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Abstract

In this thesis, we tackle the statistical problem of demixing a multivariate stochas-
tic process made up of independent, fractional process entries. We consider both
Gaussian and non-Gaussian frameworks. The observable, mixed process is then a
multivariate fractional stochastic process. In particular, when the components of the
unmixed process are self-similar, the mixed process is operator self-similar. Multi-
variate mixed fractional processes are parameterized by a vector of Hurst parameters
and a mixing matrix. We propose a 2-step wavelet-based estimation method to pro-
duce estimators of both the demixing matrix and the Hurst parameters. In the first
step, an estimator of the demixing matrix is obtained by applying a classical joint
diagonalization algorithm to two wavelet variance matrices of the mixed process. In
the second step, a univariate-like wavelet regression method is applied to each entry
of the demixed process to provide estimators of each individual Hurst parameter.
The limiting distribution of the estimators is established for both Gaussian and non-
Gaussian (Rosenblatt-like) instances. Monte Carlo experiments show that the finite
sample estimation performance is very satisfactory. As an application, we model bi-
variate series of annual tree ring measurements from bristlecone pine trees in White

Mountains, California.
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Chapter 1

Introduction

Fractional processes are widely found in science, technology and engineering systems.
Numerous signals and systems from a wide range of applications have been analyzed
by means of fractional models. Examples include natural systems (hydrodynamic
turbulence [1], geophysics [2], heart rate variability [3], infraslow (i.e., below 1Hz)
brain activity [4], or man-made systems (e.g., Internet traffic [5]).

This thesis is dedicated to a subclass of multivariate processes, i.e., those of the form

{Y(t) her = {PX(t) }1er, (1.1)

where P is a non-singular matrix and {X(¢)};cr is a vector of independent fraction-
al processes, either Gaussian or non-Gaussian. It was recently shown ([6]) that such
processes naturally emerge as a consequence of the aggregation of measurements from
relevant classes of fractional SDE models (see Section 2.4). In fact, many real data
sets are aggregate. For example, sales of products, industrial production, tree ring
widths (see Section 4.2), river flows, and rainfall are obtained through aggregation
over a certain time interval. Multivariate fractional processes of the form (1.1) are
also a relevant subcase of the so-named operator self-similar processes, which have

been attracting much attention recently ([7-9]). In addition, they also provide an



extension to the framework of fractional processes of the so-named mixed processes
from the blind source separation literature in signal processing (e.g., [10,11]).

This thesis is organized as follows. In Chapter 2, we introduce Gaussian multivari-
ate processes with integer integration orders. In Chapter 3, we construct a two-step
wavelet-based estimation method for both P and the Hurst parameters. In addition,
assuming Y in (1.1) is a fractional Gaussian process observed in continuous time, we
prove the asymptotic normality of the estimators. The performance of the method on
finite samples is studied by means of Monte Carlo experiments. We also establish the
joint asymptotic distribution of the eigenvalues and eigenvectors of wavelet variance
matrices, which is of independent interest. In Chapter 4, we make the more realistic
assumption that Y in (1.1) is observed in discrete time instead and prove that the
asymptotic properties of the proposed estimators do not change. In addition, we ap-
ply the proposed method on a bivariate tree-ring data set, and show that the latter
can be modeled by the mixed form (1.1). Chapter 5 illustrates that the proposed
methodology also works for non-Gaussian case (mixed Rosenblatt processes). How-
ever, as expected, the limiting distribution of the estimator is no longer Gaussian, and
hence calls for particular mathematical techniques. All proofs can be found in the
appendix. Moreover, also in Appendix, we analyze the bivariate COS2-NO diffusion
data sets provided by the David B. Hill Lab (UNC-Chapel Hill), and find that we

cannot reject the null hypothesis that the Hurst exponents are equal.



Chapter 2

Gaussian Fractional Mixed

Multivariate Processes

Consider the models of the form

{Y(t) her = {PX(t) }1er, (2.1)

where P is a n X n non-singular matrix, and X (¢) is a vector of independent fractional
processes with so-called Hurst parameters hy, k = 1,--- ,n. The goal of this thesis
is to develop an efficient estimation methodology both for P and hq,--- ,h,. In this
chapter, we lay out the mathematical framework underlying (2.1) in Gaussian case,

i.e., stationary increments, Gaussian factional stochastic processes.

2.1 Processes with N-th order stationary incre-
ments

A stochastic process is (strictly) stationary when its finite dimensional distributions

do not change when shifted in time. Stationary processes can be used to describe



the time variation of some trait of a steady state phenomenon, for which no choice of
time has any advantage over any other choice. We call wide sense stationary a finite
variance process Y whose covariance function Cov(Y (), Y (s)) only depends on ¢ — s.
Let X (t) be a real-valued random process on R. For and 7 > 0, define the shift
operator B, by
B, X(t)=X(t—1)

and the difference operator /A, by

ANX(#) = f:(_nk (];[)X(t k).

Definition 2.1.1. A finite variance process X is said to have N-th order stationary

increments if AN X is wide sense stationary for all 7 > 0.

Yaglom and Pinsker established a harmonizable representation for this class of
processes in the 1950s [12-14]. A process with N-th order stationary increments can

be expressed as

J et — 1 — gzt — - — (Ef\?_Nl;l B
X(t):/< , ')Y(dm)+T0+T1t+---+TNtN, t eR,
R (1)
(2.2)
where Yo, Y1, - -+, T are some random variables and ?(dm) is a C-valued orthogonal-

increment random measure.



2.2 Self-similar processes

The paradigm of scale invariance is applied in the analysis of dynamic signals or
systems where no characteristic scale is present. Under scale invariance, a continuum
of time scales contribute to the observed dynamics, and the analyst’s focus is on
identifying mechanisms that relate the scales, often in the form of the so-named

scaling exponents [15-17]. An important form of scale invariance is self-similarity.

Definition 2.2.1. A real-valued stochastic process X = { X () }ser is self-similar with

Hurst parameter h > 0 if, for any a > 0,

{X(at)hier £ {d"X (1) }rer,

where £ denotes the equality of the finite dimensional distributions. In other words,
(X(aty), -+, X(at,)) has the same joint distribution as a™(X (¢,), -+, X (t,)), for any

a>0, (ty, - ,t,) € R", neN.

Example 2.2.1. The celebrated fractional Brownian motion (fBm) is the only Gaus-
sian, self-similar process with stationary increments [18]. The covariance function of

a fBm By (t) with Hurst parameter h is given by

2
o
Cov(Bi(t), Bu(s)) = (It + |s[*" — [t = s*"),

where 02 = Var(By(1)). It is called standard if o2 = 1.

Proposition 2.2.1. Let X = {X(t) }1er be a zero mean, Gaussian, self-similar pro-

cess with Hurst parameter

he(N—1,N). (2.3)

Suppose, in addition, that X has N-th order stationary increments. Then, {X (t) }ier



admits the harmonizable representation

. it _ 2[;01 %(zt:ﬁ)k —(h—(N—=1/2)) 3
XOhex L0 | el Bl 2
R

(i)™

for some constant C' € R, where E(dw) 15 a C-valued Gaussian random measure

satisfying B(—dz) = B(dx).

Proof. We first show that in (2.2),

To+Tit+---+TytV 20, tcR. (2.5)

Let F(dz) be the control measure associated with Y (dz), i.e., F(z) = EY (dz)Y (dz).

Then, by self-similarity,

1t N—-1 1, k
- —(1t
MX(t) L X (ct) L / € k=0 i (itx)
R (iz)N

ANY (et r) + Yo+ Lot + - + Tt
for t € R. However, the measure F' is uniquely determined by X (¢), therefore,
AME(de) = AN F(c ), (2.6)

A(To+ Tt 4 -+ Tt LYo+ Tict + -+ TncVeV. (2.7)

Take variance on both sides of (2.7) and let t = 1/,
00 > Var(To +---+ Tn) = " Var(To + T1/c+ -+ Tn/cN). (2.8)

Since N—1 < h < N, the leading term in the righthand side of (2.8) is ¢?""*¥Var(Ty)
as ¢ — 0. This implies Var(Tx) = 0.
On the otherhand, let ¢ — oo, the leading term in the righthand side of (2.8) is

c*hVar(y), this implies Var(Yy) = 0. By using Var(Ty) = 0, the leading term in



the righthand side of (2.8) is ¢?*~2Var(Y;), this implies Var(T;) = 0. By applying
the same procedure, we conclude Var(Y;) =0, k = 0,1,--- , N. Thus, T}’s are a.s

constants, k = 0,1,--- , N, and by (2.7),

This proves (2.5). Moreover, by using (2.6), apply the same argument as in the proof
of Theorem 3.1 in [7], it can be shown that F(dz) is absolute continuous. Thus, there

exists a density function f(z) = F(dx)/dx, and X can be represented as

I e S (L
x(t) = [ At () Bo)

By self-similarity,

) ich eitx_ 2;%%<th)k N _ N
X(et) & o [ IR (o) Ba)

for ¢ > 0. On the other hand, through a change of variable z = ¢!,

-1 1

d e’ — k=0 ﬁ(itf)ch_1/2 o) B(dx
X(ct) £ / b f(&/)B(do),

then f(z) = Cx~"=N+1/2) for some constant C. Let g; be the integrand of (2.4), then

N—1/2—h N-3/2—h

g¢(x) behaves like x at the origin and like x at infinity, we obtain that
fR |g¢(z)|*dz < oo by using (2.3).

O

Example 2.2.2. The spectral representation of a standard fBm By, (¢) with Hurst

parameter h € (0, 1) is given by

B(t)i 1 /6m_1|x|—(h—1/2)§(dx)
" C(h) Jg iz ’



where
T

2 —
¢h) = hI'(2h) sin hr’

2.3 Gaussian fractional mixed multivariate process-
es

In (2.1), we consider the case where the source signal X satisfies

{X(}er = {(Xn (1), -+ Xn () Dier, (2.9)
where, for i = 1,--- ,n, the entries X, (¢) are independent and have the form
itz Ni—=1 1 /-4 \k
et =" slite) e -
X, (t) = E=0_K! ~(him (N2 g (2) B(d 2.1
ult) = [ e g(0)B(do),  (210)

with V; —1 < h; < N;, i.e., Xj, has N;-th order stationary increments. The so-named
high frequency functions g;(z) are bounded with |g;(0)| > 0,7 =1,--- ,n. Then, each
individual Xp,(t) is a Gaussian fractional process, but is not necessarily self-similar.

In (2.10), if g;(z) is a constant, ¢ = 1--- ,n, then the source signal X satisfies the

so-named entry-wise scaling property
(X (ct) her 2 {cVo0 ) X (1)} er, > 0. (2.11)

However, for most mixing matrices P, the observed signal Y = PX doesn’t generally

satisfy (2.11). Instead, it satisfies the operator self-similarity property, defined next.

Definition 2.3.1. An R"-valued stochastic process { X (¢)}+cr is operator self-similar

when its law scales according to a matrix (Hurst) exponent H, i.e.,

{X(ct) }ier < {"X () }er, >0,



where ¢! =32 log"(c)H" /k!.
Thus, if g;(z) is a constant, i = 1--- n, the signal Y = PX of the form (2.1) is
operator self-similar with Hurst matrix

H = Pdiag(hy, -+ , hy) P~

Example 2.3.1. Operator fractional Brownian motion is a proper Gaussian, opera-
tor self-similar, stationary increment stochastic process. Under mild conditions, any

operator fractional Brownian motion By admits a harmonizable representation

T

eit:p -1 g e o
{Bu(t)}her = {/ T 1ﬂl)A)B(dx)}
R

teR

for some complex-valued matrix A, and z. = max{%z,0} ([7]).

2.4 Mixed processes and aggregation

Consider the following multi-dimensional fractional Brownian motion driven Langevin
equation for ¢t > 0

dY (t) = ®Y (t) + XdB"(t). (2.12)

In (2.12), where B®(t) = (B, (t),-- - , Bn,(t))T, is a vector of independent fractional
Brownian motions { By, (t)} with Hurst parameters hy, kK = 1,--- ,n. The solution of

(2.12) can be a.s. written as
t
Y (t) = e®'Y (0) + / IS dBY (u). (2.13)
0

Suppose all the eigenvalues of ® have strictly negative real parts. Consider the case

that the continuous-time process {Y'(¢)} defined by (2.13) is digitalized by aggregation
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over interval A, i.e.,

A
YA :/ Y(u)du, i€Z".
(i—1)A

Then, it can be shown that, as A — oo,

A B — B,
—~ PIRRT) G

—hn hn hn
A Bi" — B;™

This is proceed in [6] for bivariate case, but the argument extends to any dimension

n. Therefore, for large A, Y2 can be approximated by

Y; = PX;, i€l (2.14)

In (2.14), X, is a vector of n independent fractional Gaussian noises with Hurst
AN
parameters hy, k=1,--- ,n,and P = —®~ 1'% . Note that (2.14)
AL

is a particular case of (2.1), when the latter is measured in discrete time.
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Chapter 3

Two-Step Wavelet-Based
Estimation for Mixed Fractional

Gaussian Processes

In this chapter, we consider the problem of demixing the Gaussian fractional process
Y(t) = PX(1), (3.1)

where X (t) is defined in (2.9). In order to estimate the demixing matrix P~! and
recover the original source signal X by estimating the Hurst parameters hy,--- | hy,,

we propose a two-step wavelet-based procedure, namely,
(1) demix the process;
(2) estimate hq,--- , h, by wavelet log-regression.

In step (1), the demixing matrix estimator P-1 is obtained by applying a classical
joint diagonalization algorithm to two wavelet variances of the mixed process Y (Sec-
tion 3.5), and the demixed process is then given by X = P-1Y. Once the demixing

is done, univariate-like estimation methodology can be applied (e.g., ([17,19-21]). In
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step (2), we use the wavelet-regression method (Section 3.6), which works very well
(see simulation results in Section 3.7.1).

This chapter is organized as follows. Section 3.1 contains the notation, assumptions
and theoretical background of the chapter. In Section 3.2, we establish some prop-
erties of wavelet transform for the mixed process Y. Section 3.3 is dedicated to
asymptotic properties of the wavelet transform at fixed scales. In Section 3.4, the
asymptotic normality of the eigenstructure of the sample wavelet variance matrix is
developed. Sections 3.5 and 3.6 contain the main mathematical results of the chap-
ter. In Section 3.5, the demixing method for the matrix P~! is laid out in full detail
and its asymptotic properties are established. The post-demixing Hurst parameter
estimation method is put forward in Section 3.6, and the asymptotic normality of the
Hurst estimator is established. The performance of the estimation for both demixing
matrix and the hurst parameters is further investigated by means of Monte Carlo

experiments in Section 3.7. All the proofs can be found in Appendix A.3.

3.1 Preliminaries and assumptions

All through this chapter, the dimension of the mixed process Y is denoted by n > 2.

We shall use throughout the paper the following matrix notation. M (m,n,R) is
the vector space of all m x n real-valued matrices, whereas M (n,R) is a shorthand
for M(n,n,R). GL(n,R) is the general linear group (invertible matrices), O(n) is
the orthogonal group of matrices O such that OO* = I = O*O, where * represents
the matrix adjoint and T is reserved for vector transpose. S(n,R) and S, (n,R)
are, respectively, the space of symmetric and cone of symmetric positive semidefinite
matrices. The symbol O represents a vector or matrix of zeroes. A block-diagonal
matrix with main diagonal blocks Py, ..., P, or m times repeated diagonal block P
is represented by

diag(P,...,Pn), diag,,(P), (3.2)
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respectively. The symbol || - || represents a generic matrix or vector norm. The [,

entry-wise norm of the matrix A is denoted by

1Al = @il = (DDl ial?) (3.3)
is=1,...,n =1 49—1
FOY S = (sh,’ig)h,igzl,.,.,n - M(H,R), 1€t
VeCS(S) = (511, 821y .-+ 35n1,522,532,...,5p2,... 75nn)7
veep(S) = (811,522, -« -5 Snn)y VeC(S) = (S11, -+, Sn1, S12,« -+, Sn2y+ -+ Sun ). (3.4)

In other words, the operator vecg(-) vectorizes the lower triangular entries of S,
vecp(+) vectorizes the diagonal entries of S, and vec() vectorizes all the entries of
S. Note that the expressions in (3.4) are defined as row vectors; this will make the

notation in several statements simpler.

Throughout this chapter, we will make the following assumptions on Y.

