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Abstract

Recent advances in light microscopy have spawned new research frontiers in nanobio-
physics by working around the diffraction barrier and allowing for the observation
of nanometric biological structures. Microrheology is the study of the properties of
complex fluids, such as those found in biology, through the dynamics of small embed-
ded particles, typically latex beads. Statistics based on the recorded sample paths
are used by biophysicists to infer rheological properties of the fluid.

In this dissertation, we provide new probabilistic results and statistical methods
for the analysis of single particle tracking experiments in nanobiophysics. In Chap-
ter 2, assuming that the stochastic behavior of tracer particles falls within a broad
class of fractional, stationary increment Gaussian processes, we establish the asymp-
totic distribution of the mean squared displacement (BTST)) of particles. This had
remained an open problem for years in the nanobiophysical literature. In Chapter
3, by drawing upon the framework laid out in Chapter 2, we construct a general
protocol for the statistical testing of fluid heterogeneity and apply it to real data on
biofilm eradication. In Chapter 4, assuming that the observed stochastic process is
a fractional Gaussian noise, we establish the asymptotic distribution of the statistic
proposed in [50] for verifying the mixing property of an underlying dynamical system

starting from a single particle path.
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Chapter 1

Introduction

Recent advances in light microscopy have spawned new research frontiers in nanobio-
physics by working around the diffraction barrier and allowing for the observation of
nanometric biological structures. Microrheology is the study of the properties of com-
plex, non-Newtonian fluids, such as those found in biology, by means of the anomalous
dynamics of small embedded particles, typically latex beads. Statistics based on the
recorded sample paths are used by biophysicists to infer rheological (material) proper-
ties of the viscoelastic fluid under scrutiny. The goal of this dissertation is to provide
new probabilistic results and statistical methods for the analysis of single particle
tracking experiments in nanobiophysics. It comprises three chapters, each pertaining
to a different problem.

Chapter 2 is dedicated to the probabilistic behavior of the so-named mean squared
displacement (@) of tracer particles. The latter is the main statistic used in a very
large proportion of biophysical papers on the analysis of anomalous diffusion. Estab-
lishing one key property of the @, namely, its asymptotic distribution, remained
an open problem for years in the biophysical literature. In this thesis, we solve this
problem for a broad class of fractional, stationary increment Gaussian processes that
includes fractional Brownian motion and the integrated fractional Ornstein-Uhlenbeck

process. The content of the chapter was accepted for the publication in Journal of



Time Series Analysis [23].

In Chapter 3, we tackle the problem of fluid heterogeneity. Due to the presence of
organic compounds, samples of complex fluids such as those studied in microrheology
may be physically heterogeneous both over one fluid sample and across multiple sam-
ples. This implies that accurately estimating anomalous diffusion parameters from
single particle trajectories is of special interest. In Chapter 3, we draw upon the main
result in Chapter 2 to propose a general protocol for the statistical testing of fluid
heterogeneity in both senses, and apply it to real data on biofilm eradication. This
is part of a collaborative project with David B. Hill (UNC-Chapel Hill).

Whether or not a given dynamical system has the properties of ergodicity and
mixing is a central concern in the field of thermodynamics. In [50], a statistic was
proposed for verifying the mixing property starting from a single observed particle
path. Nevertheless, the asymptotic distribution of this statistic has been an open
problem since the paper’s publication. In Chapter 4, we solve this problem assuming
that the underlying process is a fractional Gaussian noise. In particular, we show
that the limiting distribution is Gaussian or non-Gaussian depending on the value of

diffusion exponent.



Chapter 2

The asymptotic distribution of the
pathwise mean squared
displacement in single particle

tracking experiments

2.1 Introduction

Abbe’s diffraction limit stood for more than a hundred years as a barrier for light
microscopy. The resolution limit of roughly 250nm (Inm = 10~%m) is large compared
to organelles in biological cells and most nanostructures. However, in the last twenty
years advances in light microscopy technology have spawned new research frontiers
by allowing for the observation of nanobiological phenomena in vitro and n vivo
up to resolutions of 10-20nm (e.g., Hell [29, 30], Betzing et al [7], Rust et al [76],
Hess et al [31], Westphal et al [88], Berning et al [6], Jones et al [38], Huang et al
[33]). Microrheology is a rapidly expanding subfield of nanobiophysics. It consists
of the study of the properties of complex fluids, such as those found in biology,

through the dynamics of small embedded particles, typically latex beads, tracked and



recorded by means of new light microscopy technology. Microrheology is currently
the dominant technique in the study of the physical properties of complex biofluids,
of the rheological properties of membranes or the cytoplasm of cells, or of the entire
cell (Mason and Weitz [53], Wirtz [89]; see Didier et al. [22] for a broad description
of the statistical challenges involved).

The characterization of the diffusive behavior of nanometric particles embedded
in viscous, Newtonian fluids is now well-understood both physically and probabilis-
tically. However, in complex fluids particles are expected to display non—classical, or
anomalous, behavior due to the viscoelasticity of the fluid. As in the early analysis of
diffusion, biophysicists dedicate a great deal of attention to the average distance trav-
eled by a particle, namely, the mean-square displacement py(t) := EX?(t) (MSD),
where X (¢) denotes the position of the particle at instant ¢. For a given time window

I, we can express the “local” MSD in the form

EX?(t) = 0t*, «o,0>0, tecl, (2.1)

where the parameters 6 and « are called the diffusivity coefficient and diffusion ex-
ponent, respectively. The microparticle is said to be sub-, super- or simply diffusive
if the « is less than, greater than, or equal to 1, respectively. When « # 1, the diffu-
sion is commonly named anomalous (see O’Malley and Cushman [67] for a different
perspective). The interval I in (2.1) can be of finite length or open-ended, according
to the demands of physical analysis. In the former case, (2.1) expresses transient
MSD behavior, as observed in polymer physics (Rubinstein and Colby [75], Kremer
and Grest [43]). Alternatively, (2.1) describes the asymptotic MSD behavior (see the
relation (2.19) for the accurate mathematical depiction of (2.1) in the context of this
chapter).

Statistical evidence of anomalous diffusion has turned up in several contexts, in-

cluding biodiffusion (Valentine et al. [83]), blinking quantum dots (Brokmann et al.



[10], Margolin and Barkai [52]) and fluorescence studies in single-protein molecules
(Kou and Xie [42], Kou [41]). The dominant statistical technique in the biophysical
literature for estimating the diffusion exponent « is what we will call the sample
mean-square displacement (RTST)) Suppose that a microrheological experiment gen-
erates a tracer bead sample path with observations X(Aj), j = 0,1,...,n, where

A € N stands for the sampling rate. The pathwise statistic

To(AR) == — ST (X(AG + 1) - X(A)))? (2.2)

j=1

is the MSD at h, i.e., the statistical counterpart of us(-) (for notational simplicity,
we do not display the dependency of i, on n). Under (2.1), and assuming stationary
increments, for m lag values h; < ... < h,, and m < n one hopes for ergodicity,

namely,

To(Ahy) = EX?*(Ahy), k=1,...,m. (2.3)

One then generates (1Eg\9, @) by means of the linear regression
log fiy(Ahg) = log 0 + alog(Ahg) + ek, k=1,...,m, (2.4)

possibly over several independent particle paths, where {ey }x=1...m is a random vector

with an unspecified distribution. Plots of MSD curves as a function of the lag h,
sometimes on a log-log scale (see Figure 2.1), are widely reported as part of diffusion
analysis (e.g., Valentine et al. [83], Suh et al. [79], Matsui et al [54], Lai et al [44],
Lieleg et al. [46]). The choice of lags hy, . .., h,, reflects the analyst’s visual perception
of the range where the slope of the MSD curves stabilize and thus indicate the true
diffusive regime and power law (2.1).

The stochastic properties of the MSD depend on the underlying class of stochastic

processes. In the review paper Meroz and Sokolov [57], the authors classify physi-
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Figure 2.1: MSD plots, each with 50 paths of size 2'2 from an ifOU process with parameters A = 1
and H (see Definition 2.2.1). Left: H = 1/4 (subdiffusive: @ = 1/2). Right: H = 1/2 (diffusive:
a=1).



cal models for subdiffusive behavior according to whether one assumes the presence
of binding-unbinding events, of geometrical constraints on the particle’s movement,
or the medium is viscoelastic. This leads to three popular families of stochastic
processes, respectively, those of continuous time random walks (Metzler and Klafter
[58], Meerschaert and Scheffler [55]), of random walks on fractals (Havlin and Ben-
Avraham [28]), and of the celebrated fractional Brownian motion (fBm; see Example
2.2.1). In this chapter, we focus on the latter family, more precisely, that of fractional,
stationary increment processes (Barkai et al. [4], Lysy et al. [48]).

The ergodicity of the MSD moments was established in Deng and Barkai [20] for
various families of fractional processes (see also Sokolov [78], Metzler et al. [59], Jeon
and Metzler [37], Burov et al. [15], Jeon et al. [36], Sandev et al. [77]). Finite sample
approximations to the distribution of the MSD under Gaussianity are provided in
Grebenkov [25] (see also Qian et al. [71], Grebenkov [26], Boyer et al. [8], Andreanov
and Grebenkov [1], Nandi et al. [65], Boyer et al. [9]). Nevertheless, so far MSD-
based analysis of tracking data has missed one essential feature of statistical methods,

namely, the limiting distribution of the random vector

(A1), - Fio( ) ) (2.5)

The purpose of this chapter is to fill this gap. We work under the assumption that
the particle undergoes a Gaussian process whose stationary increments display a

covariance function v satisfying a decay condition of the type
(212 ~ C2* 2hihy, 2 — o0, (2.6)

for some real constant C', where hy, hy represent lag sizes (see the expressions (2.16)
and (2.20) for precise definitions, notation and statements). As in the particular case

of fBm, such a particle is not constrained by boundaries (such as those found in a



cell) or a potential.

We assume the availability of just one sample path. This models the situation
in which the biophysical samples are physically heterogeneous (Valentine et al. [83],
Dawson et al. [19], Monnier et al. [61]). Complex biomaterials such as mucus, or sim-
ulants such as agarose and hyaluronic acid, are expected to be heterogeneous due to
the unequal distribution of chains of polymers. Since the multiple MSD averages are
formed from the same particle path, then even when |hy — hy| is large the associated
coefficients (2.2) still display strong correlation (Monnier et al. [61]). Our main result
(Theorem 2.3.1) shows that this yields limiting distributions and convergence rates
that depend on the diffusion exponent range according to a familiar trichotomy in the
literature on fractional processes. When 0 < o < 3/2, the asymptotic distribution is
Gaussian, though the case @ = 3/2 demands a non—standard convergence rate. When
3/2 < a < 2 the convergence rate depends on the diffusion exponent and the asymp-
totic distribution is non—Gaussian; this reflects the classical results by M. Rosenblatt
[74] and M. Taqqu [80]. This type of result is well-known for fixed sequences of
Gaussian, stationary random variables, or for p-variations of shrinking interval size
of Gaussian processes (Guyon and Leén [27], Peltier and Véhel [68], Hosking [32],
Bardet [3], Buchmann and Chan [11]). By contrast, we consider the MSD statistics
in the same format found in the biophysical literature, namely, we take the lag limit
h — oo. Moreover, whereas the related literature on Hermitian processes and random
fields often makes use of Wiener-It6 chaos expansions and Malliavin calculus (e.g.,
Nourdin et al. [66], Réveillac et al. [73]), in this work we develop our results in the
style of Rosenblatt’s classical arguments as to make the statements and techniques
more readily available to the interested reader with a biophysical background. The
asymptotic distributions provided allow for a new statistical perspective on the many
numerical-experimental results reported by the biophysical community, and make it

possible to mathematically compare MSD-based analysis with that based on other



candidate statistical techniques, e.g., in the Fourier and wavelet domains.

It should be stressed that we do not assume exact self-similarity (see relation
(2.9)). Dispensing with the latter property is important because it is often of interest
to start from a Newtonian instance, such as the generalized Langevin equation (GLE;
e.g., Lysy et al. [48], p.6), to arrive at an anomalous diffusion model that displays non-
fractional short range behavior. In particular, we show that our results encompass
the stationary-increment process induced by a fractional Ornstein-Uhlenbeck (fOU)
velocity process (see Definition 2.2.1). The latter can be regarded as a spectrally
simplified model for fractional instances of the GLE (see (2.27)).

The chapter is divided as follows. Section 2.2 contains most definitions and the
assumptions used throughout the chapter. We also shed light on the proposed as-
sumptions by showing that they imply the properties (2.1) and (2.6). In Section 2.3,
we state and discuss weak limits for the MSD. Furthermore, Monte Carlo experiments
are used to illustrate the Gaussian or non-Gaussian nature of the MSD distribution,
and to study the quality of the asymptotic approximation. All proofs can be found

in the Appendix A.

2.2 Preliminaries and assumptions

All through the chapter, C is used in bounds to denote a constant that does not
depend on the sample size n, and which may change from one line to another. For
two sequences of real numbers {a, }nen, {bn}nen, the expression a,, ~ b, means that
‘;—: — 1 asn — oo.

Recall that a stochastic process X is said to have stationary increments when
{X(t+h)— X (h)}+er has the same finite-dimensional distributions for any time shift

h € R. The stochastic process in (2.1) is assumed to satisfy the following condition.
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AsSUMPTION (A1): X = {X(t)}ier is a Gaussian, stationary-increment process with

harmonizable representation

X(t)=C, / . C) B(da), (2.7)

i |x|e/2-172

where a € (0,2), C, # 0, E(d:r) is a C-valued Brownian measure such that B(—dz) =

B(dz), EB(dz)B(dz') = 0 (z # a'), and E|B(dz)|> = dz. The function s(z) is a

bounded and complex-valued function with |s(0)|> = 1, and
||s(z)]* = 1] < Coz®, € (—eo,e0), (2.8)

for constants Cy, dg, g9 > 0.

In particular, the representation (2.7) implies that EX (t) = 0, t € R. However, this
is inconsequential for modeling, since one can always assume that a single diffusing
particle starts at zero. In turn, the condition (2.8) is mild (c.f. Moulines et al. [62],

p.302, relation (4)) and plays a technical role in the proof of Proposition 2.2.1 below.

Example 2.2.1. FBm is the only Gaussian, self-similar, stationary-increment process
(Taqqu [81], Proposition 2.3). The self-similarity of the fBm By = { By (t) }+er means

that, for a Hurst parameter 0 < H < 1, the scaling relation

{Br(ct)}ier £ {"Bu(t)ber, ¢ >0, (2.9)

is satisfied. FBm has mean zero, and by Gaussianity, it is characterized by its closed-

form covariance function
o2
EBy(s)Bg(t) = 7{|t|2H + |s|2H — |t — s|2H}, s, t € R. (2.10)

In particular, when o2 = 1, we call By a standard fBm. Moreover, by taking s = ¢
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in (2.10), the expression (2.1) holds at all ¢ as an equality with

a=2H. (2.11)

When H is less than, greater than or equal to 1/2, fBm is sub-, super- or simply diffu-
sive (Brownian motion), respectively. The harmonizable representation of a standard
fBm is given by

1 1

B(dz), (2.12)

X() = Cu [

R dr |z[H1/2

where

Cp = /7 HT(2H) sin(H) (2.13)

(see Taqqu [81], p.31, expression (9.8)). Thus, fBm satisfies (A1) with C, = Cy and

s(x) =1.

Let A = 1 in (2.2). We assume that an experiment produced one sequential
sample X1,..., X, n € N, of observations from the stochastic process X. For h € N,

let

{hs == wih}r=1,..m (2.14)

be distinct integer-valued increment sizes, where h,, <n —1, w; < ws < ... < Wy,

and m <n — 1. We can define an associated vector of increments

Y = (}/vl(hl)a S 7Yn—h1(h1); Yl(h'2>7 s 7Yn—h2(h‘2); cee }/i(hm)’ s aYn—hm(hm))Ta
(2.15)
where

Y;(hk) 2:X(i+hk)—X(i), thNU{O}, k=1,...,m.

Since X is a stationary-increment process, then the cross product

EYj 2 (he,)Yj(he,) = E(X(J + 2+ hi,) = X (G + 2))(X(J + he,) = X(J))
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= E(X(z + hiy) = X(2))(X () = X(0)) = EY:(h, ) Yo )

is not a function of j. Denote the covariance matrix of the increments by Yy (hq, . .., hy),

where an entry has the form

Y ()b ke = EYjz (i) Yi(hay), (2.16)

for ki, ko = 1,...,m. Note that (2.16) satisfies the symmetry relation

(=2 + ey = Ty )y ke = V(2 ka oy 2 € Z.

