¢ = 1 (mod 2) and t = 2 (mod 2b — 1). Since a is of
the form 81 + 7, clearly 15(t* + a) — oo even with the restriction ¢t = 1
(mod 2). From Lemma 7.2.7, it follows that 15(t* + a) — oo when t is
restricted to t = 1 (mod 2) and ¢ = 2 (mod 2b — 1). From Lemma 7.2.3,

it follows that v5(Ps(n) + k) — oo for any k.

Similar as above for s = 2“(2b+1)+2 with « > 2 so that s —2 = 2“(20+1)
and hence a = 4[2*71(2b + 1)k — (271 (2b + 1) — 1)?], we first prove that
vo(t? + a) — oo when t is restricted to t = s (mod 2(s — 2)). Since
(27120 +1) = 1)> =1 (mod 8) and u > 2, we have a = 4(8] + 7) where
[ is given as below for two cases u = 2 and v > 3. For u > 3, we have
[ = 27220+ 1)k —22"10?(b+1)2 =221 (b(b+1)+1) +2%2b(b+1)+2* 31
and hence v5(l +1) = u — 3 for u > 3. On the other hand, for u = 2, we
have [ = (2b+ 1)k — b(2b+ 1) — 1.

Now, let ¢ = 2¢, then t?+a = 4(¢?+(81+7)). The restriction on ¢ viz. t = s
(mod 2(s—2)) is equivalent to 2¢t; = s (mod 2“7(2b+ 1)) which in turn is
equivalent to the two modular congruences, viz. 2t; = 2% + 2 (mod 24*1)
and 2¢t; = 2 (mod 2b + 1) that reduces to t; = 2*7! + 1 (mod 2%) and
t; =1 (mod 2b+ 1) respectively. We have vy (3 + (81 + 7)) — oo when t;
is restricted to t; = 2“1 +1 (mod 2%) from Lemma 7.2.4 in case of u > 3

and from Lemma 7.2.5 for u = 3. Moreover, from Lemma 7.2.7, it follows
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that vo(t2 + (814 7)) — oo when ¢; is restricted to t; = 27! +1 (mod 2%)
and t; =1 (mod 2b+ 1). This in turn implies that v»(¢* + a) — oo when
t is restricted to t = s (mod 2(s — 2)). From Lemma 7.2.3, it follows that

vo(Ps(n) + k) — oo for any k.

3. For s = 0 (mod 4), let s = 2“(2b + 1) + 4, where u > 2 so that s — 2 =
2(2¢ + 1) where ¢ = 2“71(2b + 1). Then a = 8(2(2c + 1)k — 22“(2b + 1)?) =
16((2¢ + 1)k — 22*=4(8m + 1)). For a to be of the form 4™(8] + 7), we must
have ((2c + 1)k — 2%*=4(8m + 1)) in the form 4™ (8] + 7) that is possible if
and only if k has a factor of 2“1, that ¥ = 0 (mod 2%~ !). For k = 2271/,
we have a = 4%(8] + 7) where | = (2¢ + 1)k’ — (m + 1). Let t = 2"¢;, then
t?4+a = 4*(t3+ (81+7)) and hence 15(t* +a) = 00 <= 1,(t3+ (81+7)) — cc.
The restriction on ¢, viz. t = s (mod 2(s — 2)) is equivalent to 2“t; = s
(mod 4(2¢ + 1)) that reduces to 2“¢; =2 (mod 2c¢ + 1) since u > 2 and further
simplifies to t; = d (mod 2c¢ + 1) where d is such that 2“d = 1 (mod 2¢ + 1).
From Theorem 6.3.1 and Lemma 7.2.7, it follows that v, (2+(81+7)) — oo when
ty is restricted to t; = d (mod 2c+1). This in turn implies that v,(t? +a) — oo
when ¢ is restricted to t = s (mod 2(s —2)). From Lemma 7.2.3, it follows that
vo(Py(n) + k) — oo for k =0 (mod 22“~!). From Theorem ?7?, it is clear that

vo(Py(n) + k) is finite for k # 0 (mod 22“~'). Hence proved.
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