ASSUMPTION (A1l): the observed signal has the mixed form Y = PX, where P is

nonsingular, X is defined in (2.9) and satisfy

O<hi<hy<...<h,, N;—1<h;<N;, i=1---,n. (3.5)

ASSUMPTION (A2):

Pe GL(TL,R), leH = 1, Pu > O, l = 1, oo, n. (36)

AssSUMPTION (A3): the functions g;(x) € C%*(R) in (2.10) are bounded and satisfy

l9:(@)* = 19:(0)*| < LIz, L>0, i=1,-,n, (3.7)
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for any z € (—m, 7). In (3.7), [ satisfies
1/2 < B < 2hy + 2a. (3.8)

for some

a>1. (3.9)

Remark 3.1.1. In (3.5), one incurs no loss of generality by assuming that the Hurst
eigenvalues (individual Hurst exponents) are disposed in ascending order. This fact
can be easily illustrated in dimension n = 2. Suppose that the mixed signal has the
form Y (t) = P(Xp,(t), Xp, ()", where Xj,(t), i = 1,2, are independent fractional

processes defined in (2.10) with parameters hy < hg. Let

Then, Y (t) = PR(X},(t), X5,(t))", whence PR can be treated as the mixing matrix

with unit vector columns.

Remark 3.1.2. Assumption (A3) is typical in the semi-parametric estimation setting

(e.g., [20,22,23]). The larger the value of /3, the smoother the function at the origin.

When establishing bounds, C' denotes a positive constant whose value can change
from one inequality to another. All through the chapter, we will make the follow-
ing assumptions on the underlying wavelet basis, which are then omitted from the

statements.

AssumpTION (W1): ¥ € LY(R) is a wavelet function, namely,

/¢2(t)dt: 1, /tq¢(t)dt:0, q=0,1,...,Ny—1, Ny >N,+1. (3.10)
R R
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ASSuMPTION (W2):

supp(?) is a compact interval. (3.11)

AsSuMPTION (W3): for a as in (3.9),

sug [ (z)|(1 + |z])* < oc. (3.12)
xre

Under (3.10), (3.11) and (3.12), 9 is continuous, 12(35) is everywhere differentiable
and its first Ny, — 1 derivatives are zero at x = 0 (see [24], Theorem 6.1 and the proof
of Theorem 7.4). The condition (W1) is equivalent to asserting that the first N, — 1

derivatives of 1}\ vanish at the origin. This implies, using a Taylor expansion, that

1WO(@)] = O(|z|¥7Y), 1=0,1--- Ny, 0. (3.13)
Example 3.1.1. If ¢ is a Daubechies wavelet with IV, vanishing moments, supp(¢) =
[0,2N,, — 1] (see [24], Proposition 7.4).

Remark 3.1.3. Assumption (Al) requires using a number of vanishing moments Ny,
larger than the unknown integration order NV,,. In practice, though, the latter param-
eter is rarely greater than 2, so the requirement is easily met even for low values of

Ny.

3.2 Wavelet transform of the mixed Gaussian frac-
tional process

In this section, we will define and carry out the basic properties of the wavelet trans-
form for the mixed fractional process Y.

For a wavelet function ¢ € L*(R) with a number N of vanishing moments, the
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(normalized) vector wavelet transforms of Y as in (3.1) is naturally defined as

R™ 5 D(2, k) = 292 / 22— Y (dt, jENU{0}, keZ, (3.14)

R

provided the integral in (3.14) exists in an appropriate sense. It will be convenient to

make the change of variable z = 277t — k, and reexpress
D(2 k) = / Y(2)Y (272 + 27k)dz.
R

The wavelet domain process { D(27, k)}rez is stationary in k (Proposition 3.2.1). The

wavelet spectrum (variance) at scale j is the positive definite matrix
ED(27,k)D(27,k)* = ED(27,0)D(27,0)* =: EW (2%), (3.15)

and its natural estimator, the sample wavelet variance, is the random matrix

K.
, J— , .
W) == S D@ WD), K=o j=jum (316)
1

K; & 27"

for a total of v available (wavelet) data points.
The next proposition describes some nice properties of the wavelet coefficients

(3.14) as well as the general form of the wavelet spectrum (3.15).

Proposition 3.2.1. Under the assumptions (A1 —2), let D(27, k) and EW (27, k) be
as in (3.14) and (3.15), respectively. Then,

(P1) the wavelet transform (3.14) is well-defined in the mean square sense, and
ED(2, k) = 0;

(P2) (stationarity for a fived scale) {D(2 k + h)}rez = {D(2, k) }rez, h € Z:
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(P3) the wavelet transform (3.14) satisfies {D(2, k) ez = {277 D;(1, k) }rez, where

Ji () g L]~ N1/2 gy (£ )t B(dr)
5]’(17]{7) =P ) (3.17)

Jo D) b =Nt 4/2) g, ()t B ()

In (3.17), — [ (t)e it dt;

(P4) the wavelet spectrum (3.15) can be expressed as

EW (27) = QjH{/ ()|~ HH G ( )|x| (HHL/2)" o }QJH (3.18)
R 29
where
G(QJ) = Pdiag(’gl(w)F? T |gn(x)|2)P*7 (319>

and

H = Pdiag(hy, -+ ,hn,)P7h (3.20)
(P5) the wavelet spectrum has full rank, namely, detEW (27) #£ 0, j € N.

Remark 3.2.1. In regard to (P3) and (P4), we have

Ji D) gy ¥ 1/2) g, (0)dt B )

P

271 D(2 k) =

Jo V() g | =Nt D g, (0)dE B (de)

and

2 MEW(@ )20 [ (i) Plal GO o] O do,
R

as j — oo. In this sense, {D(27, k) }rez and {EW (27) }iez satisfy asymptotic scaling

laws.
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Moreover, by a standard calculation, the wavelet variance (3.18) can be recast as
EW(27) = PE(2))Y2diag(2¥™ ... | 22hn)g(29)1/2 p*, (3.21)
where

2
£(27) :diag(/R|¢(y)|2’y|2(h1+1/2) dy, - ’/R|¢<y)’2|y’2(hn+1/2)

2
dy> :

10

10

(3.22)

3.3 Asymptotic theory for sample wavelet trans-
forms: fixed scales

In this section, we derive the asymptotic behavior of the sample wavelet variance at
fixed scales. As typical in the asymptotic study of averages, we begin by investigating
the asymptotic covariance of the sample wavelet transforms W (27).

Recall that for a zero mean, Gaussian random vector Z € R™, the Isserlis theorem

(e.g., [25]) yields
E(Zi... Zuw) =Y ||E(ZiZ), E(Zi...Zopn) =0, k=1,.. |m/2]. (323)

The notation ) [ [ stands for adding over all possible k-fold products of pairs E(Z;Z;),
where the indices partition the set 1,...,2k. Proposition 3.3.1 below describes the
asymptotic covariance matrix for the wavelet transform of the mixed fractional process

Y at fixed octaves.

Proposition 3.3.1. Let Y = {Y(t)her satisfies the assumptions (A1 — 3). As

v — 00, for every pair of octaves j, j’,
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K, K.
1 1 = , " , o

Ki/Kjy—— ED(2,k)D(27 ,k"Y* @ ED(27,k)D(27 , k')*

\/ﬂ/]KjKj,;]; (2/.K)D(2" k)  ED(2', k) D(2" k)
— 2_(j+jl)/2 ng<2j> 2j/) Z (I)zgcd(Qj,Qj/) ® (I)zgcd(2j,21')7 (324)

where
0= [ Gl D) e TG T A (325)
R

(i7) there is a matriz Gj; € M(n(n+1)/2,R), not necessarily symmetric, such that

VEj\/Kj Cov(vecsW (27), vecsW (27)) — G, (3.26)
where the entries of Gj; can be retrieved from (3.24) by means of (3.23) (see
(3.4) on the notation vecgs).

The following theorem establishes the asymptotic distribution of the vectorized

sample wavelet spectrum at a fixed set of octaves.

Theorem 3.3.1. Let Y = {Y (t)}+er satisfies the assumptions (A1 — 3). Let j; <

<o < Jm be a fized set of octaves. Then

(VE (vees (W () ~ EW (@) o (0.F),  (327)

as v — 0o (see (3.4) on the notation vecs). In (3.27), the matriz F € S(”(";l)m,R)

has the form F = (Gjj)jj=1,..m, where each block G5 € M(n(n + 1)/2,R) is de-

.....

scribed in Proposition 3.3.1.
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3.4 The asymptotic behavior of the eigenstructure
of sample wavelet variance matrices

Asymptotic results on the eigenstructure of sample wavelet variance matrices are by
themselves of interest because the latter do not generally follow a Wishart distribu-
tion. This results from the presence of residual correlation after the application of
the wavelet transform. In order to state Theorem 3.4.1 below, consider the matrix

spectral decompositions
W (2) = 0;L;0;, EW(2) = 0;0,05, 05,0 € O(n), (3.28)

where L; = diag(lj1,...,l;n), Aj = diag(Aj1,. .., Ajn), 6j, O; have columns 0; ;,

0 .;, respectively, for i = 1,...,n, and

i <...<Ulin, MN1<...< X, 0;1,>0, 0;,>20, i=1,....n, j=7Ji,...

(3.29)
In other words, the eigenvalues appearing on the main diagonal entries of L; and A,
are ordered from smallest to largest, and the entries on the first row of O; and é\j are
all nonnegative, which makes these orthogonal matrices identifiable. Following [26],
p. 427, we recall the definition of the so-named duplication matrix D € M (n?, sn(n+

1),R). It consists of the (unique) operator D that performs the transformation

D(vecs(A)T = (vec(A + A* —dg(A))T, A= (@irig)irsin=1,..n. € M(n,R), (3.30)

-----

where dg(A) := diag(aii, . .., @nn). Moreover, for S € §(n,R) with ordered eigenval-

ues A\; < ... < A\, and their respective normalized eigenvectors 0.1, ..., 0.,, we further

7jm-
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define the operator

(o} ®o)D

(of, ®ol)D
J(S) = , (3.31)
(of ® (M1, — S)")D

(0?2 ® (Al — S)7)D

(n+n?)xn(n+1)/2

where we can apply the relation
vec(A)D = vecs(A+ A" —dg(A)) (3.32)

(see Lemma 3.7, (i), in [26]). The proof of Theorem 3.4.1 relies on Theorem 3.3.1,
Theorem A.6.1 (on the weak convergence of eigenvalues and eigenvectors) and the

Delta method.

,,,,,

wavelet variance matrices (see (3.16)). Suppose
EW (27) has pairwise distinct eigenvalues, j = j1, ..., jm, (3.33)
and let F' be as in (3.27). Let the matrices L;, A;, 5j, O; be as in (3.28). Then,

T
| & Notnsrym (0, JET?), v — oo,

<\/ KjVGCD(LJ‘ - Aj)7 \ KjveC((/)\j — Oj)>]_jl "
(3.34)
where J = diag(J1,...,Tm) and J;, i = 1,...,m, is given by J(S) in (3.31) with

S :=EW(2%).

Remark 3.4.2. The conclusions of Theorem 3.4.1 may not hold when the condition
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(3.33) is not in place. Proposition A.1.1 in Appendix A.1 illustrates this fact in a

particular case.

In spite of Remark 3.4.2, the next proposition shows that the condition (3.33) is
always satisfied at coarse scales. This fact is useful in the context of Theorem 3.5.2

below.

Proposition 3.4.1. Under the assumptions (A1-2), let W (27) be the sample wavelet
variance (3.16) at octave j € N. Then, for large enough j, the matric EW (27) has

pairwise distinct eigenvalues.

3.5 Wavelet-based estimation for the demixing ma-
trix

In this section, we address the first step of the two-step wavelet-based approach,
namely, demixing the process by jointly diagonalizing two wavelet variances.

The joint diagonalization of two matrices is a well-known problem. For the case of
symmetric matrices, its description and full characterization can be stated as follows
(see Theorem 4.5.17, (b), in [27]). Suppose Cy and C; are symmetric and Cj is
nonsingular. Then, there are a nonsingular S € M(n,R) and complex diagonal

matrices Ag and A; such that
Co = SAyST, C, =S\ ST, (3.35)

if and only if the matrix C;'C) is diagonalizable (in its Jordan form). In light of this,

we can cast a joint diagonalization algorithm in the form of pseudo-code.



23

Pseudo-code for exact joint diagonalization (EJD)

Input: Cy, C; are symmetric matrices and the former is positive definite;

Step 1: set W = 00—1/2

so that CO_1 = W*W;

Step 2: compute @ € O(n) in the spectral decomposition WCIW* = Q* D1 Q;

Step 3: compute the demixing matrix B := QW

Step 4: stop and exit.

Example 3.5.1. In view of (3.21), it is clear that Cy = EW (271), C; = EW(272),
J1 < Ja, can be jointly diagonalized, where the underlying process is defined by (3.1)

under the assumptions (A1-2). In addition,
Cylcy = (P! (diag(22<J2—Jl)h1, . ,22<J2—J1>hn)5(2Jl)—15(2J2)> P*.

This expression constitutes a diagonal Jordan decomposition, whence (3.35) holds.
The proposed wavelet-based estimator of a demixing matrix B is defined next.

Definition 3.5.1. Consider two octaves 0 < J; < J, for which the eigenvalues of
EW (2/1) are pairwise distinct. For v € N, the wavelet-based demixing estimator B,

is the output of the EJD algorithm when setting
Co = W(27") and C; = W(272). (3.36)

In Theorem 3.5.2, stated next, we establish the consistency and asymptotic nor-
mality of the estimator put forward in Definition 3.5.1. The result involves charac-

terizing the set of solutions to the EJD algorithm. In light of (3.21), this relies on
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reexpressing
(Co =) EW(2") = PEQ™) diag(22/1 7 220k 227ihn)g(2) /2 p* = RR*

(Cy =) EW(2%) = PE(2") Pdiag(222 ", 22202 922hn)g(2%2)* P* = RAR",
(3.37)

where

R:= PERM) Pdiag(2™,. .. 27,
A = diag(22V2= I 9= M) ey g (9 1)l g (9]2) (3.38)

and then making use of the matrix polar decomposition of R. Then, consistency and
asymptotic normality stem from obtaining the behavior of the sample counterparts
W (27) and W (272) vis-a-vis (3.37) by means of Theorem 3.3.1 and Theorem A.6.1,

plus the Delta method when developing limits in distribution.

Theorem 3.5.2. Suppose the assumptions (A1-3) hold, and let £(27) be as in (3.22).
Also let
Z ={Il € M(n,R) : II has the form diag(+1,...,+1)}. (3.39)

(i) Then,
Megyp = {[Idiag(2~ 1", ... 27y g(2/) "2~ 1T € T} (3.40)
1s the set of matriz solutions produced by the EJD algorithm when setting

Co = EW(27) and C; = EW (272); (3.41)

(ii) for any estimator sequence {EV}VeN,

B, 5 Mdiag(2~/t", ... 2727 12p~1 | 1 5 oo, (3.42)
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for some matriz 11 € Z;
(iii) in addition, assume that condition (3.33) holds for j = Jy. Then, an estimator

sequence {B,},en as described in (ii) satisfies

Vo(vee(B, — Hdiag(2~ 7t ... 27 /hm)g(2/) 12~ )T 4 N0, Sp(Jy, Jo))
(3.43)

for some matriz 11 € I, where the covariance matriz g (Jy, Jo) is a function of

F, and F is defined in Theorem 3.5.1, with m = 2.

Remark 3.5.3. By (3.42), any sequence B\;l has a limit in probability of the form
B~! := Pdiag(f,...,8,), 8] # 0,4 =1,...,n, ie., involving a non-identifiability
factor post-multiplying the mixing matrix P. However, note that H = Pdiag(hq,...,h
B~tdiag(hy, ..., h,)B, i.e., the columns of B~! consist of (non-unit) eigenvectors of
the Hurst matrix H. Consequently, H:= EV_ ldiag(ﬁl, e ,ﬁn)ﬁy is a natural estima-
tor of the latter, where /le, e ,/f;n are univariate (e.g., wavelet-based) estimators of
the individual Hurst exponents obtained from the demixed signal.

Nevertheless, producing a direct estimator of P is straightforward. Just normalize
each column of the matrix estimator E; I and multiply it by —1 if necessary as to
arrive at a matrix P with positive diagonal entries (cf. (3.6)). This procedure is used

in Section 3.7 below.

Remark 3.5.4. More precisely, the covariance matrix in the limit (3.43) can be written
as Xp(J1, Jo) = AsX3 AL, where X3 and Aj are given by expressions (A.54) and (A.55),
respectively. It is clear that the expression for ¥g(Jy, J3) is quite intricate, and the
construction of theoretical confidence intervals is a matter for future investigation (cf.