The self-similarity of fBm (see (2.9)) makes the asymptotic distribution of the MSD
much simpler to establish (see Peltier and Véhel [68], Proposition 4.2). Since we do
not assume self-similarity, as in the biophysical literature we need to make the size
of the lags themselves go to infinity, though slower than the sample size n. This
mathematically expresses what biophysicists do in practice: h has to be large enough
for the MSD regime to become linear, but at the same time cannot be too large
because of the increased variance of the MSD. This is illustrated in Figure 2.1 and

accurately described in assumption (A2), stated next.

ASSUMPTION (A2): for h = h(n) € NU{0}, n € N,

h(n)log*(n) n
- L —0, n— o0, (2.17)
where
0 = min(a/2,0¢/2) (2.18)

(see (2.7) and (2.8) for the definitions of o and dy).

As anticipated in the Introduction, the expressions (2.19) and (2.20) in the fol-

lowing proposition give exact mathematical meaning to the heuristic properties (2.1)
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and (2.6).
Proposition 2.2.1. Suppose the assumptions (A1) and (A2) hold.

(i) Then, there is a constant 8 > 0 such that

EX2(h)
Ohe

—1‘ <Ch™°, n— oo, (2.19)

where § > 0 is given by (2.18);

(ii) moreover, for any ki, ko =1,...,m and Yu(2)k, k, as in (2.16),

(ks ke = |2 2R w0 AT + g(2, )iy g}, 1= 00, (2:20)
hm +1 < |z] < n, (2.21)
where
CoN2a(a—1)
r=7(a) = (C—H) = (2.22)
Cy is given by (2.13), and the residual function g(-, )i, k, satisfies
Bh\d
9 Pl < C(75) 0< <l (2:23)

Besides fBm, another model for anomalous diffusion used in this work is what we
call the integrated fractional Ornstein-Uhlenbeck (ifOU) process. One major differ-
ence between fBm and the ifOU process is that the latter is not exactly self-similar.
The ifOU is an example of a fractional process whose MSD asymptotics are naturally
studied under the assumption (A2).

To define the ifOU process, recall that the fractional Ornstein-Uhlenbeck process

(fOU) is the a.s. continuous solution to the fBm-driven Langevin equation

dV(t) = —\V(t)dt + odBy(t), t>0, A>0, 0<H<1 (2.24)
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(Rao [70], p.78). The a.s. continuous process

t
Vt) = o / 0GB (), >0,

—00

solves (2.24) with initial condition V' (0) defined by the same integral. When H = 1/2,
the solution is the classical Ornstein-Uhlenbeck process. We are interested in the
stationary-increment counterpart of the fOU process, as put forward in the next

definition.

Definition 2.2.1. Given a fOU process {V(f)}:>0, the associated ifOU process is
given by
t
X(t) = / V(s)ds, t>0. (2.25)
0

The integrand in (2.25) is a version of V' with continuous paths (see Didier and Fricks

21], p.719, Lemma A 4).

The ifOU is a simple parametric model for anomalous diffusion. This can be seen

in the Fourier domain, based on the harmonizable representation

it 1 1 1 -
‘ B(dz). (2.26)

X(t) = o\/T'(2H + 1) sin(rH) /

R ix Atz |z|H1/2
The spectral density

1
A2 4 22 [g2H-1

fx(x) = 0’T'(2H + 1) sin(7H) z € R\{0}, (2.27)

exhibits the short range dependence term (A* + x?)~! besides the fractional term
|z|'72H | with a tuning parameter \.
Let H € (0,1)\{1/2}. By (2.27) and dominated convergence, the covariance

function y(s) = Cov(V (t), V(t +s)) of V is continuous. Furthermore, in Cheridito et
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al. [16], p.8, it is shown that

2n—1

Z A H (2H — k) ) s21-2 4 O(s272V-2), (2.28)

for an arbitrary N € N, where the remainder is taken with respect to s — oo.

Therefore,

t1 to
EX (1) X (1)] < / / (51 — so)ldsidss < oo, (2.29)
0 0

whence the integral (2.25) is also well-defined in the mean-square sense (see Cramér
and Leadbetter [18], p.86). By (2.26), like fBm the ifOU also satisfies (A1) and the
conclusions of Proposition 2.2.1 apply, where the relation between o and H is again
given by (2.11). Note that when the ifOU is simply diffusive (H = 1/2, or o = 1),

the expression (2.20) holds with 7 = 0.

2.3 The asymptotic distribution of MSD—-based anoma-
lous diffusion parameter estimators

The following theorem is the main result of this paper. It gives the asymptotic
distribution of a random vector of MSD entries at different lag values, according to
subranges of the diffusion exponent a. For the theorem, recall that in the notation

(2.15), the MSD at a given lag value is given by

2
hu) NkZY (hi), (2.30)

where

N, =n—hy, k=1,...,m. (2.31)

Theorem 2.3.1. Suppose the assumptions (A1) and (A2) hold. Let m € N be the
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chosen number ofl\TST) lag values, and let Ny be as in (2.31), k=1,...,m. Then,

N 2 d
(H(Nk)g<hk)(:u2(hk) - EX (hk)))k:1 7777 ) =7, n— o0, (2.32)
where
0<a<3/2: nn)=+n,(h)= ho+1/2,
a=3/2: n(n)=/nlog(n), ((h) = h?* (2.33)
32<a<2: n(n):na—1’ C(h) — h2.
In (2.32),

(1) if0 < a < 3/2, thenZ ~ N(0,X), where the entry ky, ko of the matriz ¥ = ¥(«)

1S given by

—a— —a— Ca 45
Yy ky = 2wy, 1/2wk2 1/2 <C_H) HG(y;wkl,wkg)H%z(R), ki,ko =1,...,m,

(2.34)

R (eiwkly o 1)(€—iwk2y - 1)
G(y; wkuwk‘z) = 012{ |y|a+1 )

(2.35)
and Cy is given in (2.13);

(i1) if « =3/2, then Z ~ N(0,%), where the entry ki, ko of the matriz ¥ = 3(«) is
given by
Ek’l,kg :47'2, ]{?1,]{32 = 1,...,m. (236)

(iii) if 3/2 < a < 2, Z follows a multivariate Rosenblatt-type distribution whose
characteristic function is
1 o= [2i7 Y00 t]®
ba(t) = exp {5 3o 2T i Bl } (2:37)

S
s=2
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where, for s > 2,
1 pl 1
cs = cs(a) = / / . / |21 — 29| * 2| 2o — 23] % - - |2 — 21 | 2dwrdEy - - - dig.
o Jo 0
(2.38)

Remark 2.3.1. Tt is worthwhile recalling the fact that the constant ¢, in (2.38) is,

indeed, finite. Indeed, by an application of the Cauchy-Schwarz inequality,

s < (/01 /01 |2y — 2" d;zldacg)S/2 = ((2a — 3§(a — 2))8/2. (2.39)

Theorem 2.3.1 allows us to develop the asymptotic distribution of the MSD-based

least square estimator of the diffusivity coefficient and diffusion exponent. Recast the

(pathwise) system (2.4) as the regression model

where
log 71y (h1) 1 log(h)
log 0
@n = : , B= , M, = : : ;o (241
a
log fis (hm) 1 log(hm)

and € has a distribution to be determined. We will denote by
B = (MIM,) " M Q, = ((10g0)n, &n)" (2.42)

the estimator generated by the ordinary least squares solution to the system (2.40).

The next corollary describes the asymptotic distribution of the least squares estimator

(2.42).
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Corollary 2.3.1. Suppose the assumptions (A1) and (A2) hold. Then, as n — oo,

a L_((log 0),, — log ur
nh logh(( g ) & ) ﬁ) AZ, (2.43)
n(n)¢(h) 4. —a T

where A and Z, respectively, are as in (A.15) and Theorem 2.3.1, and

o (Zlog Wy /wy), - Zlog wk/wm)> (2.44)

with constant

leog W) (Zlog W, > . (2.45)

Corollary 2.3.1 states that the limiting distributions for ,@n are qualitatively dis-
tinct as a function of the underlying diffusion exponent «. In particular, a non-
Gaussian limit appears in the superdiffusive range 3/2 < o < 2. Though probably of
little interest in the modeling of viscoelastic diffusion, superdiffusion appears in many
other applications (e.g., Brokmann et al. [10], Margolin and Barkai [52]; note that in

these papers the processes are viewed as following Lévy walk-type dynamics).

Remark 2.3.2. Corollary 2.3.1 can be directly used in the construction of confidence
intervals, at least starting from knowledge that « lies in one of the subregions (0, 3/2)
or (3/2,2) of the parameter space. To fix ideas, consider the parameter «; the ensuing
argument can be easily adapted for 6. By Corollary 2.3.1, @,, — « is asymptotically

equivalent to

A gy 1)(R)
T AT e

o(0,0)Z(a),
where (6, ) is a smooth function of (6, ) defined as to make Z(«) a standardized
random variable. When 0 < a < 3/2, this is clearly possible, since the limiting

distribution is Gaussian and —UTA and ¥ are smooth functions of § and a (see

(2.34), (A.14) and (2.44)). When 3/2 < a < 2, first note that Z in Theorem 2.3.1 is a
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rank 1 random vector. Indeed, recall that the characteristic function of a standardized

(mean zero, variance one) Rosenblatt random variable is given by

u(0) = exp {2 3 its()) 2}, (o) o= (LD

(see Veillette and Taqqu [84], expression (4)). Let Z; be a Rosenblatt random variable
with normalizing constant 7 (i.e., with the latter in place of ¥(«) in (2.46)), and let
Zy=...=Zy = Zy. Then, Be!Xim1teZe = Bt Ximite = exp{1 3%, [2i7 Y1 t]* %),
So, denote by Z the limiting Rosenblatt random variable obtained in (2.22). Then,
Zo = (Y(a)/7)Z is standardized and, by (2.22) and (2.46), the coefficient 1(a)/7
also depends smoothly on «.

So, the consistency of 0, and @, for 6 and «, respectively, implies that of a(é\n, an)
for (0, ). When 0 < a < 3/2, Z(a) ~ N(0,1), which is independent of . Then,

an approximate 100(1 — &)% confidence interval for « is simply
- hN1/2  ~ R N2~
<an + (ﬁ) 0 (On, Q) 2¢ /2, O, + (ﬁ) o (0, an)zl_§/2>.

When 3/2 < a < 2, by (2.39) and the dominated convergence theorem, the charac-
teristic function ¢, (t) =: ¢(t, ) of Z, is continuous with respect to « for ¢ around
the origin. Now consider the function ¢(z, @) with domain in z extended to a vicinity
of the origin of C. By applying Theorem 7.1.1 in Lukacs [47] and the uniqueness of
analytic continuation, we obtain that ¢(¢, «) is continuous with respect to « for all
t € R. Consequently, the cumulative distribution function and the quantile function
z.(a) are also continuous with respect to «, whence z.(a,) K ze(a) for ¢ € (0,1). So,

an approximate 100(1 — &)% confidence interval for « is

-~ ~

(3, + (%)2a”a(en,an)zf/g(an),an + (%)M"a(en,an)zwz(an)) (2.47)
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(see Veillette and Taqqu [84] for numerical results on the quantiles of the Rosenblatt
distribution). In (2.47), we are using the fact (£)?7*/(£)**% — 1, which can be

verified by taking logs.
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Figure 2.2: Monte Carlo distribution of Jiy(1) over 5,000 paths of size 21°. Top plots, fBm (left:
a = 0.5; right: @ = 1.8. Bottom plots, ifOU (left: o = 0.5; right: @ = 1.8. In both cases, A = 1).

To study the finite-sample properties of MSD-based estimation and the quality
of the asymptotic approximations described in Theorem 2.3.1 and Corollary 2.3.1,
Monte Carlo experiments were conducted based on sub- and superdiffusive instances
of fBm and ifOU processes. Figure 2.2 displays the Monte Carlo distributions of the
@, i.e., histograms and best Gaussian fit. The plots reflect the results described in
Theorem 2.3.1: for the subdiffusive Hurst parameter value of H = 0.25 (o = 0.5), the
distribution is distinctively Gaussian; by contrast, for the strongly superdiffusive value
H = 0.9 (a = 1.8), the Rosenblatt-like attractor skews the finite-sample distribution.

Moreover, Table 2.1 displays results for H = Ox5p/2 under a fBm. The simulations
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encompass two distinct situations. In the first one, we follow the common practice in
microrheology of taking a large number of consecutive lag values such as hyin, Amin +
1,..., hmax — 1, hmax, Where hpiy = 2 and hpae = 128. In the second one, we pick
only two lag values, namely h; = 2 and hy = 128. The results show that dropping
most of the MSDs has little impact on the performance of Bn Moreover, simulation
studies not shown provide evidence that in both subdiffusive and superdiffusive ranges
(H = 0.25,0.5,0.75,0.9 or a« = 0.5,1,1.5, 1.8, respectively), a pairwise combination
of two low lag values (such as hy = 1 and hy = 2) leads to the best statistical
performance, as measured by the Monte Carlo mean-squared error.

As expected, though, the results for the ifOU are quite distinct. Since the latter
is not exactly self-similar, the MSD curves display the asymptotic flattening effect
revealed in Figure 2.1 for H = 0.25 (o = 0.50). This is what drives biophysicists to
use larger lags when modeling anomalous diffusion data in the first place. Table 2.2
illustrates this effect in the estimation of @n based on triples of consecutive lag values:
the estimation bias decreases as the chosen lags increase. However, since the variance
also increases with the lag, due to the smaller number of terms in fi,(h), the choice
of regression lags with the lowest mean-squared error turns out to be [2° 26 27]. A
different phenomenon emerges in the superdiffusive range. Table 2.2 shows that for
very high values of H or «, it may be optimal to use lower regression lag values. This
is so because the bias for large values of H or « is very large. Though not displayed,
the same issue appears under different parameter values in the superdiffusive range,

and its cause is a matter for future investigation.

2.4 Conclusion

In this chapter, we establish the asymptotic distribution of the MSD- based estimator
widely used in the biophysical literature on anomalous diffusion. We assume that

the particle undergoes a Gaussian, stationary-increment process, and take a path-
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wise approach, i.e., only one particle path is available. Depending on the diffusion

exponent of the underlying process, the MSD- based estimator has Gaussian or non-

Gaussian limiting distribution, as well as different convergence rates. The asymptotic

distributions provided allow for a new statistical perspective on the many numerical-

experimental results reported by the biophysical community. We illustrate our results

analytically and computationally based on fractional Brownian motion and the inte-

grated fractional Ornstein-Uhlenbeck process.

Table 2.1: Mean and s.d. of H for fBm: consecutive lags (2, ...,28) vs two lags (hy = 2, hy = 27)

H=0.25 H =0.90

(v =10.5) (. =1.8)
n Econs(H) Sdcons(H) EQ(H) SdQ(H) Econs(H) Sdcons(H) EQ(H) SdQ(H)
29 0.2363 0.0723  0.2376 0.0527  0.8380 0.1067  0.8459 0.0890
210 0.2437 0.0508  0.2446 0.0359 0.8583 0.0772  0.8644 0.0648
211 0.2468 0.0361  0.2476 0.0253 0.8715 0.0574  0.8751 0.0507
212 0.2482 0.0252  0.248 0.0177  0.8792 0.0462  0.8814 0.0415

Table 2.2: Mean and s.d. of H for ifOU: small lags vs large lags, path length=212

H =025 (a=0.5)

H =0.90 (o = 1.8)

lags E(H) sd(H) E(H) sd(H)
27,24, 27] 0.3218 0.0272 0.8817 0.0266
24,25, 20] 0.2964 0.0354 0.8441 0.0392
(25,26, 27 0.2756 0.0488 0.8315 0.0506
(26,27, 2%] 0.2591 0.0742 0.8239 0.0704
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Chapter 3

MSD-based fluid heterogeneity

testing

3.1 Introduction

The experimental and statistical difficulties involved in estimating the parameters
& = (log 6, ) based on the regression system (2.4) have been pointed out by many
authors. A non-exhaustive list of issues includes limited fluorophore lifetimes, proteins
diffusing out of the field of view, finite-resolution imaging and motion blurring due to
camera integration times, measurement errors, the presence of drifts and intra-path
correlation [5,13,39,56,60,71,86].

Notwithstanding the difficulties involved, the potential heterogeneity of fluid sam-
ples in fields such as microrheology implies that estimating & from single trajectories
is of great interest [12,14,49,86]. This calls for accurate results on the stochastic
behavior of the @, and accordingly, a wealth of literature on the subject has de-
veloped. Starting from an underlying fractional stochastic process, several properties
of the MSD such as ergodicity and approximations to its finite sample distribution
were established by many authors [1,8,9,15,20,25,25, 26, 36,37,59,65,71,77].