Combrexelle et al. [28]).

Remark 3.5.5. Let Tp be a matrix such that

(vec(I, — I))" = Tp(vec(B, — Idiag(2~"M, ... 27 )g(271) =12 p~I)T

)P
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where

I, = B,P(Ildiag(2~ 71", ... 2~ Tihn)g(271)~1/2) 71, (3.44)
Then, by (3.43) and the Delta method

~

Vo(vee(T, — )T 5 N(0,2(Jy, o)), (3.45)

where 2<J1, Jl) = TPZF(Jl, JQ)T;;

We will use (3.45) in next section to establish limiting distribution of the Hurst

parameter estimation.

Remark 3.5.6. Removing the condition (3.5) can alter the limits (3.42) and (3.43).
For example, if hy = hy = ... = h, =: h, then in Step 2 of the algorithm, W&W* ER

22h(22=J1) T Thus, the eigenvectors of /M?&W* do not have a limit in probability.

3.6 Wavelet-based estimation for the Hurst pa-
rameters

In this section, we focus on the second step of the two-step wavelet-based approach,
namely, developing the estimation of the Hurst parameters by applying univariate
wavelet analysis on entries of the demixed process. We establish the asymptotic
normality of the Hurst parameters’ estimators as the wavelet scale grows according
to a factor a(v) — oo, as v — o0o. It is necessary to take the coarse scale limit due
to the fact that the source signal X is not self-similar (c.f. (2.10)). Throughout this

section, the factor a(v) is assumed to be a dyadic sequence such that

+ -0, v—oo (3.46)
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(see Remark 3.6.4 below on the choice of a(v) in practice).

Let B, be the demixing matrix described by (3.42), let I, be defined by (3.44), and
let ® := Ildiag(2=/tM, ... 27th=)g(2/1)71/2) Then, the demixed process is defined
by

X:=BY =B,PD'DX = 1,DX. (3.47)

The following proposition gives the asymptotic distribution of the sample wavelet

variance of X.

Proposition 3.6.1. Let X be the demized process defined by (3.47), let Wy be the
sample wavelet variance of )A(, and let EWx be the wavelet variance of the source

signal X. Then,
(V v Ja)diag(a(v) . ,a<u>-2hn><vecD<Wg<a<u>2j>—©wa<a<v>2j>©>>T)

4 N(0, CWK?), (3.48)

as v — oo (see (3.4) on the notation vecp). In (3.48), the matrices W and K are

defined by (A.59) and (A.58), respectively.

Remark 3.6.1. Intuitively, the demixing estimator E,, yields a signal X that is close
to the unknown source X up to a non-identifiability factor ©. In fact the limiting

distribution of

(\/ v/a(v)diag(a(v)=2m, ... ,a(u)_%”)(VecD(W@X(a(V)Qj)—]EW@X(a(l/)Qj)))T>

is also N (0, CWK*). In particular, the diagonal entries of the sample wavelet variance

W (a(v)2?) of the demixed signal X are asymptotically independent.

=i

j=jr

sJm

$Jm
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Let
~92 .o
0% be the (i,4)-th entry of Wy, (3.49)
and let
o% be the (i,i)-th entry of EWx. (3.50)
The wavelet based regression estimator of the Hurst parameters h;, i = 1,--- ,n,

involves regressing the terms Egi(a(u)Qj ) on the scale index j, i.e.,

~

i i whlos(@% (a(1)2))
T Jm n ~2 j
hn, W) log(oin(a(y)%))
where the weight vectors
wi=(w, - w )T (3.52)
satisfy
S wi=0, 2log2) jwi=1 i=1--n (3.53)
j=1 j=1

The next proposition gives the difference between the wavelet variance of X; and

272hi i =1,... n, and will be used to prove Theorem 3.6.2.

Proposition 3.6.2. Fori=1,--- ,n, let 0%, be defined by (3.50). Then,

02 (27) — 21| g, (0) 2K (hy)| < €29 (hi=B), 3.54
Xi

where K(h) = [, |0(x)[?|z] " dz.

Heuristic justification for the regression estimator: By Proposition 3.6.2,

0%, (a(v)) = a()*|g: ()P K (hy)| < Ca(v)*"7. (3.55)
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By (3.48), we have

Vv/aw)a(w) (6% (a(v)) = D(i,i)’0%, (a(v)) = N(0,0),

for some b > 0. Thus, 5% (a(v)) ~ D(i,i)20%, (a(v)) + /a(v)/va®"Z, Z % N(0,0).
Now consider

log 5% (a(v)) — log(D(i,)* K (hi)|g:(0)[Pa(v)*")

2 log (@(z',z')?o%g(a(v)) n a(u)/va%iz) ~ log(® (i, 2K (1) |g:(0) Pa()™)

L log D(i,1)%0% (a(v)) —log(D (i, 1)K (h;)|g:(0)|*a(v) ™) +log <1+ NG (‘Z-z(;aé(ia(y)) Z)

210 0%, (a(v)) B o Vaw)a
s (K(hiﬂgi(o)\%(’/)%" b 1) +log <1 " ﬁ@(i,i)%gg(a(u))z)

L Caw) P + /aw) v Z/D(i,i)>.

As a consequence,
o7} (Tow 5%, () — 20 lowa(v) ~ 10D, K ()50

L 7/D(i,9)* + Ca(v) P\/v/a(v).

Condition (3.46) ensures that y/v/a(v) — oo, and the bias term Ca(v)~?\/v/a(v)
vanishes. Thus, we have the following central limit theorem for the estimators ﬁi,

1=1,---.n.

Theorem 3.6.2. Suppose the estimator (/le, e ,ﬁn) be defined by (3.51). Then,

hl h1
viaw)| | | -] 4 N0, W). (3.56)

=)
3

hn
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In (3.56),
W = diag((wl)TV(hl)wl’ e (W")TV(hn)w"),

the weight vectorsw', i = 1,--- . n satisfy (3.53), and the matriz V (h) = {Vi, k(%) by ko=1. m

1s defined entrywise by

A pihH o o
Vinso () = S mmangen [ @ a s PR b, ) i
(3.57)
where K (h) = [, |o(2)2]z| "2 'da and D, i, = 8Cd(2751,27k2).
Remark 3.6.3. Theorem 3.6.2 shows that the Hurst estimators ﬁl, e ,En are asymp-

totically independent. The asymptotic distribution of the Hurst estimator by esti-
mating from X is equal to the asymptotic distribution of directly estimate the Hurst

parameters from the source X.

Remark 3.6.4. In practice, the choice of a(v) involves a statistical compromise. A
large value of a(v) with respect to v implies a relatively small bias, but also cause a
relatively large variance of the estimator. Simulation results suggest the ratio v/a(v)2?

should be no less than 23.

3.7 Simulation studies

3.7.1 Performance of demixing procedure for operator frac-

tional Brownian motion

To study the performance of the wavelet demixing method over finite samples, we

simulated R = 500 sample paths of sizes n = 2?° and 2'° of 4-dimensional operator
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fractional Brownian motion with parameter H = Pdiag(0.2,0.4,0.6,0.8) P~ and

0.6834 —0.7142 0.6960 —0.1165

—0.0096 0.4539 —0.0908  0.7740
pP= (3.58)

04771 —0.2345 0.3359 —0.4243

0.5525 —0.4784 —0.6281 0.4553

(see also Remark 3.7.2 on the choice of P). For notational simplicity, denote X := By,
Y := Bpy. To investigate the effect of mixing and demixing, we applied the univariate
wavelet regression method of Veitch and Abry [17] and estimated the entry-wise
Hurst exponents hx;, hy,, ¢ = 1,...,n, starting from simulated sample paths of the
unmixed and mixed processes X and Y. We further used the same procedure to
estimate the entry-wise Hurst exponents hz;, i = 1,...,n, of the demixed sequence
7 = P~1By for demixing matrix estimates P~L.

The results consist of comparisons of the Monte Carlo log-averages log, IEWX,i(2j ),
log, I/F'EWY,Z-(Qj ) and log, IEWZJ(QJ' ) for each of the n = 4 components for the sample
sizes 22 and 29 (Figures 3.1 and 3.4); boxplots for ﬁXﬂ- — h,, ﬁyﬂ- — h; and /f;z,i — hi,
i =1,2,3,4 (Figures 3.2 and 3.5); and boxplots for the 16 entries of Plp_] (Figures
3.3 and 3.6). Following the procedure described in Remark 3.5.3, the columns of P
were adjusted as to eliminate the non-identifiability factor. In all cases, the sample
wavelet variance matrices were computed based on Daubechies wavelet filters with
N, = 2 vanishing moments. Using a different wavelet with N, > 2 yields similar
conclusions.

In Figures 3.1 and 3.4, as expected for the mixed data Y all components of
log EWy;(27) display patent departures from the original data log EWy;(27). After
demixing, all components of log IEWZ7Z-(2j ) remarkably superimpose those of log IEWX7i(2j ),
with the possible exception of a few coarse scales for h = 0.2 and 0.4. In addition, the

boxplots in Figures 3.2 and 3.5 show that the Monte Carlo distributions for h zi— hi
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resemble those of /ﬁx,i — h;, which illustrates the successful demixing of Y. Figures
3.3 and 3.6 further indicate that P—1 is very well estimated with negligible biases. In
all comparisons, as expected the observed estimator properties improve significantly
when passing from the relatively small sample size 2!° to the large sample size 22°,
hence reflecting the asymptotic statement of Theorem 3.5.2, (¢ii). In addition, sim-
ulation results not displayed also show that the standard deviation of the estimates
decreases with the sample size according to the scaling ratio C'//v for some C' > 0,

as anticipated.

Remark 3.7.1. Theorem 3.5.2 leaves open the question of how to optimally choose
the octaves j; < jo. For multiple choices of wavelet octaves, namely, j; = 1 (which
involves the largest number of sum terms in (3.16)) and j» = 2,...,6, Table 3.1 shows
the performance of the individual Hurst eigenvalues’ estimators in terms of Monte
Carlo bias, standard deviation and (square root) mean squared error. For sample
sizes 220 and 29 the results indicate that for low values of the Hurst eigenvalues, the
use of two widely separated wavelet octaves produces better results in terms of mean
squared error, whereas for large values of the Hurst eigenvalues the choice of octaves

has little impact on the estimation.

Remark 3.7.2. Simulation studies not included show that the choice of the mixing
matrix (3.58) does not substantially affect the finite sample results. Moreover, the
demixing estimator is very robust with respect to the condition number of the mixing
matrix P. The distributions of the estimated scalar Hurst eigenvalues after demixing

are barely affected for condition numbers of the order of at least 105.

Remark 3.7.3. In practice, a continuous time sample path is not available and thus
the theoretical wavelet coefficient D(27, k) cannot be computed. Instead, one approx-
imates the latter by means of the classical recursive (or pyramidal) discrete filter bank
algorithm (see chapter 7 in [24]). In Section 4.1, we lay out the mathematical frame

work for estimation based on discrete time observations. We prove that, under mild



h  ji,ja  h bias  sd MSE & bias  sd MSE
(220 (219
0.20 1,2 0.25 0.05 0.04 0.06 0.31 0.11 0.10 0.14
1,3 0.22 0.02 0.03 0.04 0.25 0.05 0.08 0.10
1.4 022 0.02 0.03 0.03 0.24 0.04 0.08 0.09
1,5 0.21 0.01 0.02 0.03 0.23 0.03 0.08 0.09
1,6 0.21 0.01 0.02 0.03 0.22 0.02 0.08 0.08
0.40 1,2 040 -0.00 0.02 0.02 0.45 0.05 0.08 0.10
1,3 0.40 -0.00 0.01 0.02 0.41 0.01 0.07 0.07
1.4 039 -0.01 0.01 0.02 0.40 0.00 0.07 0.07
1,5 0.40 -0.00 0.01 0.01 0.40 0.00 0.07 0.07
1,6 0.39 -0.01 0.01 0.01 0.40 -0.00 0.07 0.07
0.60 1,2 059 -0.01 0.01 0.02 0.60 -0.00 0.07  0.07
1,3 0.59 -0.01 0.01 0.02 0.58 -0.02 0.07 0.07
1.4 059 -0.01 0.01 0.02 0.58 -0.02 0.07 0.07
1,5 0.59 -0.01 0.01 0.02 0.58 -0.02 0.07 0.07
1,6 0.59 -0.01 0.01 0.02 0.58 -0.02 0.07 0.07
0.80 1,2 0.79 -0.01 0.01 0.02 0.76 -0.04 0.07 0.08
1,3 0.79 -0.01 0.01 0.02 0.77 -0.03 0.07 0.07
1.4 079 -0.01 0.01 0.02 0.77 -0.03 0.07 0.07
1,5 0.79 -0.01 0.01 0.02 0.77 -0.03 0.07 0.07
1,6 0.79 -0.01 0.01 0.02 0.77 -0.03 0.07 0.07
Table 3.1: Choice of scales 1,000 Monte Carlo runs, sample sizes 22° and 2'°,

(0.2,0.4,0.6,0.8).
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h:

Figure 3.1: Scaling log W. .(27) vs. j for each of the n = 4 components based on the wavelet variance
scales 2! and 22. The plots were produced by means of 500 Monte Carlo runs of sample size 22°,
with parameter values h = (0.2,0.4,0.6,0.8) and Ny, = 2.
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Figure 3.2: Boxplots based on the wavelet variance scales 2! and 22 for i = 1,2, 3,4, EXJ — h;
(original, left), lAzyﬂv — h; (mixed, middle) and Ez,i — h; (demixed, right), for each of the n = 4
components, sorted by ascending order in terms of h. The plots were produced by means of 500
Monte Carlo runs of sample size 229, with parameter values h = (0.2,0.4,0.6,0.8) and Ny = 2.
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Figure 3.3: Boxplots based on the wavelet variance scales 2! and 22 for the 16 entries of Pip_1.

The (41, i2)-th boxplot denotes the (i1, i2)-th entry of P—1P—I. The plots were produced by means
of 500 Monte Carlo runs of sample size 2%, with parameter values h = (0.2,0.4,0.6,0.8) and N, = 2.
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Figure 3.4: log W. .(27) vs. j for each of the n = 4 components based on the wavelet variance scales
2! and 22. The plots were produced by means of 500 Monte Carlo runs of sample size 2'°, with
parameter values h = (0.2,0.4,0.6,0.8) and Ny = 2.
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Figure 3.5: Boxplots based on the wavelet variance scales 2! and 22 for i = 1,2, 3,4, EXJ- — h;
(original, left), hy,; — h; (mixed, middle) and hz,; —
components, sorted by ascending order in terms of h. The plots were produced by means of 500

Monte Carlo runs of sample size 2'°, with parameter values h = (0.2,0.4,0.6,0.8) and Ny, = 2.
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36

conditions, the estimated Hurst parameters stemming from the pyramidal algorithm

also satisfy the weak limits (3.56).

3.7.2 Wavelet-based estimation v.s. spectral maximum like-

lihood estimation

Spectral maximum likelihood estimation is an alternative way to estimate mixed
operator fractional Gaussian noise (see detail in [29]). In this section, we compare the
two-step wavelet-based estimation with spectral maximum likelihood estimation by
means of Monte Carlo simulation. We briefly introduce spectral maximum likelihood
method for the read’s convenience.

Let {Y(t) hier = {PX(t)}+er, where P is the mixing matrix, X is a vector of two
independent fractional Gaussian noises with Hurst parameters h;, ¢ = 1,2. Then, the

matrix-valued spectral density of YV is
f(z;hy, hoy A) = 2(1 — cos ) AG (x5 hy, ho) AT,

where A = Pdiag(e(hy),e(hs)), e(h;) = {T'(2h; + 1)sin(7h;)/27}Y2, G(x;hy, hy) =
diag(R(z; hy), R(x; ha)), R(zyh) = Y00 |o + 2um|~271 for i = 1,2. Use the

V=—00

method in [30], f can be approximated by
Fx:hy, ha, A) = 2(1 — cos 2) AG(x; hy, hy) A%,

where CNJ(x, hi,hy) = diag(}N%(x, hy), }Nz(:zc, hs)), and }N%(x, hi)) = ﬁhi{(Qﬂ'M — )72
(27 M + x)2y 4 SO0 o+ 2kw| 72 for some large integer M. In turn, the

(negative) Whittle log-likelihood function of Y can be approximated by
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T

[(h1,ho, A) =) {log det f(xi; ha, ho, A) + tr{ f (2 hy, ha, A)_lly(xi)}}

=1

T
= 2Tlog | det A| + Z { log |2(1 — cos x;) det (é(:vz, hq, hg))|}

+ Ztr [(A*)‘l{Q(l — cos ;) Gz ha, h2)}_1A_1Iy(xi)} : (3.59)

where T = [(v — 1)/2], v be the sample size, Iy (x) = Jy(x)Jy(x)*/(27v), Jy(x) =
>y Yiexp(itz), x; = 2w /v ([31]). And the spectral maximum likelihood estimator
is defined by

§ := argmingl(6). (3.60)

In (3.60), I(+) is defined by (3.59), b= (ﬁl,ﬁg, P). When implementing the estimator
(3.60) in Matlab, we use the function fminsearch.m to minimize I(hy, he, A) with
respect to the unknown parameters hy, hy and A.