Nevertheless, until recently, the limiting distribution of the MSD was unknown.
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This means that it was impossible, for example, to construct asymptotically valid
confidence intervals for the anomalous diffusion parameters starting from a single
observed particle path. This difficulty was overcome in Chapter 2 of this thesis under
mild assumptions for the case where the particle motion is a fractional Gaussian,
stationary increment process [23|. In this chapter, we propose a particle path-based
general protocol for the testing of fluid heterogeneity that builds upon the MSD’s
asymptotic distribution. The latter already accounts for intra-path correlation and
thus can be used to estimate the parameter vector £ from a single observed path. The
protocol tests heterogeneity in two different experimental situations, namely, when
there are () multiple paths from the same fluid sample; (i7) ensembles of paths from
different fluids. To illustrate the use of the protocols, we make inferences on fluid
viscoelasticity with data from the David B. Hill Lab (UNC-Chapel Hill) on biofilm
eradication, as first reported and described in [72].

The chapter is organized as follows. In Section 3.2, assuming a single observed
path of realistic length, we propose an MSD-based estimation protocol that displays
improved performance in terms of bias and variance by comparison to common MSD-
based protocols. In Section 3.3, assuming multiple observed paths, we draw upon
the protocol proposed in Section 3.2 to develop intra- and interfluid heterogeneity
hypotheses tests. In Section 3.4, we investigate the performance of the ensemble MSD-
based estimator in under two sampling methods: measure more paths, or measure
longer paths. In Section 3.5, we test the procedures put forward in Section 3.3 by

applying them to experimental data. All proofs can be found in Appendix B.

3.2 Improved pathwise MSD-based estimation

In the analysis of fluid heterogeneity, it is especially important to make efficient use

of the information contained in each particle path data set. For this reason, in this
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section we assume a single observed path
Xl,XQ,...,Xn, TLEN, (31)

is available, and that the underling stochastic process {X (¢)};cr satisfies assumption
(A1) and (A2) in Chapter 2.

Fitting (2.4) by means of ordinary least squares (OLS) regression is the most intu-
itive way of constructing an estimator of the diffusion parameter vector & (see (2.1)).
This roughly corresponds to the common practice in the biophysical literature, both
in experimental and methodological work [14,46,49, 83]. Throughout this chapter,
EOLS = (lgg\QOLS, aors) denotes this standard estimator. However, EOLS has at least
two significant shortcomings: finite sample bias and suboptimal performance in the
presence of correlation among the regression disturbance terms.

We propose an improved estimation protocol that addresses these issues. It in-

volves

(7) a finite sample bias correction in the regression system of equations. In statis-
tical problems involving scaling, it is well known that estimation bias is present
even if the scaling relation in (2.1) holds as an equality. This is a consequence
of the elementary fact that the logarithm of the ensemble average and the en-
semble average of the logarithm are generally distinct (e.g., [62-64,85]). In the

context of (2.4),this means that
Elog fis(h) # log Efi(h) = alogh +logf, h € N.

Let hy = wih, wi < wy < ... < w,, be the regression lag values chosen by
the analyst, where h € N. By reinterpreting log fi,(h) itself as an estimator of
alog h 4 log 6, we can reexpress its bias as a function of the diffusion exponent

a, the path length n and the lag parameter h. This is done in the following
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theorem.

Theorem 3.2.1. For 0 < a < 2 and a finite n,

n—1 .

1 /i

Elog i, (h) — a'log h — log ) = —— 1- =
0g fiy(h) — alogh — log 4”i:_§n+1( n)x

«

-2

“
-1
h

l

i )+o<h—6>+o<g2<h,n,a>>, (3.2)

1
—4+1
x(‘h+

for some 6 >0 (see (2.17)) and

(B)rz, 0<a<3/2
Q(h,n,Oé) = (Lngnyﬂ, o = 3/2, (33)

(L2, 3/2<a<l

The term of O(h~%) on the right hand side of (3.2) is determined by the short
memory (high-frequency) component of the spectral density of the diffusion
process, where the short memory effect can be observed in the log,-log, plots
of MSD curves vs lag values. FIG. 3.1(a) is a plot of simulated ifOU (a = 0.6)
processes and FIG. 3.1(b) is a plot of experimental data (CSO2-NO at 8 mg
ml~!). In FIG. 3.1(b), when we choose small lag values to regress the slope
of the log, of MSD curve, @ is 1.42 where the true « is 0.6. If we use larger
lag values, the estimate is 0.76, i.e., much closer to 0.6. FIG. 3.1(b) shows a
similar trend, that is, the use of large lag values reduces the bias of &. On the
other hand, the lag values cannot be chosen too large by comparison to the path
length n. Otherwise, this leads to the inclusion of MSD terms o (h) with large

variance due to the small number of terms in the average.

an optimal regression procedure in the presence of correlated errors. In any
regression problem with correlated errors, a GLS (generalized least squares)

procedure is expected to outperform OLS in terms of mean squared error (MSE)
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Figure 3.1: log, — log, plots of MSD curves as a function of the lags. (a) 20 ifOU paths with length
211 the diffusion exponent is a = 0.6; (b) 20 particle paths with length 1800 were randomly selected
from the P. aeruginosa biofilm after treatment with COS2-NO at concentration level 8 mg ml~'.
The first red line in each plot indicates the fitted slope over small lag values h = 1,2. The estimated
diffusion exponent & is 1.42 in (a) and 1.10 in (b). The second red line in each plot indicates the
fitted slope over large lag values h = 8,32. The estimated diffusion exponent & is 0.74 in (a) and
0.69 in (b).
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[17]. Therefore, let

EGLS = (logfgLs, dcrs)” = (XTE*lX)leTifl% (3.4)
where
1 logh,
Y 1 log hg
1 logh,,

is the so-called design matrix and

E<a) = (5k1,k2)k1,k2:1 ,,,,, m (35)

T
is the unknown finite sample covariance matrix of y = (log(EQ(hk)))
k=

In addition, &y q is the best linear unbiased estimator with covariance matrix

Yo (o) = (XTS N )X) ™ (3.6)

éaLs

An estimator of each entry o, k,, k1, k2 = 1,...,m of the matrix Y is given by

the following theorem.
Theorem 3.2.2. For 0 < a < 2 and a finite n,

n—1 . .
- 1 |z]> { i hi,
Ok kg = = g 11— — - 4
kuk2 = on = ( n NI Dok

67

I Y LU ha| ;:
\/ hkl th th hkl V hkl h’k’Q
i e | Y2
e — 2 + O(h™%) 4 o(0*(h,n, a)). 3.7
T[] | o e 67)
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However, the presupposes knowledge of the covariance matrix i(a) in (3.5), is a
condition not met in our framework. An approximation to i(a), which in turn can
be estimated by i(&\OLS). Hence, an improved estimator can be constructed by GLS
based on i(aOLS) and the bias-corrected regression equation system. Hereinafter, the

resulting estimator will be denoted by
€ = (log0,a). (3.8)

Its construction is schematically displayed below in the form of pseudo-code.

Generating the improved pathwise estimator E

Input:

e one observed particle path (see (3.1)) of length n;

e regression lag values hg, k = 1,...,m (typically, hy = hwg, w1 < ... < wpy,, h=+/n);
e the expression for the asymptotic covariance matrix f](oe) as a function of «;

Step 1: obtain the estimator dprs by means of OLS over the chosen lag values;

Step 2: use aorg to correct the bias of log iy (+) (see (3.2));

Step 3: estimate the asymptotic covariance matrix 3(c) by means of S(dors);

Step 4: obtain the estimator E by means of i(&OLS)—based GLS on the bias-corrected

regression equation.

To compare the performance of /5\ and EOLS, we generate 1000 independent paths
of length 2! and estimate the diffusion exponent based on the two methods. FIG.
3.2 displays the results in terms of Monte Carlo bias, standard deviation and MSE.

The improved estimator E outperforms the usual estimator EOLS by any of the three
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Figure 3.2: x-axis: «. Bias, standard deviation, and MSE of the estimators E and EOLS as a function

of diffusion exponents. For comparison, solid and dashed lines represent & and &qy,q, respectively.
The estimator & has smaller bias, standard deviation, and MSE than £} g.

To study the effect of bias correction on the performance of the estimator E =

15\0, @), we generated 1000 independent paths of length 2'° and estimated the diffu-
(log g g

sion exponent « in the presence or absence of bias correction. The results are shown

in FIG. 3.3. As expected, the bias of @ is smaller after bias correction. In addition,

it is near zero for all values of the parameter «, with the exception of the range of

extreme superdiffusivity (o = 1.8).
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Figure 3.3: z-axis: a. The effect of the bias correction procedure in the performance of the estimator
£ as a function of the diffusion exponent . For comparison, the latter is also considered without
bias correction. The version of the estimator with bias correction has a significantly smaller bias
than that without bias correction.
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3.3 Testing heterogeneity

Single particle tracking experiment often generates multiple particle paths. Given
data from the latter, fluid heterogeneity can be tested in at least two senses. First,
assuming local physical homogeneity, whether different regions of the fluid are hetero-
geneous; second, assuming global physical homogeneity of each fluid sample, whether
two samples from each fluid are heterogeneous. Hereinafter, we will call these two
senses intra- and interfluid heterogeneity, respectively.

Tables 3.1, 3.2 and 3.3 display the proposed framework: namely, for each type
of fluid heterogeneity, they show the appropriate hypotheses and the proposed test

statistics and test rejection regions.
Table 3.1: Hypotheses

heterogeneity Hy H,
intrafluid & =---=€, £ # fj

for some 1 <17,7 <v
interfluid & =& & # &n

Table 3.2: Test statistics

heterogeneity test statistic

intrafluid S2.S2 (see (3.10))
interfluid Ty, Ty (see (3.16))
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Table 3.3: Tests

heterogeneity rejection parameter sample
region range size
intrafluid Rintra (see (3.11)) 0 < a <3/2 all v
intrafluid Rintra (s€€ (3.15)) 3/2 < a <2 large v
interfluid Rinter (see (3.17))  0<a <2 large v, vy

Consider first the setting of intrafluid homogeneity testing, i.e., suppose v € N
bead diffusion paths of length n from a single fluid sample are available. If the fluid is
physically homogeneous, then it is expected to generate particle paths with (nearly)
identical parameter values §. The alternative is that for some pair 4, j, §; # §;. These
two possibilities, labeled Hy and H,, respectively, are described in the row “intrafluid”
in Table 3.1.

Starting from the v particle paths, let Ei, 1 =1,...,v, be the vector-valued esti-
mators put forward in Section 3.2. Also, let

) oy (3.9)

oy
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where 22_1/2(04) is given by (3.6). Then, for every i, the two components E,-jl and a’g
GLS

are standardized and uncorrelated. Let

v

1 ~ = .
S = d (Gi—Cy)7 =12 (3.10)
=1

77777777

dependent and identically distributed normal random variables at rate /3 when

0 < a < 3/2, or at rate \/ e When a = 3/2 (see Corollary 2.3.1). Then, under

Hy, as n — 0o, the random vector ((V - 182, (v — 1)S§> approaches, in law, a vec-
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tor of independent chi-squared distributions with v — 1 degrees of freedom. To test
heterogeneity at significance level €, we can use Bonferroni-type correction and reject

the null hypothesis Hj if
Rintra : (v — 1)5} > X3—1,5/2 or (v —1)53 > Xi—l,e/? (3.11)

(see Tables 3.2 and 3.3, “intrafluid” rows). Since, in (3.9), Xz(a) is also a function of
the unknown parameter value «,, we can replace the latter with its ensemble estimator
Oy, Where we define the ensemble mean squared displacement (EMSD) by

ﬁz(mw 2 Zﬁz(h)la (3.12)

v
and one can then produce MSD-based ensemble estimators

€ = (log Ogp, Ogmz) (3.13)

by performing the pseudo-code of generating improved estimator /5\ To investigate
the accuracy of Y (agy) as an estimator of ¥z(a), we generated 1000 independent
paths of length 2!°. FIG. 3.4 shows Monte Carlo variances as well as their estimates
zg(am) for several values of the parameter «. The estimates nearly perfectly match
the Monte Carlo results in the subdiffusive range. A slight deviation appears in the
superdiffusive range, but still within an acceptable margin.

When « > 3/2, under Hy the estimators Ei, 1 = 1,...,v, converge in distribu-
tion to v independent and identically distributed non-Gaussian (Rosenblatt-type, see
Corollary 2.3.1 and [74, 80, 82, 84]) random vectors at rate (%), and so do the
estimators Ew t =1,...,v. In this case, the marginal distributions of the uncorre-

lated vector (5%, S3) do not approach chi-squared distributions. However, if v is large
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enough (heuristically, v > 30),

asym _1 asym _1
S2 LPN(L’“ ) S2 YNPN(L“2 ) (3.14)

v 14

where the parameter x; := E[El — Eal]‘l, Ko 1= E[Ez - EZ,2]4 can be numerically
approximated (see Table 3.2 and Appendix B.3). Thus, at significance level €, we

reject the null hypothesis Hy if
> Ze/2 (3.15)

(see Table 3.3).

To check the finite sample size (significance level) of the test, we conducted a
Monte Carlo study with 50 simulated paths of length 2'2 and recorded whether or
not the null hypothesis H is rejected at 0.05 significance level. This procedure
was repeated 500 times, where the rejection rate was expected to be around 0.05.
Since each outcome is a Bernoulli trial (reject or not Hy), the simulation rejection
rate follows a binomial distribution with n = 500 and p = 0.05. Thus, a normal
approximation to the 95% confidence interval of the rejection rate gives (0.031,0.069).
As shown in FIG. 3.5(a), the observed simulation rejection rate was around 0.05 and
within a 95% confidence interval, as expected.

Now consider the setting of interfluid homogeneity testing, namely, suppose v; and
v paths, v, v € N, are obtained from two physically homogeneous fluid samples
I and II, respectively. We are interested in testing whether the samples I and II
are homogeneous, namely, whether or not particle diffusion in the samples displays
the same underlying parameter value £. These two possibilities, labeled Hy and H,,
respectively, are described in the row “interfluid” in Table 3.1.

Since multiple particle paths are available for each fluid sample, we can produce

MSD-based ensemble estimators gﬁm and gw i (see (3.12) and (3.13)).Their finite
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Figure 3.4: Monte Carlo standard error of the estimator & (dashed line) and the estimator ¥z (agy;)

(solid line) as a function of the diffusion exponent «. The latter closely matches the former, especially
in the subdiffusive range o < 1.
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Figure 3.5: z-axis: H = a//2. Rejection rate of (a) chi-square heterogeneity test of multiple particle
paths from a fluid (b) z-test of multiple particle paths from two fluid samples, as a function of the
diffusion exponent. For every value of «, each of 500 Monte Carlo runs consisted of generating 50
independent paths and conducting a test at 95% confidence level. The Monte Carlo rejection rate
is very close to the theoretical value of 0.05.
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. . 1 = L =N .
sample covariance matrices are V—IZ&;LS(QI) and - ZﬁcLs(aH)’ respectively. Define the

standardized estimators

o Ej,l L 172, z :
Cj - ~ - ;ZEGLS <&]§1\\/I,j)€]§1\7[,j7 j=LIL
G2 I
Let
Cr1 — G G2 — Q2
Ty =22 T,=222 2% 3.16
1 \/§ 2 \/5 ( )
be the test statistics (see Table 3.2). This leads to the rejection region
Rinter . |T1| > Ze/4 O |T2| > Ze/4 (317)

(see Table 3.3). To check the test’s accuracy, we produced a 500-run Monte Carlo
study based on two sets of 50 paths with the same diffusion exponent, where tests
were conducted at significance level 0.05. As shown in FIG. 3.5(b), the rejection rate
was close to 0.05 and within a 95% confidence interval, as expected.

In FIG. 3.6, we investigate the interfluid test power as a function of the path
lengths and number of paths. The z-axis represents the difference between the dif-
fusion parameters from two fluids, namely, d, = |a; — aq;|, whereas the y-axis is the
test power at 0.05 significance level. In FIG. 3.6(a) and (b), the values of « are 0.2
and 1.0, respectively. It turns out that there is no visible difference between doubling
the path lengths or the number of paths. On the other hand, in FIG. 3.6(c), v is 1.8,
i.e., the underlying particles are strongly super-diffusive. In this case, doubling the
number of paths increases the test power more than doubling the path lengths. This
reflects the fact that, in this parameter range, the convergence rate of the MSD-based

estimators is slower than —=.
NG
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3.4 Ensemble estimation: more or longer paths?

The framework put forward in Sections 3.2 and 3.3 allows addressing the following
issue. Suppose the fluid is locally homogeneous, and that data storage or cost restric-
tions are in place. Should experimentalists record the diffusion of a larger number of
particles (v) over a fixed period of time (hence, keeping constant the average sample
path data length n), or should they record the same number of particles v over a
longer period of time (hence, yielding a larger average n)? We tackle this problem
by investigating the performance of the ensemble estimator in (3.13) in terms of bias

and variance. Recall that
Efiy (g = ETi(h) = EX(h)2,

_ 1o
Variy(h)gy = ;Var o (h).