In the following simulation study, set

o 0.4472 0.3162
v=1024, M =17, (hy, hs) =(04,08), P=

0.8944 0.9487

Averages of 100 simulations of the spectral maximum likelihood estimators and wavelet
estimators for the parameters hi, ho and P are shown in the following table.

From the simulation study, although the spectral maximum likelihood estimation
is a bit more accurate, the coupled demixing-wavelet method is far more computa-
tionally efficient. In particular, for the former estimator, we need to minimize (3.59)
with respect to n + n? unknown parameters, which can be numerically very difficult
for large values of n. Our computational studies also indicate that the minimization

procedure is somewhat sensitive to the initial guess.
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Figure 3.6: Boxplots based on the wavelet variance scales 2! and 22 for the 16 entries of pP-ip—1.
The (i1, 2)-th boxplot denotes the (i, 42)-th entry of P~'P —I. The plots were produced by means
of 500 Monte Carlo runs of sample size 2'°, with parameter values h = (0.2, 0.4,0.6,0.8) and Ny = 2.

method and time parameter  bias sd VMSE
SML hy 0.0134 0.0632 0.0643
99.6548min hs -0.0094 0.0707 0.0710
D1 -0.0040 0.0220 0.0223

D12 -0.0234 0.1314 0.1329

D2,1 0.0017 0.0092 0.0093

D2,2 -0.0551 0.3158 0.3190

wavelet hy 0.0346 0.1043 0.1094
0.0555min ha -0.0193 0.1096 0.1108
D11 0.0001  0.0139 0.0138

D1,2 -0.0096 0.0348 0.0359

D21 -0.0002 0.0070  0.0070

D2,2 0.0025 0.0105 0.0107

Table 3.2: Biases, standard deviations and mean squared errors (in terms of square root) of 100
replications of the two underlined estimation methods for the parameters hy, ho and P = (pij)i’j:]_g.
Wavelet estimation: Number of vanishing moments: 1, (j1,72) = (3,5), [J1,J2] = [1,2]. SML

estimation: M=1"""7. Sample size: v = 210,
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Chapter 4

Extensions and Applications

Since in practice, only observations in discrete time are available, the theoretical
wavelet coefficients D(27, k) cannot be computed, it is necessary to study the perfor-

mance of the estimators under the assumption that only a discrete sample

{Y'(k)}rez (4.1)

of (3.1) is available. In Section 4.1, we develop the asymptotic distribution of the
estimators, and Section 4.2 provides an application in tree ring data. All the proofs

can be found in Appendix A.4.

4.1 Estimation based on the discretized wavelet

transform

4.1.1 Notation and assumptions

Throughout this chapter, we suppose the wavelet approximation coefficients stem
from Mallat’s pyramidal algorithm, under a multiresolution analysis of L*(R) (MRA;

see [24], chapter 7). Accordingly, we need to replace (W2) with the following more
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restrictive condition.

ASSUMPTION (W?2'): ¢ and 9 are compactly supported, integrable and

¢(0)=1, and /RwQ(t)dt =1

Moreover, we also need the following additional condition.

ASSUMPTION (W4): the function
> kmo(-— k)
kEZ

is a polynomial of degree m for all m =0,--- , N, — 1.
All through this chapter, we assume the (WW1),(W2') and (W3 —4) hold. Assumption
(W1) and (W4) imply that

/w(zjt) Y p(t+Dmdt=0, j>0, m=0, Ny—1 (4.2)
R

lez

4.1.2 Main results

Given (4.1), we initialize the algorithm with the vector-valued sequence
R" > ap, :=Y(k), keZ,

also called the approximation coefficients at scale 2° = 1. At coarser scales 27, Mallat’s

algorithm is characterized by the iterative procedure

i1k = E hi —orGjpr,  djyrp = E w2k, JEN, ke,

k' €Z k'eZ

where the filter sequences {hy }rez, {9k }rez are called low- and high-pass MRA filters,

respectively. Due to (W2'), only a finite number of filter terms is non-zero, which is
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convenient for computational purposes [32]. The normalized discretized the wavelet

coefficients are defined by
R™ > D(2/,k) == 279d,.

By applying (4.2) and direct computation, the integral representation of wavelet
covariance is given in the following proposition.
Proposition 4.1.1. Let {Y (k)}rez be the sequence (4.1). For all j,7° > 0 and

kK €Z,

COV(E(?’ /{;), 15(2j’7 k’/)> — / Hj($)Hj/ (x)eiz(zjkfm"k/)|x|7(H+[/2)G(x)|x’,(H+1/2)*dx7
R

where
H;(x) =277 Z V(277 s)p(s + 1)e " ds. (4.3)
Riez
Let
1 o
EW (2) = ED(27,0)D(27,0)*, W (2') = = > D2, k)D(2', k)* (4.4)
J k=1

be the wavelet variance matrix and its sample counterpart, respectively. The next

result is analogous to Proposition 3.3.1.

Proposition 4.1.2. Let {Y (k)}rez be the sequence (4.1). For every pair of octaves

J.J" =0,

(4)

K;, K.
T 1 SN~ o~ o
N Kin/ Ky —— ED(2?,k)D(27 ,k"Y* @ ED(27,k)D(27 , k')*
J ]KjKj’kz:;k,z::I (7)( 7)® (a)( 7)

= 27U ged(2,27) 3 @050y @ Pugeaiary, V00, (4.5)

Z=—00
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where

Hjo (@) Hj(x)e™ ||~ G () || =2 do (4.6)

(1) there is a matrix éjj/ € M(n(n+1)/2,R), not necessarily symmetric, such that
VE /K Cov(veecsW (2),veecsW (27)) = Gy, v — o0, (4.7

where the entries of éjj/ can be retrieved from (4.5) by means of (3.23) (see

(3.4) on the notation vecg).

The following theorem establishes the asymptotic distribution of the wavelet vari-

ance matrices at fixed octaves.

Theorem 4.1.1. Let {Y (k)}rez be the sequence (4.1). Let j; < -+ < jn, be a fized

set of octaves. Then

(V (vees(W(2) - EW(Qj))>T b Nawes (0.5 (4.8)

J=T15e0s Jm

as v — oo (see (3.4) on the notation vecs). In (4.8), the matriz F € S(" ) m, R)

has the form F = (Gijr);ji—1...m, where each block Gij € M(n(n +1)/2,R) is de-

.....

scribed in (4.7).

By Proposition 4.1.1, EW(ZJ) can be recast as

EW (2) = PA,P*, (4.9)
where
A :dlag(/ |H;(z ~(2hat1) ]g| /\H 2h"+1)|9n’ (z )d:v)
(4.10)

Expression (4.9) indicates that an estimator B, of P! can be estimated by jointly
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diagonalizing W(QJ 1) and W(QJQ), for J; # J5. Note that, the conclusion in Theorem
3.4.1 also holds when replacing W (27) by W(27). Thus, as a consequence of Theorem
4.1.1 and by following the same argument as in the proof of Theorem 3.5.2, we obtain

the limiting distribution of B,.

Theorem 4.1.2. Consider two octaves 0 < J; < Jo for which the eigenvalues of
EW (271) are pairwise distinct. Let B, be the output of the EJD algorithm. (see Section
3.5) when setting

Co=W(27) and C;=W(2%).

Then,
V(vee(B, — TIA, PN % N(0, S 5( 1, ), (4.11)

where Ay, is defined by (4.10), for some matriz
I € {Il € M(n,R) : II has the form diag(£1,...,£1)}.

In (4.11), the covariance matriz Xx(J1, J2) is a function of F, and F is defined in

Theorem 4.1.1 with m = 2.

Let the demixed process be
X =BY=[9X. (4.12)

In (4.12), I, = B, PAY’II, © = TIA /2.
The following proposition gives the asymptotic distribution of the sample wavelet

variance of X.

Proposition 4.1.3. Let the demixed process X s defined by (4.12), let W_;{f be the

sample wavelet variance for )Z, EWX be the wavelet variance of the source signal X .
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4 N(0, KWK, (4.13)

as v — 0o (see (3.4) on the notation vecp). In (4.13), K = diag(D?,--- ,D?). The
————

(k1, k2)-th entry of the limiting covariance matrix is

W wlﬂ/‘,’i? kl == ln+2,]€2 = 'Un—|—z’
0, otherwise,

where Wy, = 4m( f7(0))224d maxde)tminGeio) [T 1D, o (@ dy)|2de, forl,v =0,--- ,m—

Li=1,---,n, fis defined in (A.70), d; = h; +1/2,
Dy(w;d) =Y o+ 2kn| e, (x + 2km)ih(x + 2km)0(27" (x + 2km)),  (4.14)
keZ,
for all u > 0,

eu(x) _ 2—u/2(1’ eiQ*“x’ L ’e—i(2“—1)2*“x>T’ r eR.

Define the Hurst parameters’ estimators

hy i whlog (a1 (a(v)27))
= : , (4.15)
By i, wilog(ah (a(v)27))

where g; is the ith diagonal entry of the sample wavelet variance of X , and the weight

vectors w' = (wi,--- ,w! )T, i=1,--- n,satisfy (3.53). We have the following CLT.

m

Theorem 4.1.3. Let (hy,--- ,hn)" be the estimator for (hi,--- ,hy)T defined by
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(4.15). Suppose a(v) satisfies

—0, v— oo,

where B, is defined in (A.71). Then,

hy hy
viaw)| | |- : 4 N(0, W), (4.16)
R hn
where
W = diag((wh)TV (h)w', -, (w") TV (h,)w™),
the weight vectors w', i = 1,--- | n satisfy (3.53), V(h) is a m x m matriz whose

(i, k)-th entry is

- 47T22(h+1/2)\ji—jk\Qminmm 7 ) - - ‘
V;,k(h) = K(h) / |D|]z*jk|(x7h+1/2)| d.ﬁlﬁ, Zyk:]h"' y Jms

Dyji_iof(A h+1/2) s defined in (4.14), and K(h) = [, [(x)[?|x|-2""dz.

4.2 Empirical application

In this section, we illustrate the two-step method with a bivariate series of annual tree
ring measurements from bristlecone pine trees in White Mountains, California. The
period covered ranges from 5142 BC to 1962 AD, yielding a total of 7104 data points.
The data is available on the website https://datamarket. com/data/list/?q=cat:ecw%20
provider:tsdl.

Many tree-ring data sets exhibit long-range dependence properties [33], and annual
tree-ring measurements can be modeled as aggregates of the underlying continuous-

time growth rate process over time intervals between two consecutive sampling time



46

points, which in turn, can be approximated by a mixed fractional process. Figure 4.1
shows the time series plot of the tree ring measurements. The comparative analysis
over different time periods of wavelet scaling plots (Figure 4.2) indicate the presence
of disturbance in the first 1000 data points. For this reason, we only model the data
from 4141 BC to 1962 AD.

As expected, the sample ACFs (Figure 4.3) suggest that the time series of tree-ring
measurements have long memory. However, it is known that spurious cross-correlation
may occur as a result of the presence of fractional memory in each sequence, so it is
pivotal to study the cross-correlation after pre-whitening (e.g., [34]). Figure 4.4 shows
the sample cross-correlation for the pre-whitened data. It reveals that the sequences
are contemporaneously strongly correlated but not cross-correlated at any non-zero

lag values.

0 1 1 1 1 1
-5000 -4000 -3000 -2000 -1000 1000

Year

o

0
-5000 -4000 -3000 -2000 -1000 0 1000
Year

Figure 4.1: Time series plots of the tree-ring measurements.
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bivariate data set; Third row: scaling plots for the 2000-3000 tree-ring measurements of the bivariate
data set.
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Figure 4.4: Cross-correlation between tree-ring measurements, after pre-whitening. Dash line is the
threshold :l:1.96/\/N of 5% significant level.
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The wavelet based demixing method gives the estimated demixing matrix

= 10.4048 —9.3864
1.4360  2.6275

After demixing, wavelet-based estimates of the Hurst parameters The estimated are
h1 = 0.6470, hy = 0.9295 (using scales (j1, j2)=(3,7)), and h; = 0.6517, hy = 0.9564
(using scales (j1,72)=(3,9)).

Table A.3 shows a Monte Carlo study of the sample mean and sample standard
deviation of hg/—\hl for the case when hy = hy = h. The difference between the
estimated Hurst parameters for the tree ring data is 22 — 711 = 0.9564 — 0.6517 =
0.3047 > 1.645 * Sd(hg/—\hl). Therefore, we conclude that there is evidence that
hs > hy. The cross-correlation of the demixed tree-ring data after pre-whitening is

showed in Figure 4.5. The rare occurrence of significant spikes in the cross-correlation

plot suggest that the wavelet demixing method demixed the data.

true h parameter mean sd
h=0.7 hy 0.6985 0.0183
o 0.7229 0.0176
he— By 0.0244 0.0185
h=0.8 h 0.7957 0.0191
/EQ\ 0.82290 0.0195

he —hy  0.0272  0.0202

Table 4.1: wavelet estimation: (ji,j2)=(3,9), sample size=6000, number of MC runs=1000.
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Chapter 5

Two-Step Wavelet-Based
Estimation for Mixed Fractional

Non-Gaussian Processes

5.1 Introduction

In modern applications, it often happens that data are multivariate and characterized
jointly by scale-free dynamics (self-similarity) and non-Gaussianity. The modeling of
non-Gaussian, multivariate fractional signals, while of great importance in applica-
tions, is an essentially unexplored research topic, with the exception of related work
in the econometric literature (e.g., [35]).

Hermite processes are typically non-Gaussian, self-similar, stationary increment pro-
cesses. They appear as a consequence of non-central limit theorems, i.e., by means
of nonlinear transformations of stationary long-range dependent sequences [36-38].
Fractional Brownian motion (fBm) corresponds to the Hermite process of rank 1, and
is the only Gaussian such process, whereas the Hermite process of rank 2 is called
Rosenblatt process (or fractional Rosenblatt motion, fRm). The integral representa-

tion for fRm is given by the following definition.
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Definition 5.1.1. The standard Rosenblatt process of index d € (1/4,1/2) is the

continuous time process

" ei(u1 Ju2)t _

Rau(t) = ay, /R 2 m|u1|—d|u2|—d§<du1)§(du2), (5.1)

where

h(2h— 1)
= \/ 2(0(1 — h)sim(hn/2))2" (5:2)

B (du) is a C-valued Gaussian random measure, and the symbol fﬂgz indicates that

the diagonal u; = usy is excluded from the integration domain.

The integral in (5.1) has finite L?(P) norm, ER3,(1) = 1, and the process is self-

similar with Hurst parameter h = 2d € (1/2,1). The random variable Ry4(1) of (5.1)
evaluated at ¢ = 1 is called a standard Rosenblatt variable with Hurst index 2d.
Statistical inference for Hermite-type processes is challenging: in the univariate con-
text, it was recently shown that wavelet-based estimators may display nonstandard
convergence rates and asymptotic distributions [39,40]. Mathematically, arguments
involve chaos expansions and Malliavin calculus.
In this chapter, we take the first step in the construction of statistical inference for
Rosenblatt-type operator fractional stochastic processes. We consider the case where
multiple independent subparts of a system are univariate Rosenblatt processes which
get mixed by a number of recording sensors. In other words, the underlying process
Y (t) is defined by

{Y() }er = {PR(t) }1cr, (5-3)

where P is a n x n non-singular matrix, and R = (Ry,, -, Rp,)T is a vector of

independent fRms with Hurst parameters

1/2<h <---<h,<L. (5.4)
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The two-step wavelet-based approach (see Chapter 3) will be applied to Y (¢) defined
in (5.3) to estimate both the mixing matrix P and the Hurst parameters hy,--- , h,.
We stress that, to the best of our knowledge, this is the first estimation methodology

ever proposed for multivariate Hermite-type processes.

5.2 Wavelet transform of the mixed non-Gaussian
fractional process

Throughout this chapter, let v : R — R be a wavelet function with number of
vanishing moments N > 1, and has compact support. The vector wavelet transform

of Y as in (5.3) is defined as

R" 5 D(27, k) = 279/ / 279227t — k)Y (t)dt, jeNU{0}, keZ (55)
R

The wavelet spectrum (variance) at scale j is the positive definite matrix
EW (27) :=ED(27,k)D(27, k)* = ED(27,0)D(27,0)*, (5.6)

and its natural estimator, the sample wavelet variance, is the random matrix

K,
1 < . .
— > D kD@, k)", Kj= o =1 jm (5.7)
1

W) = -
J =

for a total of v available (wavelet) data points.
By direct computation, we can show the following properties of the wavelet coefficients

and the general form of the wavelet variance.

Proposition 5.2.1. Let D(27, k) and EW (27) be defined by (5.5) and (5.6), respec-

tively. Then,

(P1) the wavelet transform (5.5) is well-defined in the mean square sense, and ED(27, k) =



55
0;
(P2) for a fived scale j, {D(27,k)}rez is stationary in k;

(P3)
EW (27) = Pdiag(2¥™Cy(h), - -+ ,2%"Cy(h,)) P, (5.8)

where

W\(Ul =+ U2)’2 —h
Cy(h) = —_— dud 5.9
w( ) ap, - (UI u2)2 |’LL1U2| Uuiaug, ( )

and ay, is defined in (5.2).

The following theorem establishes the asymptotic distribution of the vectorized

sample wavelet variance at a fixed set of octaves.

Theorem 5.2.1. Let Y = {Y(t) }ier be defined by (5.3). Let j1 < -+ < jp, be a fived

set of octaves. Then,

T
pl=hn <vecS(W(2j) — EW(2j))> 4 R. (5.10)
J=J155dm
as v — oo. In (5.10),
0 0
T
R4 vecs (P oo : P*) ) (5.11)
J=g15 53
0 -+ 2%MCy(h,)S(ha)R"
In (5.11),
—1/2 / — 2" deds’
S(h) = —2 h Jre P(@)9 (@) |z — &'|"Hdwd | (5.12)
h+1\2(2h —1) Jgo (2)p(2")| @ — &' Phdada’

R?" are normalized Rosenblatt random variables with self-similarity index h,, for all

J =171, s Jm, and for all A, , A\, € R, the k-th cumulant of the random variable
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Sy )\kR?; is
Z )\ll )\lkck Rh")

=1
where cy(RM) denotes the k-th cumulant of the normalized Rosenblatt random variable

with self-similarity index h,,.

5.3 Main results

Note that expression (5.8) suggests estimating P by the joint diagonalization algo-

rithm.

Definition 5.3.1. Consider two octaves 0 < J; < J, for which the eigenvalues of
EW (271) are pairwise distinct. For v € N, the wavelet-based demixing estimator B,

is the output of the EJD algorithm when setting
Co = W(27") and C, = W(27). (5.13)

By using Theorem 5.2.1, Theorem A.6.1 and the Delta method, and then by
following the same argument as in the proof of Theorem 3.5.2, we can establish the

limiting distribution of B,.

Theorem 5.3.2. Let B,, be as in Definition 5.5.1, then
(B, — 2P LR, v 0. (5.14)
In (5.14), the finite variance random matriz R is a function of R in (5.11), and

© = T(diag(2*/"" Cy(hy), - - - , 227" O (Ry,))) V2, (5.15)
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for some matriz Il € T, where
Z =A{Il € M(n,R) : II has the form diag(+1,...,+1)}. (5.16)

In (5.15), Cy(h) is defined in (5.9).

Define I, := B,PD~!, then I, — I = O,(v"~1). The demixed process is defined
by
R:=B,)Y = B,PO 'DR =1,DR. (5.17)

The following proposition gives the asymptotic distribution of the sample wavelet

variance of R.

Proposition 5.3.1. Let R be the demized process defined by (5.17), let
W5 be the sample wavelet variance of R, (5.18)

and let

EWpg be the wavelet variance of the source signal R. (5.19)

Suppose the scaling factor a(v) satisfies

Jhn—hy
lim max (—) = 0. (5.20)

v—o0 =1, ,n

Then,
(diag((V/a(V))l_hla(V)_”“, o (vfa(w)) " a(v) )

(vecp(Wx(a(v)2?) — @EWR(a(y)Zj)’D)T> 4 Kg, (5.21)
J=J1, 5 Jm
as v — oo (see (3.4) on the notation vecp). In (5.21),
K = diag(D?,--- ,D?), (5.22)

N—— —

m



o8

G = (22j1h10¢(h1)5(h1)Rh1 .

717

- 2% G (hy,) S (hy ) R

71

s 25O () S(h) R -+ 22 Oy (B ) S (hi ) REMT (5.23)

In (5.23), R?;l is independent of R?;Z, fori#1, ki,ks =1,---,m. Moreover, for any

fixedl =1,--- n, R;” are normalized Rosenblatt random variables with self-similarity
index hy for all j = 31, , Jm, and for all \y,--- , N\, € R, the k-th cumulant of the

. ho -
random variable Y ;" A\ R} is

Z )\ll e )‘lkck(Rhl>7

Iy, =1

where c,(RM) denotes the k-th cumulant of the Rosenblatt random variable with self-

similarity index hy, [ =1,--- ' n.

Let W5 and EWg be as in (5.18) and (5.19), respectively. Let
E%Z_(Qj)be the (i,4)-th entry of W5(27), (5.24)

and let

o7, (27)be the (i,)-th entry of EWpg(27). (5.25)

Then, by direct computation, o (279) = 22mCy(h;), i = 1,--- ,n, where Cy(h) is

defined in (5.9). The wavelet regression estimator of the Hurst parameters h;, i =

1,-+-,n, involves regressing the terms 8@(@(1/)23') on the scale index j, i.e.,
hy 7wy log o (a(v)2)
= : , (5.26)
T Jm n ~2 j
hn, i wilog Jﬁn(a(y)%)

where the weight vectors

w' = (wy, )" (5.27)
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satisfy

Zw;::o, zloggzj'w;ﬁzl, i=1,---.,n. (5.28)

j=1 j=1
Then, the following theorem develops the limiting distribution of the estimators

hl?"' 7hn-

Theorem 5.3.3. Under the assumptions of Proposition 5.53.1, let estimator (ﬁl, e ,ﬁn)
be defined by (5.26). Then,

diag((v/a(v))' ™™, -, (v/a(v))'™") 2 B S ] (629

In (5.29), Ly, = S(hi) >4, w}cR;’Z are independent random variables depends on h;,
i=1,---,n, and S(h) is defined in (5.12). The random variables R;‘; are defined in

Proposition 5.3.1, k=1,--- ,m,i=1--- ,n.

Remark 5.3.4. Even though the underlying process is exactly operator self-similar, we
still need to set the scale a((v)) goes to infinity when estimating the Hurst parameters.
By doing so, the bias introduced by demixing in the first step converges to zero when

multiplying the convergence rate in (5.29).

5.4 Simulation studies

To study the performance of the wavelet demixing method over finite samples, we
conducted Monte Carlo experiments as follows. For n = 2 and sample (path) size
v = 2% we simulated 500 realizations by mixing 2 independent fRms with Hurst
parameters 0.6 and 0.9, and the mixed process was given by Y = PR. For notational
simplicity, let R, Y and R denote the original, mixed and demixed processes. For

the analysis, Daubechies least asymmetric wavelet with N, = 2 vanishing moment
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were used. We set the octaves (Ji,Js) = (1,2) for the demixing, and (ji,72) =
(3,log, v — N,,) for the Hurst parameter estimation, respectively.

The univariate log-wavelet variance Wg,(27), Wy,(27) and W5 (27), as well as
the univariate wavelet regression estimator h Ri» ﬁy and h z, were computed for each
component of R, Y and fz, respectively. The results are reported for one arbitrarily
chosen matrix P, since the performance for all instances of P was comparable.

We plot the log-averages log,(Wg,(27)), log,(Wy,(27)) and log, (W3 (27)) for each
of the n = 2 respective components, where () denotes the Monte Carlo average
(Figure 5.1), as well as the distributions (boxplots) of ﬁp% — hy, ﬁy — h; ﬁﬁ% — h;
(Figure 5.2). In Figure 5.1, as expected all components of log,(Wy.(27)) diverge
from their unmixed original data counterparts log,(Wg,(27)). After demixing, all
components of log,(W5 (27)) remarkably superimpose those of log,(Wg,(27)). The
boxplots in Figure 5.2 show that the Monte Carlo distributions for h 7, — hi resemble
those of h r; — h;, which illustrates the successful dimixing of Y.

To show the versatility of the 2-step demixing method, the boxplot in Figure 5.3
shows the successful estimation of Y in the situation where the 4-dimensional process
Y is obtained by mixing 4 independent self-similar processes (2 fBms with Hurst
parameters 0.2 and 0.4 and 2 fRms with Hurst parameters 0.6 and 0.8). Figure 5.4
shows that the variances of the Hurst parameter estimators decrease at the expected
rate. Indeed, for fBm entries, the decrease is proportional to 1/v, whereas for fRm

entries, the decrease is h;-dependent and proportional to 1/v%72hi,
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Figure 5.2: Boxplots h; — h; obtained from R (original, left), ¥ (mixed, middle) and R (demixed,
right), for each of the n = 2 components, sorted by ascending order of h;.
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Figure 5.4: Decrease of the estimator variance \//-a}ﬁl as a function of the sample size
v (fBm with h; = 0.2 and hy = 0.4; fRm with hy = 0.6 and hy = 0.8. The slopes for the
three segments of }Afl (black, +) and }AEQ (red, = ) are, respectively, —0.8744, —0.9568, —0.8808, and
—0.9925, —0.8987, —0.9577, reflecting the theoretical value —1. The slopes for the three segments of
R3 (blue, v) and Ry (blue, 0), respectively, are —0.7161, —0.7720, —0.8367, and —0.6572, —0.6410,
—0.5432, indicating convergence to the theoretical values —0.8 and —0.4, respectively.
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Appendix A

Appendix

A.1 Repeated eigenvalues

Following up on the discussion in Remark 3.4.2, the next proposition describes the
limiting distribution for the eigenvalues of TV (27) for a special case where EW (27) has

one repeated eigenvalue. In its statement, we use the multivariate gamma function

I',(+), which is defined by

q

T,(t) = 74T (t - %(i - 1)).

i=1

Moreover, we replace (A1) with the following assumption.

ASSUMPTION (A1’): the observed signal Y = {Y () }+cr has the form (3.1) with
hlzhgz...:hnzih, ]\[—1<h<]\f7 (Al)
and the high frequency functions ¢;(x), i = 1,--- ,n are constants, i.e.,

91(@ =4g1," 7gn(x) = On-
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Proposition A.1.1. Suppose the assumptions (A1'-A2) hold. Let
EW(2)) = OAO*, W (2') = OLO", (A.2)

be the matriz spectral decompositions of the wavelet and sample wavelet variance ma-

trices, respectively. Assume the diagonal matriz A has the form

Ay O
A= (A.3)

0 A,

for some 1 < q < n, where the main diagonal entries of the matrix Ay are pairwise

distinct and less than \.. Let
L =diag(ly,...,l,), Ay =diag(A,..., \—yg)- (A.4)

Then, as v — o0,

T

VG (= Ay g = Ang)s (i = Aol = A)) T S (L7, £5)T, (A5)

where L1 and Lo are independent random vectors. Moreover,

L1~ N(0,2b diag(A], ..., \2_)), (A.6)

) ‘n—q

where

b:=2"7 f: {/R|{Z)\(2jx)|2e_i”|x|_1_hdx//R|1Z(2jx)|2|x|_1_hdx}2, (A.7)

Z=—00
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and Ly has density

1 - -5(4 1 3
SRR TR S SN U

where

di=l—\, i=n—q+1,...,n. (A.9)

Proof. Let O and O be as in expression (A.2), and define
T =0"W(2)0, U=+/K;(T—A\), (A.10)
where O is the orthogonal matrix in the expression (A.2). Then, we can write
T=YLY*, Y =00 ¢€O0(n), (A.11)

and thus
U = O*\/K;(W(27) — EW(29))O. (A.12)

Let h be as in (A.1). From (3.21), we obtain
A = O*Pdiag(g?, . .. ,gi)P*O22jh/ |@/D\(2j$)|2|$|_1_hdx.
R
For z € Z, let ®, be as in (3.25) (for j = j'). Under the condition (A.1),

1 ~
0"®.0 = O"Pdiag(g], -, 4n) "0 / (62 Pl da
R

- of / @) / (@) Plal e}
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By (3.24) (which also holds under (A.1)),

K; K;
I 1 , . , ‘
Ki\Kj—— *ED(2,k)D(2, K')* *ED(2,k)D(2, K')*
\/]\/JKjKj;;0 (2. k)D(2'. k)"0 ® O'ED(2’, k)D(2,K')"O
=27 3" 0°050® 00,50 =bA®N), v - o, (A.13)

where the scalar b is given by (A.7). Thus, from (A.12),

U i) Z/{ = {ui1i2}i1,i2:1 ns (A14)

-----

where (vecs(U))T ~ Nuwsn (0,9Q) and Q can be retrieved from (A.13) by means of
(3.23). In particular, all entries of (vecs(U))” are independent. Moreover, for A, as

in (A.4),
Var(uilil) =2b )\121, Var(ul-m) = b)‘h)\iw 1 S ’il, ig S n—q, <A15)

Var(ug,q, ) = 2002, Var(u;s,) =0N2, n—q+1<ip,is <n (A.16)

(the remaining entries of ¢ will not play a role in the ensuing development). It now
suffices to follow the same arguments as in Sections 13.5.1 and 13.5.2 of Anderson

[41]. For the reader’s convenience, we lay out the main steps. Recast the random

matrices T, Y, U and L in (A.10) and (A.11) as

Ty T, Y, Y, Un U
T 1 L2 v = 1 Y2 U= 11 U2 L= diag(Ly, L),
To1 T Yor Yoo U Uz

(A.17)
where 111, Y11, Uy, L1 € M(n — q,R), and let

D = \/E,(L — A) = diag(Dy, Dy).
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Define
Yoo = EJF, Cy=FEF € O(q), (A.18)

where the first relation is a singular value decomposition, J is diagonal and E, F' €

O(q) are orthogonal. Also let

Wi = VEK;(Yu—1I), W= KjYis, Wa = /K;Yor, Wa=/K;j(Yor —C3).
(A.19)
Based on (A.17) and (A.19), we can reexpress the system of equalities 7' = A +

\/1K_jU =YLY"* as

Ay 1 Un Ui _{ I, N 1 Wi Wi ]
Cy VI Wy W,

A1 n 1 Dl :| |: Infq + 1 Wl*l W2*1 :|
A, VE; D, Cs VE; wy oWy,
B Ay N 1 D, + Wiy A*leci
A, VE; CoDyCt Wory N WasCi
AW AW 1
+ R } +0P<—). (A.20)
K;

On the other hand, I = YY" and the relations (A.19) yield

I, 1 Wi WheC3 Wi W3 1
I, = + = + +O0p| — |-
I, VR War WanC3 CoWiy, CyWa

(A.21)
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From (A.20) and (A.21), we obtain the system of equations

1

\/E

1
>, O == W11 -+ Wl*l + OP (—), <A22)

\/E

U11 — W11A1 +D1 +A1W1*1 +Op<

U22 - CQD2C; + OP< ) . <A23)

1
VI

77777

Uy, and Usy are independent. (A.24)

By following the same argument as on pp. 546 and 547 in Anderson [41], expressions
(A.22) can be used to show that the limiting distribution of the diagonal entries of D,
is (A.6). Next note that Dy and Yy, are functions of U depending on v (see (A.10) and
(A.11)), and Cy, in turn, is a function of Y5y depending on v (see (A.18)). Therefore,
by the same argument as in Anderson [41], p. 549, the limiting distribution of Dy and

(5 is the distribution of Dy and Y, defined by the expression
Uzs = V22D Y5,.