By a similar reasoning to the one leading to (3.2), the bias of log, fiy(h)g5; as an

estimator of alogh + log# is given by

O(h_a) - E (H?(h)ﬁ\\/[ — ]EXz(h))2 _ O(h_d) _ l]E (ﬁ?(h) — EXQ(h))2
2EX2(h)’ v 2EX2(h)’ ’

and the variance of log fi,(h)g; is, approximately,

L Var(tog 7, ().

Then, the question asked above boils down to: in order to improve the performance
of the ensemble estimator in terms of bias, standard deviation and square root MSE,
should we use larger v (hereinafter Method 1), or, larger n (hereinafter Method II)?
To answer this question, we will compare these two methods under same total number

of observations (i.e., the total number of data points v x n recorded). Therefore, we



41
use the following rule:

1. start at the same initial status: 16 paths of length 256 for each method, run 500
Monte Carlo simulations to get the bias, standard deviation and square root

MSE of a for Method I and II;

2. for Method I, fix the paths length, generate 4 times number of paths and redo

the Monte Carlos experiments;

3. for Method II, fix the number of paths, get paths of 4 times length, meanwhile,

multiply all lags by 2 and redo the Monte Carlos experiments;

For example, in step 1, both methods make use of a total of 16 x 256 = 4096 observa-
tions. In step 2, we generate 4 x 16 = 64 paths for Method I, which yields a total of
64 x 256 = 16384 observations. To keep the balance, we generate 16 paths of length
4% 256 = 1024 for Method II. Therefore, Method II also draws upon 16 x 1024 = 16384
observations.

We compare the results in FIG. 3.7. In FIG. 3.7(a) and (b), the diffusion exponent
is set to & = 0.6 and 1.0, respectively. Method II has smaller bias and square root
MSE. The reason is that, when v is large enough, O(h~?) dominates the bias. Thus,
increasing the number of paths v does not reduce the bias. However, increasing the
path length n means that the MSD terms Tio(h) with larger lag values h can be
used in the regression procedure. This implies a reduction in the magnitude of the
term O(h~%), and hence, smaller bias. Method I displays smaller standard deviation
because a 4-fold increase in v reduces the standard error by a factor of 1/2. Meanwhile,
for Method II, the standard deviation is proportional to \/h/_n By multiplying n by
4 and h by 2, the standard error is reduced by a factor of 1/ V2.

For FIG. 3.7(c), the diffusion exponent is set to o = 1.8. Method II still shows
a smaller bias by comparison to Method I, as expected. However, since § increases

as a function of a, then O(h~°) shrinks with a. Therefore, the component O(h~°)
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carries less weight in the estimator’s bias for the superdiffusive case than for the
subdiffusive case. Since o > 3/2, by (2.33), the standard deviation for Method 1T is

2=@ = (n/h)%2. Thus, again assuming a 4-fold increase in n and

proportional to (h/n)
a 2-fold increase in h, the standard error is reduced by a factor of 1/2%2  which is
much slower than the standard error reduction factor of 1/2 for Method I. These two

reasons explain why Method I displays smaller square root MSE than Method II.

3.5 Application in experimental data: heterogene-
ity of treated P. aeruginosa biofilms

The David B. Hill Lab (UNC-Chapel Hill) produced data from experiments on dis-
ruption and eradication of P. aeruginosa biofilms using nitric oxide-releasing chitosan
oligosaccharides [72].

We now provide a brief description of the experiments. Cystic fibrosis (CF) lung
disease is caused by defective chloride transport, resulting in thickened, dehydrated
mucus. The latter restricts bacterial motility and promotes P. aeruginosa biofilm
formation. Inhaled tobramycin is currently the only antibiotic recommended for the
treatment of both initial and chronic P. aeruginosa infections in patients with CF.
While inhaled tobramycin is effective at eradicating bacteria within biofilms, it fails
to physically remove the structural remnants of the biofilm from the airways. This
may cause biofilm regrowth and the development of antibiotic-resistant infections.
Therefore, an ideal anti-biofilm therapeutic for CF would both eradicate bacteria and
physically degrade the biofilm, facilitating clearance from the airway.

On the other hand, nitric oxide (NO) is an endogenously produced diatomic free
radical with significant antibacterial activity against P. aeruginosa biofilms. Fur-
thermore, atomic force microscopy has revealed that NO exposure causes structural

damage to the membranes of planktonic Gram-negative bacteria, including P. aerugi-
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nosa. The interest lies in the utility of NO-releasing chitosan oligosaccharides to both
eradicate and physically alter P. aeruginosa biofilms and in comparing its effect with
tobramycin.

Sample heterogeneity has been correlated with increased viscoelasticity for com-
plex biological materials such as sputum [19]. In the experiments, the effect of an-
tibacterial treatment on biofilm heterogeneity was thus evaluated at different con-
centrations. In Table 3.4, we use the data to test the intrafluid heterogeneity of P.
aeruginosa biofilms after the tobramycin treatments at concentrations levels 25, 50,
100, 200, and 400 pg ml~'. From each of these fluid samples, we randomly select
100 paths, where all paths have length n = 1800. An application of the intrafluid
test (3.11) produces strong evidence (negligible p-values) of intrafluid heterogeneity
in every sample. This conclusion matches those reported in [72]. Since no homoge-
neous fluid samples are detected from any of these five samples, we do not perform
the interfluid heterogeneity test (3.17).

In Table 3.5, we apply (3.11) in the testing of intrafluid heterogeneity of P. aerug-
1nosa biofilms after COS2-NO treatment at concentration levels 1, 2, 4, 8, and 16 mg
ml~!. As before, 100 paths of length 1800 were randomly selected for each concentra-
tion level. At concentrations 1 or 2 mg ml~!, the p-values are still less than machine
error, which indicates a strongly significant heterogeneity. As the concentration levels
increases to 4 and 8 mg ml~!, the p-values also increase. When the concentration is
16 mg ml™!, the p-value is 0.18 and we fail to reject the null hypothesis of intrafluid
homogeneity. This provides evidence that the COS2-NO treatment is effective in the
eradication of P. aeruginosa biofilms. Once again, this confirms the conclusions re-
ported in [72]. In Table 3.6, by applying (3.17), we test the interfluid heterogeneity of
P. aeruginosa biofilms after COS2-NO treatment at concentration 16 mg ml~. From
each fluid sample (A, B and C), we select 100 paths of length 1800 and conduct the

test. As we can see, there is no evidence whatsoever that the fluid samples A, B and
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Tobramycin (ug ml™*)  p-value

25 <e-16 ***
50 <e-16 ***
100 <e-16 ***
200 <e-16 ***
400 <e-16 ***

Table 3.4: Intrafluid biofilm heterogeneity testing after treatment with tobramycin at concentration
levels 25, 50, 100, 200, 400 ug ml~'. 100 independent paths of length 1800 are randomly selected
for each concentration level.

CSO2-NO (mg ml™!)  p-value

1 <e-16 ***
2 <e-16 ***
4 2e-13 ok
8 3e-09 ***
16 0.18

Table 3.5: Intrafluid biofilm heterogeneity testing after treatment with COS2-NO at concentration
levels 1, 2, 4, 8, 16 mg ml~'. 100 independent paths of length 1800 are randomly selected for each
concentration level.

C are heterogeneous.

3.6 Conclusion

In this chapter, we draw upon results from Chapter 2 on the asymptotic distribution
of the mean squared displacement in single particle experiments to propose a frame-
work for fluid heterogeneity testing. It is assumed that the observed anomalously
diffusive particle follows a fractional Gaussian, stationary increment process. The
assumptions on particle behavior cover a broad family of processes which includes

fractional Brownian motion as well as processes with non-fractional high-frequency

CSO2-NO 8 mg ml~!  p-value
Group A v.s. Group B 0.9996
Group A v.s. Group C  0.9998
Group B v.s. Group C  0.9999

Table 3.6: Interfluid biofilm heterogeneity testing after treatment with COS2-NO at concentration
level 16 mg ml~'. 100 independent paths of length 1800 are randomly selected for each group.
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behavior, such as the (integrated) fractional Ornstein-Uhlenbeck.

By building upon an MSD-based improved estimation in terms of bias and variance
comparing to the common OLS estimation, we propose an encompassing methodol-
ogy for the testing of intra- and inter-sample heterogeneity, namely, whether different
regions of the fluid are heterogeneous, or samples from two fluids are heterogeneous.
The proposed methodology covers the situations where just one or multiple observed
paths are available, and its focus is on the estimation of the diffusivity coefficient
and the diffusion exponent of the underlying anomalous diffusion. The testing meth-
ods allowed us to investigate and provide more accurate quantitative analysis of the
experimental data from the David B. Hill Lab (UNC-Chapel Hill) and the results

reported in [72] were generally confirmed.
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Chapter 4

The asymptotic distribution of a

mixing estimator

4.1 Introduction

The foundation of statistical physics is the ergodic hypothesis, i.e., the idea that
the phase average of an physical quantity (the theoretical value) may be compared
with its infinite time average (the experimental values of an long trajectory). Under
this hypothesis, physicists can observe a long trajectory instead of an ensemble of
independent realizations. It was L. Boltzmann who introduced the ergodic hypothesis
and called the Boltzmann ergodic hypothesis (see [2]). In 1949, Khinchin proposed
a new approach (see [40]) that related the ergodicity of a physical system to the
irreversibility of its correlation function.

To test the ergodicity of a stochastic process, one can calculate the ensemble
averages and compare them with the temporal average given multiple realizations.
However, it maybe impossible to measure multiple trajectories of a stochastic process
due to some unrepeatable characteristic of the experiment. Therefore, one needs to
develop a testing method based on a single trajectory. Another way to test ergod-

icity is to test the stronger mixing properties [51]. So, consider a stochastic process
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Y = {Y(n)}nen. Y can be represented as a probability measure P on the space (§2, B).
Here, € is the phase space of all the functions f : N — R and B is the o-algebra of
events [35]. The probability space (€2, B,P), together with the usual shift transfor-
mation S : Q@ — Q, S[f(n)] = f(n + 1), is a standard dynamical system that fully
describes the evolution in time of the process Y. We say that the dynamical system
(Q, B,P,S) is mixing, or equivalently, the process Y is mixing if

lim P[AN S"(B)] = P(A)P(B) (4.1)

n—oo

for all A, B € B. Here, S™ denotes n-fold composition of S. Thus, mixing can be inter-
preted as the asymptotic independence of the sets A and B under the transformation
S.

In [50], an estimator for testing the mixing property of single trajectory is pro-

posed. It is based on the statistic

2

Bn) = N_;nﬂ S explilY (n + k) — Y(k)]} — NLH S e}, (42)

where n € Z and n < N. Furthermore, if Y (k) is a mixing stochastic process, the

author argue that, when n is large enough,
E(n) ~ 0. (4.3)

It should be emphasized that (4.3) is only a necessary and not a sufficient condition
for mixing. This means that we can only disprove mixing if we have one trajectory

of a random process. Note that E(n) can be written as Ey(n) + Es(n), where

Bi(n) = N_;HH ; cos(Y (n+k) =Y (k)) +¢N_;n+1 ; Sin(Y (n+k)— Y (k)),

(4.4)
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(4.5)

N

~ 1

Es( —_— in(Y
5 ( N—i—lg cos(Y + N"‘lkgzosm( k

In this chapter, our goal is to establish the asymptotic distribution of E (n), which
has remained an open problem in the biophysical literature. We assume that the un-
derlying stochastic process is a stationary Gaussian process whose covariance function

vy satisfying a decay condition of the type
Yy (k) ~ Ck* 2k — oo,

for some constant C'. This is a key step in the construction of an asymptotically valid
test for the hypothesis of the mixing property. Our investigation is based on setting

G(z) to cos(z) or sin(z) and developing the limiting distribution of the partial sum

% S G(Y (1) — BG(Y (m).

The difficulty of this problem, i.e., in establishing the asymptotic distribution of the
partial sum, lies in the presence of fractional memory. The latter may give rise to
unconventional convergence rates and non-Gaussian distributions.

The chapter is organized as follows. Section 4.2 contains a review of non-central

and central limit theorems. In Section 4.3, we establish the limiting distributions of

~

Ei(n), Ey(n) and E(n). All proofs can be found in Appendix C.

4.2 Non-central and central limit theorems

In this section, we quote some results from [69] that will be used throughout the

chapter.

Definition 4.2.1. The Hermite polynomial of order 0 is Hy(z) = 1. The Hermite
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polynomial of order n, n € N, is defined by

2 dn 2
H,(z) = (=1)"e" /Zd—e_m 2 reR.
mn

In particular,

Let

be the probability measure on R associated with a standard normal variable X and let
L?(¢) be the space of measurable, square-integrable function with respect to ¢(dx).
Then, G € L*(R,¢) if and only if EG*(X) < oco. Furthermore, G has a series

expansion in Hermite polynomials

G(z) =) guHu(),
m=0
where
1
9 = (G, Hi)r2 o) (4.6)
(see [69]).

Definition 4.2.2. Let G € L*(R,¢) and let gz, & > 0, be the coefficients in its
Hermite expansion. The Hermite rank r of GG is defined as the smallest index k£ > 1
for which g, # 0, that is,

r=min{k > 1: gy # 0}.

Example 4.2.1. Note that
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e—2%/2 1 e—2%/2 1
/R cos(a) () = =0, /R cos(a) Ha(a) = = —5 =, (47
where the first equality in e : mixzingcosh1h2 follows from the fact that cos(z) is an
even function. Consequently, the Hermite ranks of the functions sin(x) and cos(z)

are 1 and 2 respectively. Hereinafter,

e—a:2/2 e—z2/2

1 1
cosn = — [ cos(x)H,(x dzx, gsinn = — | sin(x)H,(x dx, 4.8
o = 2 | oSO HA) = g = [ sin) @) =, (49

will denote the coefficients of the series expansions of cos(z) and sin(x), respectively,

in Hermite polynomials.

Let (X,Y)T be a Gaussian vector. The following proposition allows us to calculate
the covariance between G1(X) and G5(Y'), where G; and G4 are suitable transforma-

tions.

Proposition 4.2.1. Let (X,Y)T be a Gaussian vector with EX = EY = 0 and
EX? = EY? = 1. Suppose G1,Gy € L*(R,¢) and let g1, and gon, n > 0, be the

coefficients in the Hermite expansions of Gy and G, respectively, as in (4.6). Then,

EG(X)G2(Y) = g1ngonn!(EXY)"

n=0

and

Cov(G1(X),Ge(Y)) = Zgl,nggynn!(]EXY)”.

n=1
From now on, in this section, we will assume that { X, },,cz is stationary a Gaussian

sequence with covariance function
vx (k) = Ly(k)E**™', ke {0} UN, (4.9)

and satisfying EX,, = 0, VarX,, = 1, n € N. In (4.9), Lo is a slowly varying function
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at infinity, namely, it is positive on [¢, 00) with ¢ > 0 and, for any a > 0,

lim Ly(au)
u—oo Lo (u)

= 1. (4.10)
Definition 4.2.3. Let m be a symmetric measure on (R, B(R)) in the sense that
m(A) =m(—A), forA e B(R),
where —A = {z € R, (—x) € A}, and let
B(R)o = {A € B(R) : m(A) < oo}.

An Hermitian Gaussian random measure Z on (R, B(R)) is a complex-valued Gaussian

measure on (R, B(R)) with the symmetric control measure m such that

Z(A) = Z(—4), A€ B(R),.

Definition 4.2.4. Let £ > 1 be an integer and
1
H —1].

1— 1
Hy=1- He(1——,1),

Set

k 2k

so that H = 1 — k(1 — Hy). The Hermite process {Zg) (t) }+er of order k is defined as

{2 ())en = {H / { / | H< - u»f”ds}B(dul) - B(duw} ,

teR

where " denotes equality of finite dimensional distributions, B(du) is a Gaussian
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random measure on R with the Lebesgue control measure du, v, = max{u,0} and
ak,m, is a normalizing constant. The integral fg is interpreted as — fto when ¢ < 0.

The Hermite process {ng) (t) }ier is called standard if IE(ZJ(;)(l))2 =1

In particular, the Hermite process of order £ = 1 is a fractional Brownian motion

By (n) (see Example 2.2.1) with covariance function
1
By (s)Bu(t) = S{Is["" + [t — |s — "}, (4.11)

The Hermite process of order k = 2 is called the Rosenblatt process [80]. The following
proposition provides the spectral representation of Hermite processes. We write the

latter using the parametrization Hy.

Proposition 4.2.2. The Hermite process of order k can be represented as

17

128 () }ies & {bH /

6it(x1+...+xk) -1

k
k Z(l’l + ... +mk) H|$]| ( IL‘l) ( ZL‘k) tER,

j=1
(4.12)
where E(dm) is an Hermatian Gaussian random measure on R with control measure

dx.