In particular, the limiting distribution of the diagonal entries of Dy is (A.8). In view
of (A.24), the established limiting distributions for the diagonal entries of D; and Dy
yield (A.5). O

Example A.1.1. For n = 3, consider the OFBM for which hy = hy = hg =: h,
P € O3),and 0 < g1 < g2 = g3. Then, by (3.21), the eigenvalues of E(27) are
A= 2202 [ (y) Ply| 20 2dy < A, = 2203 [ 1d(y)[2ly| 22 dy, where the

latter has multiplicity 2. Now let [; <[y < I3 be the ordered eigenvalues of the sample
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wavelet variance W (27) (cf. (3.29)). Then, by Proposition A.1.1,
VG (= Ayl — A ls— M) 5 (27,07, v — oo (A.25)

In (A.25), £, is independent of Ly, £; ~ N(0,20)?) and L, has density

VAT (D exp { - L (4 ) by — ),

1
2B\,

where d; = I; — A\, i = 2,3, and b is given by (A.7).

A.2 Central limit theorem for the wavelet variance
of univariate Gaussian fractional processes

In this section, we will establish the asymptotic normality of the wavelet variance of
univariate Gaussian fractional processes. All through the appendix, we assume the
wavelet basis ¢ € L*(R) satisfies the condition (W1-3). Suppose a real-valued process
{X(t)}+er has the form

D Yy g (itz)* —(h—(N—1/2)) o
(X(Ohen L [ = o o@)Bldr),  (A20)
R

(i)™

where B(dz) is a C-valued Gaussian random measure satisfying B(—dz) = B(dz). In
(A.26), N —1 < h < N, and the high frequency function g¢ satisfies condition (A3).

The wavelet transform of X in (A.26) is defined as

d(2, k) = 21'/2/ 2792279t — k)X (t)dt, jeNU{0}, keZ
R
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The wavelet variance at scale j is
0?(27) = Ed(27,0)?, (A.27)

and its natural estimator, the sample wavelet variance, is

K;

) 1 ) )
642 = deQ(QJ,k), K;=v/?, j=ji, " jm (A.28)
I k=0

for a total number of v available data points.
Throughout this section, we assume a sequence {a(v)} satisfying (3.46).

The following lemma will be used in the subsequent proposition.

Lemma A.2.1. For any fix two octaves j,j' > 0,

lim a(l/)““‘/Rflf‘(‘“‘“)|@Z(OL(V)2]"x)|2|%3(6L(V)2jx)l2|Ig(x)l2 — [g(0)*[*dz = 0.

vV—r00

Proof.

@(V)‘4h/R56‘(4’”2)I@Z(CL(V)jSv)IQI@Z(CL(I/)QJ":E)IQIIQ(:L“)I2 = [g(0)]*|*dx
=a™" Aléﬂ w2 (a2 ) P (aw)27 2) Pllg(2)* = 19(0)Pda
+a=t" /xl>7rfic(4“2)W(@(V)%E)IQW(@(V)?”"HJ)!2\\g(:v)!2 — 19(0)**da.

By (3.7),

a(V)‘4h/|l< r D (a(v)202) P [a(v) 2 2) Pllg (@) — |g(0)|*Pda

<a@) " [ ) a2 )
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— a(v)* / 2 D210 ()20 ) 2 (a(v) 2 ) | dee
|z]<a(v)

< a(w)¥ / D423 0 ()20 ) P )2 ) Pl
R

by (3.12), (3.13) and (3.7), [, 2~ " 2428 |0 (a(v)22) 2ib(a(v)27 x)?dx < o0, s0
a(v)~*" /MSW w2 a(v)2) P P(a(v)2 )2 g(2)]? = 9(0)**dz — 0,
as v — 0o. On the other hand, by (3.12),
a(v)™*" /| IMx-<4h+2>|i<a<u>2fx>|2|z$<a<u>2j’x>|2r|g<x>|2 — |9(0)*da

< Ca(v)™" / o~ WD) (q(v)z) 10y

|| >m

—|—OCL(I/)_4h_4a/ l‘_(4h+2)_4adl’—>0,

|| >m

as vV — 00. ]

Proposition A.2.1. Let 62 be defined by (A.28). Then,

alv) L Cov(@(alv)2),5(a(0)2)) — 4t g O)! [ & DDy o f0) P,
(A.29)

as v — 0o, where b = ged(27,27").

Proof. The main proof is similar to the proof of Proposition 3.1 in [42], so we outline
the main steps for the reader’s convenience.

It suffices to consider the subsequence v = a(v)2/+7'v,. Then

a(v)™h a(yy) Cov(5%(a(v)27),5%(a(r)27))
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23 v 20,

_ Z Z Cov(d(a(v)27, k), d*(a(v)27, k')

*klk’

—4h ” ZZ 22 (Ed 7 k)d(a(v)2” k’))2

k=1 k'=1

1 2’ v, 29v, 2

—9 —4h ia(v)(29k—27 k)z . —(2h+1) - 9j - 94’
([ e g )P a6 270) a2 )
k=1 k'=1

1 2j/V* 2 v, N 2
_ ZG(V)—ML_ Z { </ eia(v) (2 k— 27’ k)a . —(2h+1) |g( )l ( <V)2jx)w<a(y>2jla:)da:>

Vs R

k=1 k'=1

/R a2 Rz GAD) | ) Wﬁ(a@)”'”dmy}

/\

+2a(v ” Z_: Z (/ ia(v)(29k—27" k)e g~ 2h+1)|g( )|2J(a(y)2j$)$(a(y)2j/x)dx) 7

where the second equality is a consequence of the Isserlis theorem. We now show that

27 Ve 20,

ZZ{( [ e ey ) $<a<u>2jx>$<a<y>2fx>dx)2

k=1 k'=

Vg

_ (/R ia(v) (27 k—27" k)2 .~ (2h+1) |g( )|27:/;\(a(y)2jm){/z\(a(u)2jl.’t)diﬂ) } — 0, v —o0.
(A.30)

The summation in (A.30) can be reexpressed as (for the details, see the proof of

Proposition 3.1, (iv) in [42])

oy Sl {( / gD g )| W@E(a(u)zfx)dx)z

rell(vy)

- ( / ey~ (2 (g >|2W$<a<u>2j’x>dx)2} =01 (A31)

In (A.31), I(v.) = ged(a(v)2?,a(v)2)Z N Bjj(v.), Bjj(v.) is the range for r such

that the pairs (k, k") satisfying 27k — 2'k’ = ged(27,27")w for some w € Z lie in the
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region
1<k<2v, 1<K <2y,
and
&) ged (27,27, v — oo (A.32)
Vi

By Parseval’s Theorem, the sequences

(] ewwx—wwW)pW%W@M)Z}TEZ
and
{(/ em<”>%—<2h+1>|g<o>|2WzZ<a<u>2f’x>dx>2}%2

are summable. Moreover, by (A.32), for large enough v,

01 < (ged(27,27)+1)a(v) ™| Y {( / e"“<”>%-<2h+1>|g<a:>|%E(a(u)mm(a(u)2j’x>da:)

TEH(V*)

B ( / )y~ (21+1) |g<o>|2W$<a<v>2j'@dx)2} ‘

By Minkowski’s inequality,

> ([ ey e i) L

rell(vy)

a(y)_4h{

2 2 ([ ereresersiigto)Tatmabian e |

<{ 2 awm( /Rem(”)”x<2h+1><\g<x>|2—\g<o>|2>W&<a<y>zfx>dm>2}”2

rell(vy)

~ . ~ . 1/2
< (2m<u>—4h / )| a2 ) P (a2 2) P g () — |g<o>|2|2dx) N

as v — oo. The last inequality is a consequence of Parseval’s theorem, and the
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limit follows from Lemma A.2.1. This proves (A.30), as desired. By an analogous

procedure, we obtain

27’ 1, 29y, 2
WYY ([ e e g o) i) Blatv2 ) )
Ve bl kb1 R
2] Ve 20y _ R 2
(/ 2Jk 2J k)x —(2h+1) 19(0)!210(2 )w(2] )d )
V* k=1 k'=1
= 2ged@,2) 30 ([ e ey o) 52 2 e
Z=—00 R
fe'e) 2
= 2pihtt Z (/ezmx_ (h+D)4(0) 2 ¢(23x/b) O x/b)dx)
z=—00 R
:47Tb4h+1|9(0)|4/$_(4h+2)I%Z(Qjﬁ/b)|2|J(2j’$/b)|2div7 (A.33)
R

where the last equality is a consequence of Parseval’s theorem. By (A.30) and(A.33),
(A.29) holds. O

Theorem A.2.1. Let 02 and 62 be defined as (A.27) and (A.28), and fix the octaves

J1 <+ < Jm- Then,

( %(a27)/a" o?(a27)/a®"
Vv/a : -
2(a2m) /a*h o?(a2im) /a®h

2 N(0, W),

N—

as v — oo, where

Wik = 47rb;”3j:1|9(0)|4 /IR m_(4h+2)|$<2j$/bjijk)|2|sz\(2i$/bjijk))|2dx7

and b; ;, = ged(27,2%) ik =1, m.
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Proof. The proof can be written as a simple adaption of the proof of Theorem 3.3.1.
]

A.3 Proofs for Chapter 3

PROOF OF PROPOSITION 3.3.1: The statement (i7) is a direct consequence of (i),
so we only prove the latter. We proceed as in the proof of Proposition 3.3 (7) in
[43]. Tt suffices to consider the subsequence v = 29%7'y,, v, — co. Then, K; = 27'v,,
Ky = 2v,, and \/K;\/K; K;'K;' =270+ [y, The covariance between wavelet

coefficients can be expressed as

ED(2, k)D( ) / / Y()Y()Y (27t + 2 k)Y (2 + 27k )dtdt'
/dx//¢ 1(23t+23k3 ’x‘f(H+I/2)G(x)‘x’f(HJrI/Q)*mdtdt/
1/) z(2Jk 21" k") a:| | (H+1/2) ¢ ($)|$|—(H+1/2)*dx’
=1 Doy girps-

Let Zgip oty = Poi_0ipr @ Poip o By Theorem 1.8 in [44], p.10, the range of

indices spanned by 27k — 27"k’ is Zged(27,27"). Thus, we would like to show that

)
Z ||Ezgcd(2j,2ﬂ")|| < 0. (A34)
2=—00
Note that ||Egjk_2j’k/||l1 = ||Vec((1)zgcd(2j,21'))Vec(¢zgcd(2j,27'))*”ll S ||(ngcd(2j,2j/)||l21' Thus?

if > _||®.]]* < oo, the expression (3.24) is now a consequence of Lemma A.6.4

below. In fact,

2

”‘DZ”2:HP/R€"Z"’”J<2J‘:I:>$< 2)ding(e~ g (D), -, 2@ | (2)D)d P
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2

< CIPI" e

/ e (22)P(2 )~ @D g, () P
R

—~

For any 1 < k < n, ¥(202)0(20' z)a~ @+ D|g,(2)]2 € LA(R). Thus, by Parseval’s

Theorem,

0o 2

2.

Z=—00

:27T/
R

|®.]]* < oo, as claimed. OJ

/R e 2) (2w~ D gy () P

2
dx < 00,

D(22) (27 2)a= A g (2)?

this proves Y o
ProOF oF THEOREM 3.3.1: For notation simplicity, we will restrict ourselves to the
bivariate context (n = 2). the argument for general n can be worked out by a simple
adaptation.

The proof is by means of Cramér-Wold device. Form the vector of wavelet coeffi-

clents

Vl/ = (d1(2j171)7d2<2j171)7' o 7d1(2j17Kj1)7d2(2j17Kjl); HR
dy (27 1),dy (20, 1), -+, di (2, K,), do (2, K, )T € RT®),

where T(v) = 227 K. Notice that m, ji,- -, j, are fixed, but each K; goes to
infinity with v. let

a=(aj - ,ajm)T c R

where

_ T 3 . )
a; = (j1,a512,a53) €R°, j=71,-, jm.

Now form the block-diagonal matrix

) 1 1 1 1 1 1 1 1
D, = diag 7 ﬁﬂjp"';F 27le;"'7? ﬁQjm7"'7F 2]—»mQjm ;
O J1 J1 , Jm Jm
P K,
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where
S B P,
aj12/2 Qg

Let I'(v) be the covariance matrix of V,,.
We would like to show /o(VD,V, — EV*D,V,) <% N(0,02) for some 0% < 0o. By
Lemma A.6.1, we only need to prove that

(1) 02 := lim, o, Var(y/vV; D,V,) < oo;

(2) limy 00 p(v/¥Dy)p(I'(v)) = 0,
where p(-) is the spectral radius of the matrix.

Statement (1) is a consequence of Proposition 3.3.1, i.e.,

Jm  Jm
Var(y/vV*DV) = Z Z a;fp{1 / %, / %Cov(vecSW@j),VeCSW(Qj’))}aj/ —
J=ihj'=n
Jm  Jm

T
E Z a; Gy <00, VvV — 0.

J=i1j'=n

To show statement (2), note that, by Lemma A.6.2,

p(L(w)) < p(T1) + -+ + p(T'm),

where T'; is the covariance matrix of V; := (dy (27, 1), do (27, 1), - - -, d1 (2%, K},), d2(27, K;,))T.

Let T; be the permutation matrix such that

E‘/z - (dl(QJZa 1))d1(2jza2)) e 7d1(2]17Kj )ad2(2jz7 1)7d2(2jz72)7 e ad2(2jlasz))T = ‘/:ia

and let fz be the covariance matrix of \N/Z Then,

T =BV, = E(T7'VVI'T) = T7'T0T
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Since a similarity transformation of a matrix does not change the eigenvalues, we

have p(I';) = p(I;). By Lemma A.6.2 again,

p(Li) < p(La) + p(Li2),
where I';, is the covariance matrix of
Vip = (dy(27,1),d, (27, 2), - -+ ,d, (27, K;,))", i=1,---,m, v=12.

Let Y, be the vth entry of Y. Then,

N b L ()

2 itx
e — o ~
:Zp”/R ol g @) Bd)
=1

Let {d,(27, k) }xez be the wavelet transform of Y, at octave j and shift k. Then, the

covariance function of d,(27, k) and d,(27, k') is given by

o(3)]

Thus, {d,(27,k)}rez is a stationary sequence for a fixed octave j and its the

2
Edv(Qj, k:)dv(Qj, k') — Zpngthl / 6i(k—k’)y‘$(y)‘2y—2(hl+1/2) dy.
=1 R

spectral density is

fjs Zps 22]hz Z ‘w y+2k7r)] \y+2k7r[ 2(hi+1/2) a

=1 k=—o00

y + 2k |?
2

2 o0
<} Z Z Y(y + 2km) Ply + 2kn| 2D _p <y < (A.35)

Fix | = 1,2, the summation in (A.35) is bounded on (—m,7) by using (3.13) for
k = 0, and the decay of ¢ given by (W3) for bounding the remaining terms ), .

By Lemma A.6.3 below, p(I';,) < 00, i =1,--- ,m, v =1,2. Thus, p(I',) < co. Since

p(v/vD,) = (%) then lim, ., p(v/vD,)p(T,) =0. O
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PROOF OF THEOREM 3.4.1: For any matrix S € Sy (n,R), define the vector-valued

function

fvees(S) = (&1, ..., &, vec(Q)) (A.36)

such that S = Odiag(&y,...,&,)0" O € O(n), & < ... < &,, is the spectral decom-

position of S, and O = (04, )i, is=1...n Satisfies 01; > 0,7 =1,...,n (cf. (3.29)). Since
EW (27) has pairwise distinct eigenvalues, Theorem A.6.1 implies that f is infinitely
differentiable on a neighborhood of EW (27). Moreover, the Jacobian matrix J; of f at
the point EW (27) is given by (3.31) with S = EW (27). So, let J = diag(J1,. .., Tm)-
Recall the notation (3.2) for block-diagonal matrices. The Delta method and Theorem

3.3.1, imply that

~

(V/Kj(veen(L; — M), /K;(vee(O; — O)) 1=, i,

= (VS ([ (vees(W (29))~ f(vees (BW (2))Ty, . Nowngus (0, TFT), (A37)

as claimed. O

PROOF OF PROPOSTION 3.4.1: From (3.21), write out the spectral decomposition
PE(2°)P* = EW(2°) = Odiag(ay, . ..,a,)0%, O€O0(n), 0<a <...<a,.

Then, there is @ € O(n) such that £(2°)"Y2P~'Odiag(\/ay, - - ., /an) = Q. Solving
for P yields
P = Odiag(v/ay, . .., /an)Q*E(2°) 12, (A.38)

By plugging (A.38) into (3.21),
EW(27) = Odiag(y/ax, . . . , /an){Q*E(2°) 12 (29)1/?

diag(22, ... 22h)£(2)1/2£(2°) 71 2Q}diag(v/ay, . . . , \/an)O™.
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=:OMNMO?,
where
M = diag(\/a1, . ..,v/an),
and

N = QEQ) T ER) Pdiag(2h .. 25 E() ER) Q.

The eigenvalues of EW (27) are equal to the eigenvalues of MNM. Write the

ordered eigenvalues of EW (27) as A\1(j) < ... < \,(j). We will show that

A7) < .o <)) (A.39)

for large enough j. Let Uy be a k-dimensional subspace of R™ and let (z,y) = 2Ty,

x,y € R". By the min-max theorem (e.g., Teschl [45], section 4.4),

, (MNMzx,x) , (NMx, Mx) (Mx, M)
A, =min max ————" =min max

U, cella#0 {1, T) U, cepez0 (Mx, Mz)  (x,z)

Moreover,
(M?x, )
ap < < ap,
(z, )
, (NMx, Mx) _ (Nz,z) , (Nz, z)

min max -—————- =min max =min max :
Uy zellyz#0 (Mx, Mx) U, z€lly,z#0 (T,T) Uy z€llyz#0 (T, T)

where the first equality is a consequence of the fact that M is a full rank matrix, and
N = E£(2°) 71229 2 diag (2, . .., 2%\ E(29)1/2€(20) 12,
However £(2°)71/2€(27)Y/2 — diag(by,--- ,by), as j — oo, where

by = / \TZ(Z/)P!Z/\hil\gi(O)de// ’{p\(y)‘2|yrhﬁl‘gi(y)‘Zdy >0, i=1,--n.
R R
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Thus, for large enough 7,

, Nx, T ,
bp2¥M — 1 < min  max ) < b 2% 41,
U, z€lUpa#0 (T,T)

and a; (027" — 1) < A\, < an(bp2%™ +1). So, (A.39) holds for any j such that
an (032271 + 1) < ay (b 2201 — 1) k=1,...,n—1. O

PROOF OF THEOREM 3.5.2: We first show (7). Let Cy, Cy, R and A be as in (3.37)
and (3.38). We now show that, under (3.41), any solution B produced by the EJD

algorithm is in the set Mgp. In view of (3.21), consider the polar decomposition

R ="PO, P is positive definite, O € O(n). (A.40)

The decomposition (A.40) always exists for nonsingular, real matrices, and is unique.
Thus,
Cy = RR* = POO*P* = P?,

Since square roots are unique, Step 1 yields

W=pP" (A.41)

Step 2 and (3.37) imply that

WCLW* = W(POAO*P*)W* = OAO*". (A.42)

By (3.5), we can assume that the eigenvalues of A (see (3.38)) are ordered from
smallest to largest, in which case the column vector o.,; in O is associated with the
eigenvalue 22(2=/)h ;=1 . n. However, in the spectral decomposition in Step
2, each orthogonal eigenvector is determined up to multiplication by —1. Thus, for 7

as in (5.16), Q* € OZ, and any demixing matrix B produced by the EJD algorithm
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has the form

1/2

B=QW € Z(PO)™t = ZR™' = Z(PE(27) “diag(2/tM, ... 27thm)) =t (A.43)

In other words, B € Mgjp. Conversely, it is clear that any matrix in Mgjp can be
attained as a solution to the EJD algorithm under (3.41). This establishes (7).

To show (ii), consider the EJD algorithm with input matrices Co = W (27),
C, = W (271) (we write Cj. to avoid confusion with their deterministic counterparts
C, = EW(27), k = 1,2). By replacing all matrices in the proof of (i) with their
sample counterparts and following the same argument, the set of solutions to the

EJD algorithm is made up of matrices of the form

~ -~ AN A

B, =T0*C;'?,  wherell € Z, C,'"*C,C;"* = OAO*,

for some spectral decomposition with orthogonal O and diagonal A. Note that
50 Rt Co, by Theorem 3.3.1. Since the square root is unique and Cj is invertible, then
Theorem A.6.1 implies that, with probability going to 1, the inverse square root 60‘ 1/2
exists. Thus, by Theorem 3.3.1, and Slutsky’s theorem, 6&1/261661/2 R P-lCyPL
However, P~1C,P~! is a symmetric positive definite matrix that admits the spec-
tral decomposition OAO* with pairwise distinct eigenvalues (see (A.41) and (A.42)).
Then, by Theorem A.6.1, so is 60* Y 26166 12 With probability going to 1. Therefore,
Theorem A.6.1 implies that there is a spectral decomposition of 60_ Y 261 60_ 2 whose
eigenvector and eigenvalue matrices O and K, respectively, satisfy 05 O, AL A
So, B, = H@*(?O‘l/? KR HO*CO_l/2 =II(PO)7}, i.e., the sequence B, satisfies (3.42).
We now show (iii). From Theorem 3.3.1, \/u(vecs(Cy — Cy), vecs(Cy — C1))T %

N(0, F), where F € S;(n(n + 1),R). Consider the spectral decompositions Cy =
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OopAoOF and Cy = 507\055. Then, by (3.33) at j = J; and the Delta method,
Vi(veep(Rg — Ag), vec(Og — Op), vees(Cr — C1)T -5 N(0, JFJ*). (A.44)

n (A.44), J is the block-diagonal matrix

n(n+1)

2

n(n+1),R>,

and Jy, is given by (3.31) with S = Cj. Starting from (A.44), again the Delta method

yields
~_1 1 ~
Vi(veep(Ng 2 — Ay ?),vec(Oy — Op), vecs(Cr — C1)T 5 N (0, %),
where
N3/ _1,-3/2 ]
s | JFRJT| 2 eM<n+n+ <"2+ )
]n2+n(n+l) ]n2+n(n+l)
Thus, we arrive at the matrix system of equations
~ol % 1 ~ 1 ~ 1
AO = AO \/—Zl vy OO = OO + WZZIM Cl = Cl + WZ&V, <A45)
where
(vecp(Z1,), vee(Za,), vees(Zs,))T <5 N(0,Y). (A.46)

Since Cy' = OgA;' O, 6(; I = 60/\8 163, consider the EJD algorithm with W =
O\, 20; in Step 1, and also with its estimated counterpart W = 607\5 563. By
(A.45),

— 1 _1 1
V(W = W) = 0oy 2 Z5,, + 00 21,0 + Zoy Ay 20 + Op <W> (A.47)
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and
VI(WCW* = WCIW*) = OgAg 205C100Ay 2 Z5,, + OoAg 2 05C106 21,05

+00My 2 05C1 Za, Ay 2O + Oy 03 Zs,,00y 2 Of + Oghy ? Z3,,C100 A, 2 O;
_1 _1 _1 1
+ 0021, 05C 00y 2 0% + Zay Ay 2 05C100Ag 2O + Op (W> (A.48)

As a consequence, there are matrices

+1
Ay = Ay(Oo, No) € M(nQan‘f‘ n’ + %JR)

and

n+1)

AQZAQ(OQ,Ao,Cl) €M<n( 5 ,n+n2+

such that

(VeC(OoA(;EZ;’V + 00Z17,/OS + Z27VA(;§OS))T

= Ay (vecp(Zy,),vec(Zs,), VeCS(Z&,,))T, (A.49)

(vecs(OpA™205CLO0N "2 25, + O\ 20510021, 05 + OpA ™2 05C1 2, A2 05

+00A 203 Z5,00A7205 + OgA"2 Z5,,C1O0A ™2 0;
00721, 05CL00A "2 0% + Z, A" 20;C10,A"207))T
= Ay(vecp(Zy,),vec(Zs,), vecs(Z3,)) . (A.50)

By (A.46)-(A.50),

Vi (vee(W — W), vecs(WEIW* — WCIWNT % N(0, %), (A.51)
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where

*

A A
Yy = ) € M(n*+n(n+1)/2,R). (A.52)
Ay Ay

In Step 2 of the EJD algorithm, write out the spectral decomposition WC,W* =
@Q*D1@Q and also its estimated counterpart W@;W* = @*f)l @ From the ordering of

eigenvalues in (A.42) and expression (3.38), WC,W* has pairwise distinct eigenvalues

22— < 92(2=J)hn Qo by the Delta method,
17 A* * d *
Vv (vee(W — W), vec(Q* — Q)T 5 N(0, Jo¥aJ5),

where

Jo = diag(I,2, J,) € M(2n*,n* + n(n +1)/2), (A.53)

and J, is given by

(q. ® (22 =1, — WO W*)*) D
Ty = : € M(n* n(n+1)/2,R)

(qn. @ (22 2=, — WCOW*)T) D

(cf. expression (3.31)), where the vector q;. denotes the i-th row of @ € O(n). Let

T = (tiyip)irio=1,.n2 be the permutation operator defined by the transformation

T (vec(R*))T = (vec(R))T, R € M(n,R), i.e.,

1, w=((k-Un+pia=p-1)n+k kp=1,...,n
ivip =
0, otherwise.

Thus,
Vo (vee(W — W), vee(Q — Q)" % N(0,53),



87

where

Y3 = diag([n2, T') JoXo Jodiag(12, T) . (A.54)
Then, we arrive at

-~ 1 ~ 1
W=W+—=Zi, Q=0+ =

Zs5 v
v o

where (vec(Zy,),vec(Zs,))" % N(0,53). Therefore,

\/;(Q\W - QW) = QZyy + Z5 ,W + Op (%) .

Therefore, for some matrix
Az = A3(Oy, Ao, C1) € M(n?,2n?),
we can write
(vec(QZy, + Z57VW))T = As(vec(Zy,), VeC(Z571,))T. (A.55)

Hence,

\/;(vec(@W) — vec(QW))T a4 N(0, A333A3),

as claimed. O

PROOF OF PROPOSITION 3.6.1: Since X = E@X, then,

~ ~

Wi (a(v)2') = (1,)dWx(a(v)2)D(L,)".

Thus,

)
)

Wg(a(y)Qj) — DEWx (a(r)2)D = (

~

V) DWx (a(v)2)D(

~

V) — DEWx (a(v)27))D
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= (E){@me(y)zf)@ - @)1©wa(a(y)2j)©<<f,,)1)*}(5)*
= @) [p0¥s(a)2) - BWxta012)0)| - (T - DOEWx(a)2))
- |oEwstazyo (@) - 1))

- (@ - neEws e (@ - 1)} s

Recall that the operator vecp (W (a(r)27)) picks out the diagonal entries of the matrix
W (a(v)27), which are independent. Therefore, by Theorem A.2.1 for univariate

processes,

(\/ V/a(y)diag(a(u)_2h1, e ,a(u)_2h”)(VecD(Q(WX(a(u)?j)—EWX(a(V)Qj))Q))T)

- K( Vv/a(v)diag(a(v) ", - - ,a(V)zh”)(veCD(Wx(a(V)Zj)—EWX(G(V)Qj)))T>
J=j1,
4 N(0,KWK®), v — oo. (A.57)
In (A.57),
K = diag(D?,--- ,D?), (A.58)
N—— —
and
Wi v,iy ]{?1 =In + i, ]{?2 =vn + i;
W (ki ko) = (A.59)
0, otherwise.
where

wp; = 4mby, g7 (0) / w2 b ) P02 /b)) P,
R

and by, = ged(2!,2°), for Lbv =0,--- ,m—1,4=1,--- ,n. By (3.45) and the Delta
method,

(Vovee((T,) ™ = 1) =5 N(0,2(J1, J2)).

J=giy,
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Since EWy (a()27) = diag(EWy, (a(v)27), - , EWx, (a(v)27)), then
(veen(((L,)™" = )DEW (a(1)2)))D)" =
Diag(EWx, (a(r)2), -+ ,EWy, (a(v)2)) (veen ()™ — D)7

Therefore,

~

Vv fa(v)diag(a(v)™", -+ a(v) ™) (veep(((1,) ™ — I)DEWx (a(v)2')D))"

-0 <diag<a<u>2ha L a(v) ) diag(EWx, (a(v)27), - - EWrx, <a<u>2j>>>

((rseen(@) = D))o =02 (A.60)

Similarly,
Vv Jaw)diagla(v) 2, -+ a() ) (veep(DEWx (a(v)2)D(T,) ™" — I)))"

_op (#) (A61)
and
V y/a(y)djag(a(y)_z}”, T a<V>_2hn)
(veen(T) ™~ DREWx (2L = 1) =0n( ). (a6

Consequently, by (A.78)-(A.62) and Slutsky’s Theorem, the limiting distribution of

(V vfalv)diag(a(v) ", - ,a(u)*m><vecD<Wg<a<u>2j>—@EWX<a<v>zj>©>>T)

J=J1ydm

is equal to the limiting distribution of

K <\/ V/a(y)diag(a(l/)_%l, e ,a(u)_%")(VecD(WX(a(u)Qj)—EWX(a(V)Zj)))T)

J=J1,dm
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as claimed. O

PROOF OF PROPOSITION 3.6.2: In fact, for k=1,--- .n,
02(27) — 272 g2 (0) K (h)| = ‘/R‘QZ(Q%)P(‘%(@F _ |gk(0)]2)\xr(2h’“+1)d$

< /| | |$<2ja:>|2||gk<x>|2—|gk<o>|2||x|-<2hk+1>dx+/ (27 ) L g () 2= ge (O) 2]~ 25+ D
z|<m

|z|>m

By (3.7), we have

/| 0l ~ a0V < € / D2 2) Pl Pla] M de
z|<m

|| <7

— (27(2hik—B) / |$(I)|2|l\|_(2hk+1)+ﬁdl~
|z[<27m

< C’2j(2hk—/3)/ |$(x)|2|x|—(2hk+1)+ﬁdw (A.63)
R

By (3.13), the integrand in (A.63) behaves like |z|?V¢~(2M+D+5 around the origin. By
(3.12), the integrand is bounded by |z|?~22=2~1 a5 |z| — oo, where 3—2a—2h;—1 <

—1 as a consequence of (3.8). Thus, [, |9 ()[2|x|~ @tV dr < 0o and

/| 027 2)?] gk (@) P = [gi (0) P[] -+ Ve < 02705,
x|<m

Moreover, since gx(z) is bounded and by (3.12),

[ 0@ Pllg@) — lgn(O)Pllal- @V < €7 [ Jaf ety
|z|>m

|| >

< (27 (2hik=F)

The last inequality holds because flw |z|~Gret1H20)dy < 00 and —2a0 < 2hy, — B.

|>m

Consequently,

|07(27) = 272 gu (0)PK (h)| < C27CM7),
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as claimed. [J
PROOF OF THEOREM 3.6.2: (This proof is follow the same arguments in the proof

of Proposition 3 in [46]). By rewriting (3.48), we have

a(y)_%la%l (a(v)271) a(v)"Mo% (a(v)27)D(1,1)?
a(y)*%l&\z)?l(a(yﬂjm) a(v)™Mo% (a(v)2)D(1,1)?

E ( 5 _ ; ) 4 (0, G),
a(v) 5% (a(v)2") a(v) ok (a(v)2)D(n,n)?
a(v) 5% (a(v)2') a(v) 0%, (a(v)2")D(n,n)?

(A.64)
where 6% and 0%, are defined by (3.49) and (3.50), respectively. The limiting co-
variance matrix is block diagonal and can be written as G = diag(Gy,--- ,G,). For

i=1,---,n, G; is a m x m matrix whose (ki, k2)-th entry is given by

gi(kb k2) - 471)3::,—;;612 |gz<0)|2®(7'7 i)Q /R $_(4hi+2)|{p\(2jk1 x/bjkl ,ij)|2|$<2jk2x/bjkl7jk2))|2dx7

where by, ;= ged(2%,27%2) for i = 1--- n, ky,ky = 1---,m. However, under

condition (3.46), relation (3.54) implies that

0%, (a(¥)2) = |g:(0) K (hi)(a(v)2)™

< C/v/a(v)a hig?hi=P2hi=F < C\/v/a(v)a™® =0, v — oo, (A.65)
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fori=1,--- ,n. As a consequence of (A.64) and (A.65),

a(v)~5% (a(v)2") 191 (0) P K (7 )22 D (1, 1)
a(v) 5% (a(v)2) 191(0)]2 K (hy)2%MD(1, 1)
v ) . d
o : - ‘ ) 400
a(v)~*"5% (a(v)2") 194(0) K ()22 "D (2, 1)?
a(v)~*"5% (a(v)2m) 19 (0)[2 K () 227D (1, )
(A.66)
Define
m m T
60 = (S whtostou) -+ 3 uflogla))
k=1 k=1
for x = (T11, , Timi +* (Tats s Tp)? € RY™ and w' as in (3.52), i =1,--- ,n.