Let G : R — R be a deterministic function such that EG(X,)* < oco. The
motivation behind the following results is to investigate the limit of the partial sum

process

[Nt]
S GX), 20, (4.13)
n=1

as N — oco. The following theorem establishes that this limit is an Hermite process,

which is only Gaussian when the Hermite rank of G is k = 1.

Theorem 4.2.1. Let G be a function of Hermite rank k > 1 and suppose that d as

1e(30-7)3)

in (4.9) satisfies
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Then,

[N1]
Y (G(X) ~EGX) ™ gpnzi (1), t=0, (4.14)

n=1

1
(Ly(N))F/2Nkd-1/2)+1

where 1% denotes the convergence of finite-dimensional distributions, gy is the first

non-zero coefficient in (4.6) and

B, = (H(%!—mym' (4.15)

In (4.14), the self-similarity parameter is given by

1 1
H=kld-= 1 -1
(1-3)71=(3)
and {ng) (t)}ier is the Hermite process defined by (4.12).

The following result shows that, in some cases, the limit of partial sum processes

in (4.13) is the usual Brownian motion.

Theorem 4.2.2. Let yx be the autocovariance function of {X,}nez. Let G be a

function with Hermite rank k > 1 in the sense of Definition 4.2.2. If

> (O < oo, (4.16)

then
1 dd
i 2 (G(X) —EG(X,) S oB(1), >0, (4.17)
n=1

where { B(t) }+>0 is a standard Brownian motion and
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Corollary 4.2.1. If
1 1
(1.2
< (030-3))

in expression (4.9) for the covariance function vx(-) of X, then the convergence (4.17)

to a Brownian motion holds.

Example 4.2.2. If k = 1 in (4.16), then the absolute summability of the autocovari-
ance function leads to an ordinary Brownian limit. If £ = 2, on the other hand, this

limit only emerges when d < }1.

We now turn to multivariate limit theorems. Consider the vector-valued random

process
[Nt]
Vi (t) = ( ArgN) ;(GT(X,L) —EGT(Xn))>T_1MR, t>0, (4.18)

where G,.,r = 1, ..., R, are deterministic functions and A, (N), r = 1, ..., R, are appro-
priate normalization functions. The following theorem provides sufficient conditions
for the process (4.18) to converge, as N — +00, to a multivariate Gaussian process

with dependent Brownian motion marginals.

Theorem 4.2.3. Let { X, }nez be a Gaussian stationary sequences with autocovari-
ance function yx, where that EX,, = 0, EX? = 1. Let G,,r = 1, ..., R, be deterministic

functions with respective Hermite ranks k., > 1,r =1,..., R. If

Z vx ()| < oo, r=1,..,R,
n=1

then

V() S vy, t>o0,

where Vi (t) is given in (4.18) with A,(N) = NY2 r =1,..., R. The limit process can
be expressed as

V(t) = (61Bi(t), ...,ocrBr(t))", (4.19)
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where

07% = i gg,mm| i <7X<l))m7 r= 17 "'aRv

m=k, l=—00
and Grm, 7 = 1,..., R, are the coefficients in the Hermite expansion (4.6) of G,. In

(4.19), {B,(t) }ter, T = 1, ..., R, are standard Brownian motions with cross-covariance

Ory,ro
]EBn(tl)Brz(tQ) = (tl A t2> , t1,ta >0,

Or1Ory
and
[oe) oo
m
Orirg = § : gﬁ,mgm,mm! E X (n)
m=ky, Vkr, n=—00

(a Ab=min{a,b} and a Vb = max{a,b}).

The next result concerns the general case where the resulting limit law for (4.18)
is a multivariate process with dependent Hermite processes as marginals. The multi-

variate Hermite processes can be established as follows. Let

eit($1+---+1‘k) -1 k

S g ) = | | | ’17“ : ( )
Ty X By g - T , 4.20
Hkt (21 k k,H @1+ o+ ) 1 J

where
H(2H - 1) )1/2 -
P (k![QF(Q(l D)sin((3 - SHm)/) =k
Define
fk;(f) = - flxy, ., xp) Z(dxy) -+ - Z(dxy). (4.21)

Theorem 4.2.4. Let { X, }nez be a Gaussian stationary sequence with d as in (4.9).
Suppose that EX,, = 0, EX?=1. Let G,,r = 1,..., R, be deterministic functions with

respective Hermite ranks k, > 1,r =1, ..., R. Suppose

ie (5

N | =
VR
—
|
calls
~~
N | —
~
=
I
\.}—‘
oy
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Consider the process Vi (t) given by (4.18) with
A (N) = (Ly(N)¥2N(ko(d —1/2) + 1), r=1,..,R.

Then

where the limit process can be represented as

V(d)(t> g (g/r7k:’r‘/8kl7"7H’l‘j\-k7‘(fHTyk’l‘7t>>7

1 1
Hr:kr(d—§)+1€(§,1), T’Zl,...,R,

Grk, 15 the first non-zero coefficient in the Hermite expansion of G, in (4.6), Br.u is

the constant given in (4.15), and fyr+ is the kernel function defined in (4.20).

4.3 The asymptotic distribution of E(n)

In this section, we assume throughout that Y is a standard fractional Gaussian noise

(fGn) with diffusion exponent o = 2H,0 < a < 2. In other words, we can write
Y(n) = By(n+1) — By(n), EY?*n)=1.
As a consequence of (4.11), the covariance function of Y is given by
(k) = %{lk AP 2 4 k=11, ke

Furthermore, we can rewrite the autocovariance function as vy (k) = Lo(k)k®~2, where

67

k? 1

1
—92401—-=
-y

) } (4.22)
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In fact, by a Taylor expansion of order 2 for |1+ z|* %, it can be shown that Lo (k)

is a slowly varying function (see (4.10)). Therefore, Y satisfies condition (4.9) with
@ 1 . . .

d = 5 — 5, which will allow us to apply results from Section 4.2.

Fix n € N. Note that £ (n) is a complex-valued random variable, where

~

RE(n) = RE, (n) — Ex(n), JE(n) =3Ei(n),

and R[z] and J[z| denote the real and imaginary parts of the complex number z,
respectively. We will investigate the limiting distributions of the real and imaginary

parts of E (n) separately, as N — co. We first consider the limit law of E (n). Define
Zp(k) =c(n)[Y(n+k) =Y (k)], (4.23)

where
1

V2=l =

o(n)

In other words, the process {Zn(k)}ke{o}uz consists of the normalized increments of

the fGn Y. Then, E (n) in (4.4) can be rewritten as

Bi(n) = N_;HH Nz_:ncos (%) 4 ZN—;nle Nisin (i”(gf))) (4.24)

Let
Gin(z) = cos(z/a(n)), Gaon(r)=sin(z/c(n))’. (4.25)

We can use Theorem 4.2.2 to establish the limit law of the random vector (%El (n), JE, (n)).

Proposition 4.3.1. Let {Z,(k)}rez be the random sequence defined by (4.23) and let
vz, be its autocovariance function. Also, let E1(n) be its associated statistic (4.24).

Then, as N — oo,
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(i) the real part of Ey(n) satisfies

\/m(mﬁl(n) — Ecos (Z" 0))) % o1 Bi(1); (4.26)
(ii) the imaginary part of E1(n) satisfies
VN = n+13E1(n) % 02, Bs(1). (4.27)
In (4.26) and (4.27),

0= Gl Y (v, D))", =12, (4.28)
m=1

[=—00

G1nm and gonm are the coefficients in the Hermite expansion (4.6) of the functions
G1, and Ga,, in (4.25), respectively, and By(1) and By(1) are standard normal ran-

dom wvariables.

Remark 4.3.1. Note that cos(z) is a even function while sin(x) is a odd function.
Thus, g1.n2m+1 = g2nom = 0, m € {0} UN. Then, by Proposition 4.2.1, By(1) and

By (1) in Proposition 4.3.1 are two independent standard normal variables,

We now turn to Ey(n) in (4.5). Recall that Eh(n) is the sum of the squares of
the sample averages of cos(Y(n)) and sin(Y (n)). Therefore, in order to describe the
asymptotic distribution of Eg(n), we should obtain the limiting joint distribution of
o chvzo cos(Y (k) and g Zév:o sin(Y'(k)). Recall that, as discussed in Section
4.2, the convergence rate of (4.13) is a function that depends on both the Hermite
rank of G and d = a/2—1/2. Thus, the convergence rates of 1 S, cos(Y (k) and
o SO sin(Y (k) may be distinct, in which case one dominates the other. Based

on Theorems 4.2.3 and 4.2.4, we can establish the following proposition.

Proposition 4.3.2. Let Y be a fGn with EY?(0) = 1 and 0 < o < 2, and let vy
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be its autocovariance function. Let Ey(n) be its associated statistic (4.5). Then, as

N — o0,

(i) when 0 < a < 3/2,
VN F 1[Ey(n) — [Ecos(Y(0))]2] % 2E cos(Y (0)) o3 B3(1), (4.29)

where

03 =D Goosum! Y, (W (k)™ (4.30)
m=2

k=—00

and Geosm 15 given by (4.8);
(ii) when 3/2 < a < 2,

(N +1)*

~ d ~
m[E2(n)—|E cos(Y(0))[*] gcos,252,a_1fz(fa—1,2,1)+gs21n,1ﬁia/sz(fa/?,l,l)-

(4.31)
where Geosz and gsin are given by (4.8), Bao_1 and 1 4/2 are defined in (4.15),
frkt is the kernel function defined in (4.20), Iu(f) is defined in (4.21), Ly(N +
1) defined in (4.22).

Now we address the issue of the limiting distribution of E (n) as N — oo. Since
Eg(n) is a real-valued, the asymptotic distribution of the imaginary part of E (n) is
same as that in (4.27). On the other hand, keeping in mind that RE(n) = RE, (n) —
Eg(n) and the stochastic processes involved in the expressions for RE; (n) and Eg(n)
are distinct, i.e., Y and Zn Therefore, we cannot directly apply Theorem 4.2.3 or
Theorem 4.2.4 to obtain the joint distribution of RE; (n) and Es(n).

However, as shown in Proposition 4.3.2, when 3/2 < a < 2, the convergence rate
of Ey(n) is approximately N2~ which is much slower than that of RE;(n). Thus, by
Slutsky’s theorem, the limiting distribution of RE (n) is still given by (4.31). When

0 < a < 3/2, REi(n) and Ey(n) are both normally distributed. In this case, their
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joint distribution is determined by their covariance matrix. By Proposition 4.2.1,

this problem boils down to establishing the cross-covariance function of Zn(k +7) and

Y'(j), which will be denote by {7z y (k)}xez. The following theorem encapsulates the

above discussions.

Theorem 4.3.1. Let {Y (k) }rez be a fGn with EY?(0) = 1, and let {Z,(k)}reqoyuz

be the process defined by (4.23). Then, as N — oo,

(i) when 0 < a < 3/2,

(i)

M(%E(n) — Ecos (i’;iﬁ?) + |Ecos(Y(0))|2)

< 01.,,B1(1) + 2B cos(Y (0))o3Bs(1),

where 01, is defined in (4.28), o3 is defined in (4.30), By(1) and Bs(1) are two

standard normal distributions with correlation

> ey JinmGeosm™! Y (V7 3 (k)™
01,003 .

Corr(By(1), Bs(1)) =

(4.32)

In (4.32), g1.nm and geosm are the coefficients in the Hermite expansion (4.6) of

cos(x/o(n)) and cos(x), respectively, and vz  is the cross-covariance function

of Zn(k: +7) and Y (j);

when 3/2 < a < 2,

(N +1)*°

Ly(N+1) (”EW —Ecos(Y(n) - Y(0) + |Ecos<Y<o>>|2)

d ~
— Geos,202,a-112(fa-1,21) + gs2in,1/8ia/2j?<foc/2,171)7

where geos2 and gsing are given in (4.8), Baa—1 and [ 4/2 are defined in (4.15),
frke is the kernel function defined in (4.20), Iu(f) is defined in (4.21), Ly(N +
1) is defined in (4.22);
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(iii) for 0 < a < 2,

~

N +13E(n) % 03,B5(1),

where 09, is defined in (4.28), and By(1) is a standard normal distribution.
In summary, Theorem 4.3.1 states that:

e irrespective of the value of a, the asymptotic distribution of JE (n) is Gaussian

and the convergence rate is standard;

e the asymptotic distribution of RE (n) depends on the value of «. When 0 < o <
3/2, the convergence rate is v/ N + 1 and the limiting distribution is Gaussian.
When 3/2 < a < 2, the convergence rate is approximately (N + 1)~ and the

limiting distribution is non-Gaussian.

To illustrate Theorem 4.3.1, we conduct a Monte Carlo study. Figure 4.1 shows
histograms of the finite sample distribution of E(n), where the red normal curve
uses the sample mean and sample variance. The three plots on the left-hand side
display histograms of the real part of E(n), while the plots on the right-hand side
are of the imaginary part. In the simulation, the value of « for the plots on the top,
middle and bottom are 0.6, 1, 1.8 respectively. The parameter n is set to 30, and the
path length is 219 = 1024. As expected, all the plots show that they are normally
distributed except the plot of the real part when o = 1.8 > 3/2. The latter is right
skewed as a consequence of the fact that the distribution is a linear combination of a
Rosenblatt-type and a chi-squared distribution, both of which are right skewed.
Figure 4.2 depicts a Monte Carlo study of the convergence rate of E (n). In the
simulations, n = 30, a = 0.6,1,1.8, N = 29,210 211 912 913 914 = Ag expected, in the
right plot, the convergence rate of JE (n) for different values of « is the same. In the
left plot, the slope of a = 1.8 is greater than that of @ = 1 and o = 0.6 (these two are
the same). This illustrates the fact that RE (n) has an unconventional convergence

rate when o = 1.8.
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Figure 4.1: Histogram of E (n) with fitted normal curve. Left: real part. Right: imaginary part.

Top: o = 0.6. Middle: o = 1.0. Bottom: o = 1.8.
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Figure 4.2: z-axis: log(N +1). y-axis: log of the sample standard deviation. Left: real part of E(n)
Right: imaginary part of E(n)

4.4 Conclusion

In this chapter, we establish the asymptotic distribution of the mixing estimator pro-
posed in [50]. We assume the stochastic process Y is a fractional Gaussian noise
and only one trajectory is available. Depending on the diffusion exponent of the
underlying process, namely, «, the real part of the mixing estimator has Gaussian
or non-Gaussian limiting distribution, as well as different convergence rates. On
the other hand, the imaginary part of the mixing estimator is always Gaussian and
its convergence rate does not change with respect to a. Further work includes the
construction of a hypothesis test for the mixing property starting from an observed
trajectory X1, ..., Xy. Open problems include establishing the asymptotics distribu-
tion of the related ergodicity estimator defined in [50] as well as that of the mixing
and ergodicity estimators starting from different classes of fractional processes such

as continuous time random walks.
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Appendix A

Proofs for Chapter 2

A.1 Proofs for Section 2.2

We first show a lemma that will be used in the proof of Proposition 2.2.1.

Lemma A.1.1. Suppose assumptions (A1) and (A2) hold. Then, for ki, ks =1,....m

and hy, as in (2.14),

T e Ta e
he he R |$|oz+l

Y i < Ch™°, (A1)

where h,z € Z, h > e;%, and § = min(a/2,00/2) > 0 (see (2.7) and (2.8)).

Proof. By (2.7), we obtain a harmonizable representation for the size h increment

process Y, (h), namely,

—1 5@ Ean sez (A2)

ihx
Y.(h) = X(z+h) — X(2) = C, / giza’
R 1

x |z[e/21/2

Fix ky and k5. For notational simplicity, we will use the indices ky = 1, ks = 2. From

(A.2), after the change of variables zh = y, we can write the covariance between the
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increments Y, (hg,) and Y, (hy,) as

] eiw1y -1 efiwgy -1
n(eha = o2 [ e T

R

Now break up the left-hand side of the expression (A.1) into the sum

; ey — 1) (e~ — 1
Ci{/ —|—/ }ezyz/h( )(a_;,_l )(|S(y/h)|2—1)dy _ |Il+12|7
yl<vh  Jly[>vh |y

where I; and I, denote the integrals over the domains (—v/h, v/h) and R\ (—v/'h, V/h),

respectively. Then, for h > 52,

eiwly -1 ef'iwgy -1
i< [ RN e - 1y
yl<vh |yl
|eiw1y _ 1| ’e—iwgy _ 1| s
SC/ o y/h|™ dy
wi<vR jy[*! i
wiy —tway __
<op-ooe [l e Uy = on-sor2. (A.3)
R |y|a+1
Moreover, since s(x) is bounded,
4M
L] <C / ——dy < Ch™*/2, (A.4)
lw>va [yl

The expressions (A.3) and (A.4) yield (A.1). O

PrROOF OF PROPOSITION 2.2.1: Fix k; and ky. For notational simplicity, we will
use the indices k1 = 1 and ks = 2. To show (i), set z = 0 and hy, = hg, = h in (A.1).

Then,

0 1' <Ch™, h— oo,

Ohe

’w_1’ _
Ohe

where 6 = C2 [, |e" — 12|y~ ay.
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We now show (7). The proof draws upon conveniently rewriting the integral term
in (A.1) based on the closed form expression for the covariance of a (standard) fBm.

In fact, recall that T = (5—2)2@, by (2.22). Then,

’%(2)1,2 v T(f)“”‘
he 120\

2 ) thix 1 —ihax 1
S ”yh(Z)I,Q . % iz (6 )gi_l )dx‘
T T S B

CaN2(Ch [ ine(e™M® —1)(e72" — 1) z\ o2
+ ’(O—H) {F/Re |x|a+1 d:c} - wleT(ﬁ) . (A5)
Note that
012{ ) (eihlx - 1)(e—ih2x o 1)
— e dx A6
ho R ‘x|a+1 ( )

is the expression for the covariance y(2)12 of a size h increment process Y. (h) (see
(A.2)) formed from a standard fBm By. Pick |z| > hy,+1. If @ = 1, the integral (A.6)
is identically zero, by the independence of non-overlapping increments. Alternatively,

when « # 1, the closed form (2.10) with 02 = 1 allows us to rewrite (A.6) as
1 1
[EBH(Z+h1)BH<h2)—EBH(Z)BH(}LQ)] = %{|Z+h1|a—|Z+h1—h2|a—|2’a+|2—h2‘a}

he
I%{qbl-uhga—1>—(‘1‘1‘(101—11}2)%&—1)4‘(‘1—’602%a—1>}- (A7)

Let f(x) = z®. Based on second order Taylor expansions of f around 1, we can recast

the expression (A.7) as

g0 =1 (Y = a4 )+ 0 ()]}

z z

- (e o), s

z

Therefore, based on (A.8) (which also encompasses the case @ = 1) and (A.1), the
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expression (A.5) can be further bounded by C [(%)a—3 + h7%]. As a consequence, we

arrive at

e min(1,a) 6
Yn(2)1,2 h h 22 h h
22 <Ol =4+ (=] =) <cl— <C|—
[2[0=2hyhy T‘— (W(m nz+ ) =\ = \Jzl)

where the last two inequalities result from (2.17) and (2.21). Setting g(z,h) =

m@e yields (2.20). O

|z|*=2h1ho

A.2 Proofs for Section 2.3

PROOF OF THEOREM 2.3.1: In view of (2.17), the claim is equivalent to

(17 ¢ ) o2 B} S

=1 k=1,

Consider the vector of increments
Y = (Yi(h1),...,Yo(h1);Yi(ha), .., Ya(ha);o o s Yi(h), - - ,Yn(hm))T,

The covariance matrix of Y can be written as R,,(n) = (Rg, k(1)) ko=1

.....

YOk = V(L= 1)y ko
Rk17k2(n) = e R™.

Yo = Drrks o Y0(0)ky ko

Let

Zn = (Zn(h1), ..., Zo(h))T (A.9)
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be the centered statistic defined by

Zy(hy) = Y(h) Z{ X2(he)}, k=1,...,m.

ip=1

Also, let
Dy(n) == diag(DLl(n),Dm(n), ...,Dm,m(n)), Dii(n) = ——1,, i=1,..,m,

where I, denotes an n X n identity matrix. The weak limit (2.32) can be established
via characteristic functions. The initial manipulation of the characteristic function is

very similar to that in Rosenblatt [74]. First note that

1
/ exp {—éyT(R;I(n)—icDm(n))y}d}’ = (2m)"%det(R;}(n)—icDp(n)) Y2, ceR.
By a similar computation to that in Taqqu [82], pp.42—43,

bz (8) = BP0 = Bt Gnh) Za(ha), o )T

/ et Zt’“z” ()} det(271rRm(n)) o { = 3Ry Jay

—exp{l[ 2in ! ZntkC (he)vn( kk—Zlog 1—2in"Y(n ))\lmn)}} (A.10)

The scalars Aj;,, | = 1,...,mn, denote the eigenvalues (characteristic roots) of
R, (n)D,,(n) = PJP~', where P € GL(mn,C), and J is in Jordan form. By the

analytic expansion of log(1 — 2in™ (n)A\mn),

—ii,log(l—%n ()N n) = 207" ZAlmn+Z ZAlmn (A.11)
=1

However, > " Ay jn = tr(Rn(n)Din(n)) = >0 nitxC (h) v, (0)k . Thus, by (A.11)
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we can rewrite (A.10) as

B0 — exp {% 3 (22)5778(71) > N b (A.12)
s=2 =1
Moreover,
10 Y N = 17 ()0 (R () D ()]
=07 ) Y { b Rusa () D (0) Ri (1) Di () - By (m) Dis s ()| §

(A.13)

The weak limits (2.34), (2.36) and (2.37) are a consequence of Propositions A.3.1 and
A3.2. 0

ProorF oF COROLLARY 2.3.1 We first show that

nh®  (y(he) d
n(n)¢(h) ( Oh 1>k_1 ..... Az (A.14)
where
A= A0, a) = diag(C(wr)/(Ow), ..., C(wm)/ (OwS,)) (A.15)

and Z is as in Theorem 2.3.1. Based on (2.30), rewrite the left-hand side of the

expression (2.32) as

NORY  (Tip(hy)  EX2(hy)
(n(Nk)C(hk)<M9h% o >>k1 "

ey
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This random vector has the same asymptotic distribution as

nh® Owy [Ty (hg) nh® we s EX?(hy)
n<n>c<h><<<wk>(ﬂeh§ _1))k:1 m_nm)ah)(c(wm( e _1>)k:1 .

..........

However, the bound (2.19) yields

nh®  Qwd EXQ(hk)_1 o _nh°

_6 _ m ‘
n(n)¢(h) C(wi) | Ohg o 0 k=Leme (AT

where the zero limit is a consequence of (2.17) and (2.33). The expression (A.14) is

now a consequence of (A.16), (A.17) and (2.32).

To show (2.43), rewrite

~

By — B = (M M) M (Qn — M,p3). (A.18)

By entrywise first order Taylor expansions,

. ﬁ2<hk) _ ﬁz(hk) ﬁz(hk) ?
Qw0 = 1oz (" >)k1 m_( ohg _1)“ mw( oh; _1>k,1

----------

On the other hand, note that det(M7T M, ) = ¢, (see (2.45)) is a constant with respect

to n. Thus,

ara-ar = L[ Emos e =30 logh (T
’ R ke 10g hu, m loghy ... loghy,
1 [ Y, log® by —loghy S0 loghy ... >op log? hy —log by S log hy,

Cw mloghy — Y o log hy . mlogh, — > - log hy
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Moreover, for j =1, ..., m,
Z log? hi, — log h; Z log hy, = log h Z log(wy/w;) + Z log wy, log(wy/w,)
k=1 k=1 k=1 k=1

and mlogh; — > 7" logh, =3 ;- log(w;/wy). Therefore, by (2.17), we obtain the

entrywise asymptotic equivalence

(ALY M 1 logh 0 Yo log(wy /wy) .o D20 log(wg/wi,)
G 0 1 Zzl:1 10g<w1/wk) 221:1 log(wm/wk)
(A.20)

By (A.18), (A.19), (A.20), (A.14), and (2.44), we arrive at (2.43). O

A.3 Auxiliary results

Lemmas A.3.1-A.3.4, stated below, are used in the proofs in Propositions A.3.1 and
A.3.2. The proofs of the lemmas can be found in the supporting information paper

Didier and Zhang [24].

Lemma A.3.1. Consider 3/2 < a < 2 and s > 2, and suppose the assumptions (A1)
and (A2) hold. Then, as n — o,

¢ Hhwy) - ¢ (P )~ (n) > (i1 = 2) ks o+ Y0 (is — )k by — 0

U1yeeny is=1
li] —ig|<hU...Ulis—i1 |<h

(A.21)
Lemma A.3.2. Consider 3/2 < a < 2 and s > 2, and suppose the assumptions (A1)
and (A2) hold. Then, as n — oo,

¢ Hhwy) - ¢ (P ) (n) > (ir = 12) ks s+ Vn (s = 00kt

i1 yyis=1
lig—ig|=h+1,...,lis—i1[>h+1
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1 1
TS/ . / |21 — 20" |wg — 21| 2day . . . da,. (A.22)
0 0

Lemma A.3.3. Consider 0 < o < 3/2 and s > 3, and suppose the assumptions (A1)
and (A2) hold. Then, as n — oo,

n

CM ) - C )™ () ) i = i2)kky - W (Es — i)ty — 0. (A.23)

Lemma A.3.4. Suppose the assumptions (A1) and (A2) hold. Then, as n — oo,

(1) in the parameter range 0 < o < 3/2,

7772( )C hkl hkz Z 7h kl ko

i1,i2=1

. . Cund
a+1/2 a+1/2 a
L ey )(C_H> 1G (y; wey s i) |22, (A.24)

where G(y; wy,, wi, ), Co and Cy are defined by (2.35), (2.7) and (2.13), respec-

tively;
(ii) when oo = 3/2,

() ()¢ () D i = do)kpe — 277, (A.25)

i1,i2=1
where T is given by (2.22).

Proposition A.3.1. Consider the parameter range 3/2 < o < 2 and suppose the as-
sumptions (A1)—(A2) hold. Then, asn — oo, the vector Z, = (Z,(h1), Zn(ha), ... Zp(hm)) T
n (A.9) converges in law to a Rosenblatt-like distribution whose characteristic func-

tion is given by



74

Proof. Let s > 2 and consider the expression (A.13). By Lemmas A.3.1 and A.3.2,

as n — oo the right-hand side of the latter converges to

m 1 1
s a—2 a—2
E by thy * LT / / |1 — @Y7L |y — 21 |Y 2y .. dxg
K1, ks=1 0 0
L1yeees s=

m s 1 1
= (Ztk> TS/ / |.’fC1—£C2|a72...’.’L’s—l'l|a72dl'1...dl's.
k=1 0 0

Therefore, the characteristic function (A.12) converges to (A.26), as claimed. [

O

Proposition A.3.2. For 0 < a < 3/2, suppose the assumptions (A1)—-(A2) hold. Let
Z, = (Zy(h1), Zn(h2), ... 20 (hm))T be the random vector in (A.9). Then, as n — oo,

Zn N(0,%), where ¥ is a m X m matriz with components

2w—a—1/2 —oa—l/2(&

kl wkz CH )4||G(y’ wk17wk2)||i2(R)7 O <a< 3/2,

Ykt ke = (A.27)

4712, a=3/2,

and G(y;wy, , wy,) is defined by (2.35).

Proof. When 0 < o < 3/2, by Lemma A.3.3 it suffices to consider the term (A.13)
of order s = 2. Therefore, by Lemma A.3.4, as n — oo the characteristic function

(A.12) converges to that of a multivariate normal distribution with covariance matrix

Y= (Zkl,kg)kl,kgzl ,,,,, m as in (AQ?) O

A.4 Additional proofs

This section contains the proofs of Lemmas A.3.1-A.3.4 in Didier and Zhang [23].
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For h,, +1 < |z| < n, recall that conditions (2.20) and (2.23) can be jointly

expressed as

o h\’
’Yh(z)k;th = W,y Wy |Z| ? h2{7— + g(z, h)kl,k’Q}? |g(z, h’)k’l,k2| < C(M) ) (A28)

for a general pair of indices kq, ks = 1,...,m representing shifting lag values. More-

over, by the Cauchy-Schwarz inequality and (2.19),
V(2 he| < OB, D2 €Z, (A.29)
where C' > 0 does not depend on k;, ky. In particular, for a single shifting lag value
hi, = hg, = h(n) =: h, (A.30)
the expressions (A.28) and (2.19) imply that

2 h o
W)= mha = T g h el O() L (As

Thus, in the proofs of Lemmas A.3.1-A.3.4 below, we will first establish the state-
ments for a single index (shifting lag value) m = 1 and (A.30), and then adjust the
constants to obtain the general statements for m > 1. In particular, it will be implicit
that when a multiple summation is taken over index ranges of the form |i; —is| > h+1

under m = 1, in the general case one should substitute h,, for h under m > 1.

PrOOF OF LEMMA A.3.1 First assume m = 1. We only look at the subcase where

the summation is taken over the index set

{iv —is| < B} {lig —is| > h+ 1} .. 0 {|is — i1] > h+ 1}, (A.32)



76

since the remaining 2° — 2 subcases can be tackled in a similar fashion. By (A.31),
we can rewrite the expression of interest as

hQ(s—l) n

()R > (i1 — 12)

1509, is=1

i1 —ig|<h, [ig—i3|>h+1, ... |is—i1|>h+1
lig —ig|* % Jig — i1 |2 {7 4 gliy — i, h)} .. {7 + glis — i1, h)}, (A.33)

where, under the summation sign, the terms of the form 7 + g(-,-) can be uniformly
bounded by a constant, and 7, (i1 — i2) is bounded by Ch® (see (A.29)). Thus, the
absolute value of (A.33) is bounded by

n . . —2 . —
_ _ _ _ 19 — 13 ¢ 1s — 11 ¢ 1
Cns(l a)h 2 n(s 1) (a—1) Z B s
—1
n n ns
i1,eenyis=1,i1#ig
‘il77;2‘Sh,ﬁg*ig|2h+1,...,‘i57i1‘Zh+1
a—2 h n . . a—2 . . a—2
—Ch Z Z 19 — 13 s — 19+ 2 1
ne—1 ) - n n ns—1
z=—h 19 yeees ig=1
[io—ig|>h+1,....[is—i2+2|>h+1
n . .oa—2 . . . . . a—2
< C(ﬁ)fll Z Ig — 13 is — iy — sign(is — ig)h 1
B n n n ns—1

,,,,, ig=1

2
lio—i3|>h+1,...,|is—i2+2|>h+1

hy o—1 1 1
e R A e R A LT
n 0 0

which goes to zero as n — oo, since @ > 3/2 and by (2.17). This shows (A.21) for
m = 1. In addition, adjusting for the constants wy,, wy, from (A.28) does not alter

the zero limit. Hence, (A.21) also holds for m > 1. O

Proor oF LEMMA A.3.2 First assume m = 1. We start out by establishing that

n

2.

..... ig=1
o)

is—i1|>h+1

a—2 a—2 a=2 1

b — g — i3

n

is_il

n n ns



7

1 1 1
—>/ / / |z1 — 20|72 |wy — 23|72 |2 — 21| 2dayday .. dv,, M- 0.

0o Jo 0
(A.34)

Indeed, since

n

2.

i10eig=1
i1742,12713,...,s 711

a—2 a—2 a=2 1

i1 — 1o lp — i3 s — 1

n n n ns

1 1 1
—>/ / / |y — 20| 2 |my — 2572 |2y — 21| 2daydasy . . dxg, N — 00,
o Jo 0

(A.35)
and the sum on the left-hand side of (A.35) can be broken up into
n n . . . .
i — 19|72 1g — 13|22
’ j
S, Ry s
|11*i2|2hi71';:~jis*i1|2h+1 {\ilfiz\2hii:-i|is*i1|2h+1}c
1s —11]* 21
| =, (A.36)
n n®

then it suffices to show that the second summation term in (A.36) goes to zero.

However, the latter can be established by a similar argument to that in the proof of
Lemma A.3.1. Thus, (A.34) holds.
Based on (A.31), recast the left-hand side of (A.22) as

h25 n
— > iy —ia|* "2 {7 4+g(iv—in, h)} . . is—i1 | H{7+g(is—i1, h)}.
n°(n)¢=(h)

|i1—i2‘2h+1,...,|i5—i1 ‘Zh-i-].