Let y, and y( be the left and right vectors in the difference between parentheses on
the left-hand side of (A.66). Then, f(y,) = (hi, -, hy) and f(yo) = (hi,-- , hy).
By (A.66) and the Delta method,

hq hq
viaW)| | = ¢ || SN0 V)GV v,

T B,

where
Vf(}’O) = diag<"417 to 7“4n)7
and
A = wi_ —, wf*f . — , 1=1,---,n.
19:(0) 2K (h;)221hi® (i, 1) 19:(0)|2K (h;)22imhi® (i, 1)

O
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A.4 Proofs for Chapter 4

PROOF OF PROPOSITION 4.1.1: Let Y, = Yoo JYip(t —1). Then, D(21 k) =
279/2 [ Yip(279t — k)dt. Therefore,

Cov(D(2, k), D(27" k')

_ —j = - -3 7j’/_ / - Py ;k /
2 E/R/RZ > @t = k)@ = Kt — Dp(t' — 1YY, dtdt

l=—00 l'=—00

_ME/ / > v It + Dot + 1) Yo Yy, didt.
R

Ri— l'=—00

By (4.2)
Cov(D(j, k), D(j', k')

[ [] fj S GO pl+ Dplt +1)

—oo I'=—00

ei(ij—l)xe—i(?/k’—l’) ‘x|—(H+I/2)G(x) |x|‘(H+I/2)*dtdt’dx,
- / H() Hy ()@ =210 | |- G () ||~ 041/ gy, (A.67)
R

where G(x) and H;(z) are defined in (3.19) and (4.3), respectively. Note that, by
Proposition 3 in [22],
|Hj(x)| = O(|2|*), 2 —0, (A.68)

|H;(z)| = O(|z]*), & — oo, (A.69)

so the integral on the right-hand side of (A.67) is finite. [J

PROOF OF PROPOSITION 4.1.2: Following the same argument in the proof of Propo-
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sition 3.3.1, we only need to show ||€I/>Z||2 is summable, where
B = [ H T ol Gl
R

Since

2
1P| = HP / ¢"* Hy () Hy(w)diag(a~ "V gi(2), - - 2~ Bt 4D gl () ) da P!
R

2

< OHPH4 121]?<Xn /ReiZIHj/(ﬂf)Hj(ﬂf)(2j/x)$_(2hk+l)d:13 .

Moreover, for any 1 < k < n, by (A.68) and (A.69), Hy(z)H;(z)x~h+Dg2(z) €
L?(R). Thus, by Parseval’s Theorem,

o0

2.

Z=—00

).

so [|®.]|? is summable. Therefore, (4.5) and (4.7) hold. [J

2

[ T e )
R

2

Hj () Hj(x)x~ g2 (2)| do < oo,

PROOF OF PROPOSITION 4.1.3: Adapting the argument for the proof of Proposition

3.6.1 by replacing X by X , the limiting distribution of
(\/u/a(y)diag(a(y)_%l, . ,a(y)—%n)(vecp(’v@(a(y)zj)—35E’Wx(a(y>2j)55>)T)
is equal to the limiting distribution of

£ (V v/a(v)diag(a(v) 2", - - ,a<u>-2hn>vecD<WX<a<u>2j>—mewﬂj)))

J=J1y e dm

J=J1,
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By (2.10), the spectral density of the I-th component of X is

filx) = z + 2k |2 gk (x + 2km), x € (—m,7),
1

k=—00

where d; = hy+1/2,1=1,--- ,n. Reexpress f; as
file) = [1 — 7|72 f (2),

where

24
gi(x) + |2sin(z/2)[* Z |z 4 2km| 24 g2 (x + 2k7).  (A.70)
k40

2sin(z/2)

fi(z) = \

Then, f;(0) = g2(0), and
£ () = £(0)

2 sin(z/2) |*
T

2 sin(z/2)% x+2km _2d192 2k
!
k#0

= O(|z]*) + O(|z°) + O(|z[**), z — 0.

< It

Ahwmﬁmw

B« where

So, |ff(z) — fF(0)| < Clx

B. = min{2, 5,2h; + 1}. (A.71)
Thus, by Theorem 2 in [46],
(VoTara) ™ (T a)2) - EVg a0)2)) N7 (a).
J=i1 dm
The (i, k)-th entry of the limiting covariance matrix is given by

I/Vz',k(dl) = 47T(fl*(0))224d1 max(js,jx ) +min(ji,jx) / |D‘ji*jk‘()\; dl)|2d)\, k=1 m,
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where Dy;,_;,|(\;d;) is defined in (4.14). Moreover, the entries of X are independent,
thus (4.13) holds. O

PrROOF OF THEOREM 4.1.3: The proof can be written as a direct adaption of

Theorem 3.6.2 by using Theorem 1 in [22] as the counterpart of Proposition 3.6.2. [J

A.5 Proof for Chapter 5

PROOF OF THEOREM 5.2.1: Let d;(27, k) be the wavelet coefficient of each Ry, in

(5.3), L =1,--- ,n. Then, the sample wavelet variance of Y can be written as
1 K;
. . . v
W(2) = P(—Zdi(w,k)dl(w,k:)) P, K= —.
K e~ Q=1 n 2

By Theorem 3 in [39],

Var( d223 ): ow™=2), 1=1,---,n.
]kl

Then, by the Cauchy-Schwarz inequality,

var(_ji a0

K K
1 J .
< .|V — V. — d2(27 k
< Ve o v (e S
= O(phth=2),

Thus,
pl=hn ((W(Qj) - EW(Qj))>

J=J1ydm
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Oy i) o Oyt nf2)

J=J15 3 0m

Op(=h)/2) o At (1K) S, (20, k) — o, (27))
(A.72)

where 0%, (27) is the n-th diagonal term of EW(27), i.e., the univariate wavelet vari-

ance of the process R,. By (A.72) and Theorem 4 in [39], (5.10) holds. O

PROOF OF PROPOSITION 5.3.1: Since R = I, DR, then,
Wala()2') = L,DOWg(a(v)2)D1I;.
Thus,
Wi(a(v)2)) — DEWg(a(v)2)® = LOWg(a(v)2)DI: — DEWg(a(r)2))D
= 1.{ [207atat)2) - EWaat)2 0| - (0 - NOEW(a()2)9)
-|pEwaaeizyn (@ - 1))

- @ - peEwaaeiz (@ - 1)] 22 (A.73)

Recall that the operator vecpWg(a(r)27) picks out the diagonal entries of the matrix
Wr(a(v)27), which are independent. Therefore, by Theorem 4 in [39] for univariate

processes,

(diag((y/a(l/))1—hla(y)—2hl7 . <]//a(lj))1_hna(y)—2hn)

(vecp (D (Wg(a(v)2?) — EWR(a(V)Qj))C‘D)T)

J=J1,dm

=K (diag((y/a(y))l_hla(y)_%l, e (I//a(y))l_h”a(y)_%n)
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- (veep(Wr(a(v)2)) — EWR(G(V)zﬂ'))T) 4 Kg, (A.74)

J=Jj1,Jm
as v — 00. In (A.79), K and G are defined in (5.22) and (5.23), respectively. Since
Var(I;! — I) = O(v?=2), then

(diag((v/a(v»l"“a(v)‘”“7 o (vfa(w) T a(v) )
(veep((I; 1 — I)DEWR(a(y)2j)D))

=D’ (diag(a(u)%l, e ,a(u)*Qh")diag(]EI/Vp%1 (a)2),-- ,EWpg, (a(y)2j)))

ding( A hnveep (170 = 1))T
diag| Sy gy ) et =)

ol ) o
Similarly,
(diag«v/a(u))l-hla<v>-2’“, o (v/a() ma(v) )
(veep (DEW(a(v)2)D (T, — f>*>>>T
o)) e
and

(a0 a2 0/ al)) ) )
(veep (11 — DDEWg(a(v)2)D(I, ! — 1)*))

-0, (a(y)hn—l (% - CZ;—:;)T> : (A.77)

Consequently, by condition (5.20), (A.79)-(A.82), and Slutsky’s Theorem, (5.21) hold-
s. O
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PROOF OF PROPOSITION 5.3.1: PROOF OF PROPOSITION 5.3.1: Since R = ]A,,BDR,
then,

Wi(a(v)2') = I,D9Wg(a(v)2))DT;.

Thus,
Wi(a(v)2') — DEWg(a(v)2)D = I,OWg(a(v)2)DIF — DEWg(a(r)2))D
= L{[PVa(at) - BWatat12)0] - | (T2 - DOEWR(a)0)]
- |pEWatatr2)0 (@ - 1))

- @ - peEwaaeiz (@ - 1)] 22 (A78)

Recall that the operator vecpWg(a(r)27) picks out the diagonal entries of the matrix
Wr(a(v)27), which are independent. Therefore, by Theorem 4 in [39] for univariate

processes,

(/a0 al) 2, (a0 al) )

-(vecp (D (Wg(a(v)2?) — EWR(a(V)Qj))Q)T>

-r (diag<<v/a<v>>”1a<v>2'“, o (vfa(v) T ma(v) )

- (vecp(Wg(a(v)2?) — EWR(a(V)2j))T) 4 Kg, (A.79)
J=J1ydm
as v — 00. In (A.79), K and G are defined in (5.22) and (5.23), respectively. Since

Var(I;! — I) = O(v*=2), then

(a0 a2 0/ al) ) )
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(veep (11 — ])@EWR(a(V)Qj)©)>

= D? (diag(a(l/)_%l, e ,a(u)_2’1")diag(]E‘J/VRh1 (a(v)27),- - ,EWg, (a(y)2j)))

: yhn i yhn—hn 1—hn 1 T
diag| oy gy )\ veet =)

th—hl th—hn
_ OP(G(V)HH L a(,/)lhn)' (A.80)
Similarly,
(diag((v/a(v))1"“a(v)‘2’“, - (w/a(v)) ! a(v) )
(veer (DEWg(a(v)2)D((I; ' — 1)*)))
~or{ (G ) ) A
and
(a0 a2 0/ al)) ) )

(veep((I;" = NDEWg(a(v)2)D(I,; " — 1)*))

~0, (a(y)hnl (ai;:; e GZZ;—:;)T) _ (A.82)

Consequently, by condition (5.20), (A.79)-(A.82), and Slutsky’s Theorem, (5.21) hold-

s.

PROOF OF THEOREM 5.3.3: By rewriting (5.21), we have

a(v)i6% (a(v)2) D(i,4)2Cy (h;)2%1M

a) 5 @27) |\ DG iPC(h) 2
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D(i,)2C, (h)2% " S (hy) R

. 5 7 (A.83)
D(i,1)2Cyp (hi) 227 S (i) Ry

for i =1,--- ,n. Define

filx) =) wilog(xr),
k=1

for x = (z1, -+ ,2,)" € RT and w' as in (5.27), 4 =1,--- ,n. Let y! and y{ be the
left and right vectors in the difference between parentheses on the left-hand side of
(A.83). Then, by (5.28), fi(y®) = h; and fi(y%) = h;, i =1--- ,n. By (A.83) and the

Delta method,

D (i, i)QCw(hi)QZthlS(hi)R?f
D (i, z’)ZCw(hi)QQjmmS(hi)R?;

d < .
< S(hi) Y wiRl
k=1

for i =1,---,n. This establishes (5.29). O

A.6 Useful lemmas and theorems

Lemma A.6.1. (/23]) Let {&,,n > 1} be a sequence of centered Gaussian vectors
and let I, be the covariance matriz of &,. Let (Ay,)n>1 be a sequence of deterministic

matrices with adapted dimensions such that

lim Var(¢! A,€,) = o € [0, 00].

n—o0

Assume that

lim p(An)p(T') =0,

n—oo
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where p(-) denotes the spectral radius. Then

Lemma A.6.2. ([46]) Let m > 2 be an integer and I be a m X m covariance matriz.
Let p be an integer between 1 and m — 1. let I'y be the top left submatriz with size

p X p and T'y the bottom right submatriz with size (m — p) X (m — p). Then

p(I') < p(I'1) + p(I'2).

Lemma A.6.3. ([46]) Let {&, k € Z} be a stationary process with spectral density

function f and let T, be the covariance matriz of (§1,--- ,&,). Then, p(T'y) < 27 ||

S llso -

The following theorem provides the partial derivatives of the eigenvalues and eigen-

vectors of a symmetric matrix with respect to the latter.

Theorem A.6.1. ([/7], Theorem 1) Let Sy € S(n,R), and let uy be a normalized
eigenvector associated with a simple eigenvalue Ny of So. Then, we can define a real-

valued and a vector function \ and u, respectively, for all symmetric matriz S in some

neighborhood N (Sy) € S(n,R) of Sy, where
A(S0) = Ao, u(So) = uo,

and

Su = Au, ulu =1, S e S(n,R).

Moreover, the functions A and u are infinitely differentiable on N(Sp), and their
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differentials at Sy are given by

O\
J[vecs(9)]

T T du — L o+
= (uy @ ugy)D, m = [uy @ (Noln — So)T]D. (A.84)

In (A.84), the symbol ® and the superscript + denote the Kronecker product and
the Moore-Penrose inverse, respectively, and D is the duplication matriz defined by

(3.30).

Lemma A.6.4. ([43], Lemma B.3) Let {¢.} € R be a sequence such that 322 ¢zged(aza;)] <

oo. Then,

1 a;iv oa;v oo
; E E (bajkfaj/k’ — ng<aj7 a’j’) E (bzgcd(aj,aj/)a vV —r 00.
k=1 k'=1 z=—00

A.7 Empirical study of diffusion data

This section consists a study of bivariate diffusion data provided by the David B.
Hill Lab (UNC-Chapel Hill). The main goal is to verify whether the diffusion data
have different diffusion exponents along different directions. To achieve this goal, the
tools we use are the two-step wavelet-based method and the wavelet eigen-structure
method developed in Chapter 3 and [43], respectively. The statistical analysis covers
COS2-NO data set. The data set alternates between the abscissa and ordinate coor-
dinates that make up the two-dimensional sample path of each microparticle under
the microscope.

There are mainly two kinds of data paths: diffusive and quasi-stationary (Figure
A.1). The range of quasi-stationary paths are much narrower than the diffusive ones,
which suggests that the former particles are trapped by some physical barrier. In this
section, we focus on the diffusive sample paths, which can be models as stationary
increment processes. 50 sample paths were randomly selected for each of the 4 con-

centration levels: 2,4,8,16 mg ml~!, Table A.1 and Table A.2 show the estimates of



104

hi, ho and hy — hy by means of the two-step wavelet-based method and the wavelet
eigen structure method, respectively. Based on the Monte Carlo simulation studies
shown in Table A.3-A.4, we cannot reject that h; = hy = h for each concentration

level of COS2-NO diffusion data.

COS2-NO (mg ml™Y) By hy  hy— My
2 0.27988 0.33198 0.052097
4 0.17661 0.22743 0.050821
8 0.22266 0.31085 0.088192

—
D

0.4513 0.51841 0.067112

Table A.1: Two-step wavelet-based estimation for Hurst parameters of bivariate diffusion data. 50
independent paths of length 1800 are randomly selected from each group.

COS2-NO (mg ml™1) Iy T hy — Iy
2 0.22493 0.33439 0.10946
4 0.1066 0.17659 0.069991
8 0.20289 0.28833 0.085443

—_
D

0.40256 0.51271 0.11014

Table A.2: Wavelet eigen structure estimation for Hurst parameters of bivariate diffusion data. 50
independent paths of length 1800 are randomly selected from each group.

true h /Zl /EQ /]{2 — /ﬁl Sd(ﬁg - /];1)
0.2  0.12818 0.23181 0.10364  0.081683
0.5 0.4458  0.5532  0.1075 0.0837

Table A.3: Two-step wavelet-based estimation for the Hurst parameters of simulated bivariate op-
erator fractional Brownian motion with hy = ho = h. Sample size=1800, number of MC runs=1000.

true h /;1 zg EQ — /ﬂl Sd(hjg — /}\Ll)
0.2 0.067089 0.19416 0.12707  0.093029
0.5 0.37157  0.5060 0.13443 0.11003

Table A.4: Wavelet eigen structure estimation for the Hurst parameters of simulated bivariate oper-
ator fractional Brownian motion with h; = ho = h. Sample size=1800, number of MC runs=1000.
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guasi-stationary path

10

Figure A.1: Two kinds of diffusion sample paths.
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