(A.37)
In view of (A.34), we only need to show that the remaining terms involving at least one

residual function g in (A.37) go to zero. Pick a number p in the interval (0, min(d, o —

3/2)). By (A.31), |g(h/2)| < C(h/2)° < C(h/z)?, z > h+ 1. Therefore,

1 n
. C =2 . Cla—2 /- .
nsla=1) Z ‘Zl _Z2’ ""ZS _21‘ 9(25 _Zlah)
11,09y yis=1
[i1—i2|>h+1,...,|is—i1|>h+1
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n P
< ¢ iy —p]* 72 iy — 012 h
— S(Ot—l) 1 2 st S 1 - .
n s — 11
11,89 ,.00y 1g=1
li1— 12\>h+1, slis—i1|>h+1
]’L n . . la— « . la—2—p 1
—C< )P Z 11 — 19 1g—1 — g s — 11
n n n n ns

11,89,y ig=1

li1— 22|>h+1, Slis—i1|>h+1

hr ! ! a—2 a—2 a—2—p
NC’(—) |z — 2o s — x| s — @ dry...dr, — 0,
n 0 0
(A.38)
as n — o0o. The limit in (A.38) is a consequence of (2.17) and of the fact that the
multiple integral is finite by the same argument as in Remark 2.3.1. This establishes
(A.22) under (A.31).
For m > 1, by (2.20) and (2.33) the constants wy, k = 1,...,m, in (A.37) cancel
out. Moreover, by (A.28) and (A.29), the zero limit in (A.38) still holds; consequently,
so does the limit (A.22). O

PROOF OF LEMMA A.3.3 For m = 1, rewrite the sum in (A.23) as

n n

e m{ Y+ 3 b = i2) s — ).

11 yeeeybs=1 11,yeeyts=1
lig —ig|<hU...UJig—ig|<h  |ig—ig|>h+1,...,|is—if|>h+1

(A.39)
We will show that both multiple summation terms go to zero. We first show this over
the index range iy — is] < hU...U|is — ;| < h; moreover, as in the proof of Lemma
A.3.1, we will only consider the index set (A.32).
Fix the parameter range 0 < a < 3/2. By (A.31), (A.29) and the Cauchy-Schwarz
inequality, the expression (A.33) is bounded in absolute value by

_h2(5—1) - o | . ja—2 . . la—2
Cns/th(a—H/Z) Z h Jig — i3] o is =

8] 5eees ig=1,i1 #ig
|Zl 22‘<h |22 ’L3|>h+1, ,‘ZS 7,1|>h+1
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2—a)(s—1)—s/2 n
- C’h( J(s—1)—s/ . a2 . . a—2
SU——7m |ig — i3] o ismg —ds]
i1 5erig_1=1,i1 #in
li1—i2|<h,Jig—i3|>h+1,...,Jis—2—is—1|>h+1

n n

1/2 1/2
. . 12(a—2 . - 12(a—2
(X i)Y - ae?)
‘i57lisij‘12h+1 |isf:li|zzlh+1
h(Zfa)(sfl)fs/Q n B n ] ) _9 ) . _9
< CT(ZZM 4) Z 112 —z3|a e |ls—2 — 151 “
2=h P15 ig_1=1,i1 #ig
|’Ll—Z2|Sh,|Z2—'LS|Zh+1 ----- ‘i572—i571‘2h+1
P52 e P22 @1 P e
< (L) < o— ()
z=h z=h

(A.40)

In the subranges 0 < a < 1, a =1, 1 < a < 3/2, (A.40) is bounded, respectively, by

the expressions C/(2)%/271,

¢ <%) " log®~*(n) = ( é loig - ) e logl(n) )

and C(2)=26/2=a)He=1) 4] of which converge to zero as n — oo under (2.17) for
s > 3.
Next consider the case a = 3/2. By a simple adaptation of the procedure leading

to (A.40), we arrive at the bound

hl/2 n n 5—3 A 1/2 1
C 5 (Zz’l><z,z’1/2) SC(—) T—H), n — 00.
n#/2"1log*?(n) \ <= gt n/  log"*(n)

Therefore, in the parameter range 0 < a < 3/2, by extending the conclusion to the

whole summation range of interest,

n

n-*(n)¢°(h) > Vu(iy —ig) - yn(is —i1) = 0, n—o00.  (A.4l)

ilv---viszl
lip—ig|<hU...Ulis—i1|<h

We now show that the multiple summation over the index range |i; — iy >
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hy....lis — 41| > h in (A.39) also goes to zero. Starting from the expression (A.37),
by the same argument with the residual function ¢ in the proof of Lemma A.3.2, it

suffices to consider

h? s n o a=21. . ja— e
(W) Z lix — 42| 2lig — |7 fis — 0|72

s sonig=1

11,12,
[i1—i2|>hA4-1,]i2—iz|>h+1,...,|is—i1 | >h+1

By Cauchy-Schwarz, this expression is bounded from above by

h25 - 2 2 2
B ) lin — 3] 2Jig — i5|%2 .. fig_g — de1|"
n°(n)¢*(h) o

[t1—i2|>h+1,... |is—2—is—1|>h+1

n 1/2 n 1/2
< Z g1 — ,L~S|2a—4> ( Z iy — ,L~1|204—4>
1g=1 ig=1
lis—1—is|>h+1 is—i1|>h+1
Ch? ( - ) -
< — Z 220‘_4 Z |i1—i2|a_2|i2—i3|a_2 . |7:s_2—i5_1|a_2.
ns(”)Cs(h) 2=h+1 11,89, yig_1=1

li1—ia|>ht1,... |is—2—is—1|>h+1

(A.42)

However, the multiple summation term in (A.42) is bounded by

n

} : 257 } : 2
C{ z¢ } |’ll — 22|o¢
z=h+1 iq,ig=1
|i1—i2|>h+1

< C"{ Zn: ZO‘_Q}SBn Zn: <1— %)za_Q < C’n{ Zn: ZO‘_Q}SQ. (A.43)

z=h+1 z=h+1 2=h+1

Therefore, when oo = 3/2, by (A.43) the expression (A.42) can be bounded by

log(n)nn(*=2)/2 1
ns/2log*?(n) log®/*~1(n)

as n — 00, since s > 3 and by (2.17).

On the other hand, when 0 < a < 1, «a = 1 and 1 < a < 3/2, the bound for
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(A.42) becomes, respectively,

h?s n h s/2—1
o g (e=1)(s—2) 3 200—3 i
o oash net=o(2)7 =, (A.44)
h* n 2, vy 1 hlog?(n)ys/2-1
and
h?s n h (s—2)(3/2—a)
(a—1)(s—2) 1,2a—3 _ o
Chs(a—l—l/Q) 2! h = C(ﬂ) — 0, (A.46)

asn — 00. These three limits hold because s > 3 and by (2.17). Thus, the expressions
(A.41), (A.44), (A.45), and (A.46) yield (A.23) for m = 1.

For m > 1, by (A.28) and (A.29) the zero limits in (A.41), (A.44), (A.45), and
(A.46) still hold; consequently, so does (A.23). O

PrROOF OF LEMMA A.3.4 We begin by showing (i) for m = 1. Rewrite

e 3 st - = 3 (1-EDereern

i1,i2=1 z=—n+1

As n — 0o, the summand in (A.47) goes to, and is also bounded by, (h=*v,(2))*+.
Therefore, if we can show that
n—1 1 C 4
> @y = (@) 16@Eg, n— oo, (A.48)
z=—n+1

then (A.24) is obtained as a consequence of the dominated convergence theorem.
Indeed, by setting wyp = w; = 1 and making the change of variables hx = y in the

relation (A.1),

<Ch™°, hz€Z, h>e? (A49)

~ 2
n(2) (Ca>2 2/ e le” — 1]
— (=) C eV —————dy
ho CH H R ‘y’a—i-l
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Therefore,

h(2) = (gH> GH< h) +O(h), (A.50)

where Gy denotes the covariance function of a standard fractional Gaussian noise

(fGn) Y (t) = By(t) — Byt — 1), t € R, i.e.,

114 27 =227 + |1 — 2?7

Gr(z) = EY ()Y (t + 2) = . ,

z € R.

So, recast the expression on the left-hand side of (A.48) as

(6r) > ¢i(5)7+o0(7) 5 Gu(7)+ow. (s

z=—n+1 z=—n+1

where the vanishing term o(1) is a consequence of (2.17). Since Gy(z) € L*(R) for
0< H<3/4(0<a<3/2;see (2.11)), the first summation on the right-hand side

of (A.51) converges to

(&) [eueiz=(52)" [ 1Gwpa. (A.52)

The equality in (A.52) is a consequence of Parseval’s theorem based on the inverse

Fourier transform f(z) = (2m)~'/2 [, ¢ f(z)dz, f € L*(R). Moreover,

n—1

O(#) 3 GH(%) 50, 71— oo, (A.53)

z=—n+1

since the function Gg(-) is bounded and by (2.17). So, by the expressions (A.51),
(A.52) and (A.53), we obtain (A.48), and hence (A.24), for m = 1.
For m > 1, essentially the same argument can be used, and we simply indicate

the minor changes. The expression (A.47) must be replaced by

n—1
3 1 || B 1
2 2 § « 2

11,02=1 z=—n+1
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In addition, in expression (A.49) one should substitute C% [, eV*/" (e —1)(e™¥ —
1)]y|~@dy for the integral C% [, e®*/|e® — 1|?|y|~(**dy, where the former can
be reinterpreted as the covariance between the increments By (t) — By (t — wy,) and
By(t') — Bu(t' — wy,), t —t' = 7, of a standard fBm Bpy. The rest of the argu-
ment can be applied in the same way to eventually arrive at the limit (A.48) with

G (y; wiy, wi,) |2z in Dlace of [|G(x)[[2. . Thus, (A.24) holds also for m > 1.

To show (ii) for m = 1, note that we can apply (A.29) with @ = 3/2 in the

summation range |i; — 72| < h to obtain

g - 4w . C
n~'log~ ' (n)h i;l YRy — i) < Tog(n) — 0, (A.54)
fir—in|<h

by (2.17). Alternatively, in the summation range |i; — i3] > h + 1, by (2.20) we have

n n—1
CHI ) > ARl =) =20 g (Y w1 )2 gz, )Y
i1,i9=1 z=h+1 n
lig —ig|>h+1
n—1
~ 2log*(n) Z 2 Hr+g(z,h)}
z=h+1

:210g71(n){ i 2?4 i 2 g% (2, h) +2 i 2 rg(z, h)} (A.55)

z=h+1 z=h+1 z=h+1

Note that for § > 0 and large enough n, [, 2 Pdz < ZZ_1+1 2P < f}zrl(z— 1)~%dz.

Consequently, if g =1,

log(n) —log(h +1) _ 370412 _ log(n — 1) — log(h)
log(n) = log(n) ~  log(n)

Thus, the left summation term in (A.55) goes to 272 as n — co. We now show that

the remaining two terms in (A.55) go to zero with n. It also suffices to look at the
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third term in (A.55), because a similar approach can be used with the second term.

Indeed, the former can be bounded by

C o N e N I oA
2 1g(z,h)| < - - < / 2Dy — 0,
log(n) Z:zh;rl (2. ) log(n) Z:zh;rl <h> h ~ log(n) J;

as n — o0o. Together with (A.54), this establishes (A.25) for m = 1.
For m > 1, by (2.20) and (2.33) the constants wg, k = 1,...,m, in (A.55) cancel
out. Moreover, by (A.28) and (A.29), the zero limits in (A.54) and in (A.55) (for the

second and third terms) still hold; consequently, so does the limit (A.25). O
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Appendix B

Proofs for Chapter 3

This appendix section comprises three parts. In Section B.1, we present some lemmas
that will be used in Section B.2 for the proofs of Theorem 3.2.1 and Theorem 3.2.2.
In Section B.3, we develop a technique to approximate the fourth moment of E —C
numerically.

As a consequence of Theorem 2.3.1, we standardize fiy(h) as

w(h) = Eﬁ;g(’%) Y (B.1)

so that a Taylor expansion can be applied to log (k) around 1. Meanwhile, we define

the standardized increment

XG+h) = X(G)

Wit == e

(B.2)

We will use the following results in our proofs. The first one is the classical Isserlis
theorem, which reduces the higher moments of a multivariate normal vector to its
second moments. The second one is a concentration inequality that will allow us to

establish sharp bounds on the tails of centered quadratic forms.

Theorem B.0.1 (Isserlis, [34]). If (Z1, Za, ..., Zan) is a zero mean multivariate normal
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random vector, then

EZ1Zy- Zon = Y _ || EZiZ;,

where the notation Y, || means summing over all distinct ways of partitioning Zy, ..., Zop

into pairs Z;, Z; and each summand is the product of the n pairs.

Theorem B.0.2 ([45]). Let Zy,...2Z, BV N(0,1). and ny,...,n, > 0, not all zero. Let

7|2 and || 0|l be the Buclidean square and sup norms of the vector g = (n1, ..., )7 .

Also, define the random variable X = > nin(Z2 —1). Then, for every x > 0,
P(X = 2|02V + 2|nllscz) < exp(—),

P(X < =2[nl[2vz) < exp(—z).

Throughout this section, we will make use of the function g(h,n, «), which was

defined in (3.3).

B.1 Some lemmas

Lemma B.1.1. Let k e NU{0},k > 2, and fir 0 <r < 1/2. Then, as n — oo,
El(@w(h1) —1)"] = O(¢"(h, n, @)). (B.3)

Proof. We will only establish (B.3) for x = 2, since the remaining cases can be tackled

by a similar argument. The left-hand side of (B.3) can be rewritten as

LE[ Z Z ((X(h +E]31()2(_h )X(k:l))Q . 1) ((X(h +El§(>2& )X<k2>>2 . 1)}

LES S i - novam - 1) (B.4)

k1=1ko=1
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By applying the Isserlis theorem,

2
7k — ka),

= 2(EWy, (h)Wi, (h))* = (EX2(h))?

where 7, (k; — k2) is defined by (2.16). Thus, (B.4) can be recast as

n

ng(ﬁg(h»z Z Yok — ka), (B.5)

k1, ko=1

Note that

m =0 [HH = Ol¢*(h.n, )¢ 2 (R)y~*(n)],

where ((h),n(n) are defined by (2.33). Then, by (B.5), Lemmas A.3.1-A.3.4, expres-

sion (B.4) is of the order O(g*(h,n,)) as claimed. O

Lemma B.1.2. Fiz —oo <r < 1/2. Then, there is C > 0, such that
P(w(h) <7) <exp{—Co %(h,n,a)}. (B.6)
Proof. Let W;(h),j =1,...,n be as in (B.2). Then for w(h) as in (B.1), we can write
w(h) = 1 Zn: W2 (h) = lW,{Wn,
n n

where W,, = (Wy(h),..., W,(h))T is a multivariate normal vector with covariance
matrix I'. Let () be an n X n orthogonal matrix, and let A = diag{\y,...,\,} be
an n x n diagonal matrix such that QAQT = I'. Then, W, < QAY2Z,, where

Z,=(Z1,...7Z,)'~N(0,1,), I, is the n x n identity matrix, and 2 denotes equality
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in distribution. Therefore,

w(h) <

S|

1 n
7j=1

where 7, = ’\# Denote 1,, = (1in)i=1,..n. By Theorem B.0.2 and the same argument

-----

as in the proof of Lemma C.3 in [87],

Pty <0 < { - )

for some C' > 0. By Lemma B.1.1,

1,12 = Varw(h) = E[(w(h) — 1)°] = O(¢"(h, n, ).

Thus, (B.6) follows. O

Corollary B.1.1. Fiz —oco < r < 1/2. For large enough n € N,
P(w(h) < 1) = o(g(h, n, ).
Lemma B.1.3. Let p > 1, there is a constant K, only depending on p such that
E flog =(h)P’ < K,

Proof. By (B.7), w(h) is a non-negative weighted sum of independent central chi-
squares and all the weights do not vanish. By a similar argument in [63] (see page

184, expression (96)), one can easily prove Lemma B.1.3. O

Lemma B.1.4. Let k e NU{0},k > 2, and fir 0 <r < 1/2. Then, as n — oo,

E[(w(h) — 1" Lia(uon)] = O(e"(h,n,)). (B8)
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Proof. By Lemma B.1.1 and Lemma B.1.2, the following expression

E((w(h) = 1)’] = E[(@(h) = 1)*lmmsn] = El(@(h) = 1) 1om<r]

< VE[(@(h) = V)]ElLmm<r < O(*(h,n,a))y/ P(w(h) <)
< O(d*(h,n,a)) exp{ — Co %(h,n, a)} = o(o(h,n,a)?).
Therefore, (B.8) holds. O

Corollary B.1.2. Let k1,50 € NU{0}, k1 + ke > 2, and fir 0 < r < 1/2. Then, as
n — 0o,

E[(w(h1) — 1)" (w(he) — 1)™] = O(" " (h, n, a)).
E[(w(h1) = 1)™ (@ (h2) = 1)1 minfw(hn)wha)}>ry) = 0@ T2 (h,n, ). (B.9)

Proof. By Lemma B.1.1, B.1.4 and an application of the Cauchy-Schwarz inequality,
(B.9) holds. O

Lemma B.1.5.

B (hn) V(@) =) = 51 Z (- )

‘ Nl ‘ N

1 ¢ 1 hk
— — = 14+ 0O(h™)). B.10
‘ — — } (1+0(h™) (B.10)

Proof. For notational simplicity, assume k; = 1 and ko = 2. By (B.2), the left-hand
side of (B.10) can be rewritten as
2 2 IS 2 2
— Z (W7 (h) = ) (Wi(ho) = 1) = — > EW] (h)Wh(hs) — L. (B.11)

J1,52=1 J1,j2=1



90

By the Isserlis theorem,

EW2 () W2 (hs) = EWE (h)EWE (k) + 2(EW, (hl)WjQ(h2)>2

14 2<EM/j1(h1)Wj2(h2)>2. (B.12)
By (A.1),
5 [(X(jl + hi) = X (7)) (X (2 + he) — X(jz))}
VEX2(hi)\/EX?(hs)
=E [(BH(jl + hl)\;EIZI;(&Y;B(\fgg; (‘;32) - BH(jQ))] (1+0(r™)), (B.13)

where By is a standard fBm with Hurst parameter H = /2. By (B.2), (B.13) and

the explicit expression (2.10),

L{l—J2 )" |- j2 h
EW;, (hh)Wj,(h +4/—
i) =5 (| ie| -~ [ i
j=g|* =g R S
— + -\ 1+0O(h . B.14
A R V| o on .
Note that EW;, (h1)W;,(ha) = EW;, 15 (h1)W,4x(he) and (B.12), we thus can rewrite
(B.11) as
n—1 n
DD DR C A UUATS) (B.15)
i=—n+1 = j1—j2=t,j1,j2=1
Relation (B.10) is now a consequence of (B.15), (B.12) and (B.14). O
Lemma B.1.6.

Elog(w(hi,)) log(w@(h,)) = E(w(hi,) — 1)(@(h,) — 1) + 0(0*(h,n, @) (B.16)

Proof. For notational simplicity, assume k1 = 1 and ky = 2. Let

S1 = Elog(w(h1)) log(w@(hs)) — Elog(ww(h1)) log(w@(h2)) L min{ew(hn)w(ha)} >r}»
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Sz = Elog(w(h1))log(w (h2)) L imin{w(h) @ (ha)}>r} —
—E(@(h1) — 1)(@(h2) = 1)L {minfe () w(ha)}>r)
Sz = E(w(h1) — D)(@(h2) = Dlmin{m(n).whn)y>r — B(@(h) — 1)(@(hs) - 1).

Note that

Elog(w(h))log(w(hsy)) = S1 + So + Ss.

Therefore, establishing (B.16) is equivalent to showing that S;+Ss+S53 = 0(0?(h, n, @)).

It suffices to show that
Sy = O(QQ(]'L,H,O(», Sy = O(QQ(h,n,Oé)), S3 = O(QZ(h,TL?O{)).
Let 0 < r < 1/2. We start with Sy by writing out the almost sure Taylor expansion

g =W ieinon = { (w0 = 0 - 3 (Z) Micon, B7
where 6, (w(h)) € [min{w(h), 1}, max{w(h),1}]. Then,

E[log @ (h1) log @ (he) 1 minfe(h).e(he)}>r)

= E[(@w(h1) — 1)(w(h2) — 1)L imin{w(h),whe)}>r})

—%]E {(w(hl) - 1) <%)21{min{w(h1),w(hz)}>r}]
_%EKZ((};)U; )1>)2(W(h2) - 1)1{min{w(h1>,w(h2>}>r}]

o KZ(Z;)U;;))Q(Z(Zz)u;)l))21{““1“{“(’“*“(’”””] B

The second, third and fourth terms can be bounded by a similar argument, so we
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only develop the latter. Recast

(%)21@(@»} = (%)2 <1{1/z>w<h>>r} + 1{w<h>21/2})

w(h) —1\2 wo(h) —1\2
< (%) Li1/25w(n)>r} + (%) Liw(r)>1/2}- (B.19)

Therefore, we can rewrite the fourth term in (B.18) as

EKZ(ZQ)U;;QQ(z(<]z)<f;>1>)21{““{“““’““2””*}

1
< FEKW(M) — 1)1 /2swnn) s (@(h2) — 1)1 25w (he)>r))

1
+WE[(w(hl) — 1)*Lwmn>1/21(@(h2) — 1)*1{1 25 m(hn)>r}]

1
+WE[(WUL1) — 1?1125 mw(he)>ry (@(ha) — 1) Limny)>1/2}]
1
+ WE[(W(M) — 1)*Lm(nay> 123 (@ (h) — 1)*Lim(ng)>1/2) (B.20)

By (B.9), the fourth term in (B.20) is bounded by

O(o*(h,n,a)). (B.21)

By the Cauchy-Schwarz inequality, (B.6) and (B.9), the first term in the sum (B.20)

is bounded by

1
S VE[(@(h) = D) (@(h) - 1)} \/ Ellq /2> w(r)>r L 1/25w(h)>n]

! O(0*(h,n,a))/P(1/2 > w(hy) > r)P(1/2 > w(hy) > 1)

< —

< l40(94(h, n,a))exp{—Co *(h,n,a)} = o(d*(h,n,a)). (B.22)

r

By the Cauchy-Schwarz inequality, (B.6) and (B.9), the second term in the sum (B.20)
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is bounded by

\/E (h1) — D*(w(hy) — 1)4]\/E[l{w(hl)ZUQ}1{1/2>w(h2)>r}]

< L 0(o* (h,n, 0)) /Pl (hy) > 172 P2 > @) > 1)

r2

< iO(Q4(h, n,a))exp{—Co %(h,n,a)} = o(d*(h,n,)). (B.23)

r2

An analogous bound holds for the third term in the sum (B.20). Therefore,
Sy = 0(0*(h,n, ).
Now we tackle S3, which can be rewritten as
—E[(ww(h1) — D)(@(h2) = 1) (Lw(h)>r} Lw(ha)<r)

+ Yo(h)<rt Lm(ha)>r} + Limrn) <r} Hm(ha)<r)]- (B.24)

By the Cauchy-Schwarz inequality, (B.6) and (B.9), the first term on the right-hand
side of (B.24) is bounded by

VE[(@w(hi) — 1)2(w(hy) — )2/ P(w(hy) < 7)

< 0(0*(h,n, @) exp{—Co*(h,n,a)} = o(0*(h,n,)).

Similar bounds hold for the remaining terms on the right-hand side of (B.24). There-
fore,

Sy = 0(92(h> n, a))
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Now we deal with S, which can be rewritten as

Ellog @(h1) log @ (h2) (1{w(ni)>r) Lw(he)<r) (@) <r} L ha)>r} L (i) <r} Lw(ha) <rp)]

(B.25)
Note that, by Lemma B.1.3, E[log* @(h)] is bounded. Then, by applying the Cauchy-
Schwarz inequality twice, the first term on the right-hand side of (B.25) is bounded
by

VEllog? (i) log? @ (hy)] /Pl (hz) < 1)
< (Bllog' w(h)Eflog = (k) exp{~Co™(h.n. )} = o(e*(h.n. ).

Similar bounds hold for the remaining terms on the right-hand side of (B.25). There-

fore,

S1 = o(e*(h,n, ).
Thus, (B.16) follows. O

Lemma B.1.7.
1
Elog(w(h)) + QE(w(h) — 1)2 = O(Qz(h, n,a)). (B.26)
Proof. Fix 0 <r < 1/2. Let

Ty = Elog(w(h)) — Elog(w(h))1{mn)>r},

1
T, = Elog(w(h))l{wm)>r} + §E(w(h) — 1)’ Lw(m)>r}s

1 1
Ty = 3E(@(h) — 1) = SE(@(h) ~ 1*Limms)-

Note that, by Lemma B.1.3, Elog®(w(h)) is bounded, by the Cauchy-Schwarz in-
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equality and Lemma B.1.2,

T, = Blog(@(h) Loy < y/Blog? (1) Pl (i) <7)
< \/Elog*(w(h)) exp{—Co %(h,n,a)} = o(0*(h,n,a)). (B.27)

By a similar reasoning, we can further prove that
T3 = o(0*(h,n, ). (B.28)

Now, we turn to 75. By an almost sure Taylor expansion,

log @(h) (> = {(W(h) —1) —5(@h) —1)*+ %(Z(_wl))g}l{w(h»m

where 6, (w(h)) € [min{w(h), 1}, max{w(h),1}|. Then, T5 is bounded by

1/w—-1

3
E-({—— 11 .
3(9+<w>> te=r}

Since E(w(h) — 1) = 0, by the Cauchy-Schwarz inequality, (B.9) and Corollary B.1.1,

E(w(h) = D)1{wmsr | + : (B.29)

the first term in (B.29) can be rewritten as

E(@(h) = D{amy>n| = [E(@(h) = D{wmsrn — E(@(h) - 1)]

= [E(@(h) = Dl{wmen| < VE(@(h) — 1)2V/P(w(h) <7)
= O(o(h,n, @) o(o(h,n, @) = o(0*(h,n, ).

Meanwhile, by Lemma B.1.1 and the Cauchy-Schwarz inequality, the second term in
(B.29) is bounded by

1

1
ﬁ ‘E(w — 1)31{1/2>w(h)>r}‘ + W ‘E(w — 1)31{w(h)21/2}
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B(w — 1)°P(1/2 > w(h) > 1) + ——/E(@ — 1 P(w(h) > 1/2)

=33 3(1/2)3
< 5500 (hon.0)) exp{=Co~*(h.m.0)} + 3755 0l (. 0) = ofg?(hm. ).
(B.30)
Thus,
Ty = 0(0*(h,n, a)). (B.31)
Relations (B.27), (B.28) and (B.31) imply (B.26). O

B.2 Proofs of Theorem 3.2.1 and Theorem 3.2.2

PROOF OF THEOREM 3.2.2: For ki, ks = 1, ..., m, rewrite

Oky ko = Cov(log fiy (A, ), 1og Ty (i, )

= E[logﬁQ(hkl) - Elog ﬁQ(hM)][lOgﬁQ(hkl) - Elogﬁ2(hk1)]
= E[log w(hy,) — Elog @ (hy,)][log @(hk,) — Elog @ (h,)]
= E[log @(hy, ) log @w(ha, )] — Elog @ (h, )Elog @ (hy,). (B.32)

By Lemmas B.1.1 and B.1.7,

Elog @ (hy,) = O(0*(h,n, a)).

Therefore, (B.32) can be reexpressed as

E[log @ (hy, ) log @ (hy, )] + o(0*(h,n, a)). (B.33)

By Lemmas B.1.5 and Lemma B.1.6, expression (3.7) holds. [J
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PROOF OF THEOREM 3.2.1: The left-hand side of (3.2) can be rewritten as

o (h EX2(h
Elog fio () 4 log (h)

EX2(hy)
EX2(hy) Ohe '

Ohg

= Elog w(h) + log (B.34)

As shown in [23], as n — +o00, the second sum term on the right-hand side of (B.34)

behaves like

log(1 4+ O(h™%) = O(h™?).

By Lemmas B.1.7 and B.1.5, we can recast the first sum term on the right-hand side
of (B.34) as

S (yo
4n n
1=—n+1

Thus, (3.2) follows. [

_%E(w(h) = 1)* + o(¢*(h,n, @)

« «

7
L
.

1

Ry,

. @ N 2
Lol oy b+ 007 + olg?hn, ).
k

B.3 A numerical approximation of x; and k9

We only develop the numerical approximation of k;, since that of ko can be ob-
tained by a similar argument. Recall that x; = E[El — Eal]‘l, where 5,1 is a linear
combination of & and 1&59, which can be further written as a linear combination of

log fis(hi), k = 1,...,m. In fact, let
(c1, .y ee)’ = (1,0)(XTE1X)"V2X T8,
Then, by (3.4), (3.5) and (3.9),

E-,l = (Cla ) Cm)<10gﬁ2(h1), B3 logﬁQ(hm))T
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Thus,

= B( Y cnlog i) ~ Elogm() (B.35)

k=1

By Theorem 3.2.1, we can approximate (B.35) by

E(Zm:ck<logw(hk)+log EX;#)Y = IE(ick(logw(hk)+0(h_5)))4. (B.36)

k=1 k=1

By Lemma B.1.3, Elogw@”(hy), r = 1,2,3,4 is bounded in absolute value. Thus,

(B.36) can be rewritten as

O™+ Y crcrcrcnElogw(hy,)logw(hy,)log @ (hy,)log @(hy,). (B.37)
k1,k2,k3,ka=1

By a similar argument to the proof of Lemma B.1.6, it can be shown that
E IOg w(hkl) IOg w(hkz) IOg w(hks) lOg w(hk4)

= E(w@(hw,) — 1)(@(hi,) = 1)(@(hey) = 1)(@(hney) = 1) + 0(0* (h,n, ). (B.38)

For notational simplicity, assume k; =4, i = 1,2, 3,4. The first term in (B.38) is

n

LN RN ()~ )W) — )W () — DOV ()~ 1)

1 n
== > EWZ(h)W2(ho) W2 (hs)W} (ha)

J1,J2,J3,J4=1

1 n
) Z Z EVVJZH (hll )VVjQi2 (h12)W]213 (hla)

n3
(i1,12,13,i4)€S(4,1) Jiy sJig:Jig=1

1 n

(41,92,i3,04)€5(4,2) Jiy »Jig=1
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where

S(4,1) = {(1,2,3,4),(2,3,4,1),(3,4,1,2), (4,1,2,3)},
S(4,2) = {(1,2,3,4),(1,3,2,4),(2,3,1,4), (1,4,2,3),(2,4,1,3), (3,4,1,2)}.

Since W, (h;),i = 1,2,3,4 are mean zero normal random variables, by the Isserlis

theorem, we can expand each moment

E[W} (h)W}, (ha) W (ha) W, (ha)], EIWS (hiy )W (hiy)W3 (hig)], EIWE (hi))W3 (hiy )],

Jig Jiq Jig

into summation of products of terms of the form EWj, (h;, )W, (hi,). Therefore,

Jig

the numerical approximation of x; boils down to the numerical approximation of

EW;, (hi,)W;,, (hi,), where, by (B.14), the latter can be approximated as

1 Ji —]2 E _ h2
2 h1h2 V ho \/ h1

i J2 I |

Vhihsy ha

_ jl_j2a+ i—J2  [h )
i Vhihs hi| )
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Appendix C

Proofs for Chapter 4

Lemma C.0.1. Let {73 (k)}rez be the autocovariance function of the sequence {Zn(/ﬂ)}ke{o}uz
(see (4.23)). Then,

Y vz k)] <00 D |z k)] < o (C.1)
k=1 k=1

Proof. We start with the autocovariance function of {Y(k)}refoyuz. By a Taylor

expansion of order 2,

(e}

1 1 i
= |kl*( |11=2] — Z
(k) = 5 |H (‘ - 2+'1+IC )
L a o, ala=1), -3 g, ala=1), -3
:§|k| 1—ak +Tk +O(k™)—2+1+4ak +Tk +O(k™7)
—1
- %k“” +O(k*3), (C.2)

as k — co. Consider the standardized increments of fGn, Z, (k) = o?(n)[Y(n+k) —

Y (k)]. By a Taylor expansion of order 1, for k € Z,

vz, (k) = P (MEY (n +k + ) = Y (k + )Y (n+3) = Y(j))
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— —2(n)[yy (k +n) — 29y (k) + v (k — n)]

2 _
__v (”)0‘2(0‘ D (0" — 2 k"2 + [k — 1) + Ok

a?(n)a(a—1) |, a2 n|oe—2 n
o2 (g |1 BT 14
2 i ( -5 g

H) + Ok

= O L) ez o) 4 ok ) = 0k,

as k — oo. Therefore, (C.1) holds. O
ProOoOF OF PROPOSITION 4.3.1:

Proof. Note that, for N >n — 1,

VN = n+ 1(RE: (n) — Ecos(Y (n) — Y(0)))

1

= i: cos(Y(n+k)—Y(k)) —Ecos(Y(n) —Y(0))

N—n > >
1 Zn (k) Zn(k))]
= cos | —= | —Ecos | —= | |.
x/N—n+1,;[ <a(n)) <a(n)
Then, by Lemma C.0.1 and Theorem 4.2.2, expression (4.26) holds. An analogous

reasoning further establishes (4.27). O
PROOF OF PROPOSITION 4.3.2:

Proof. We prove (i) first. By expanding Eg(n), we can rewrite the left-hand side of
(4.29) as

N 2

N + 1{ E cos(Y(0)) + N;%—l kz:% <cos(Y(k:)) — ]ECOS(Y(k)))
s s (1)~ [Beosty O)F }
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i (cos(Y(k)) - Ecos(Y(k)))

k=0

e (e 3 (et - Beost ) )

k=0

+ (W ;sm(ym)) : (C.3)

We will show that, as N — oo, the first term in the sum (C.3) converges to a non-
degenerate random variable in distribution, and that the second and third terms in

(C.3) converges to zero in probability. Note that, when 0 < o < 3/2,

> (k)] < oc.
k=1

By Theorem 4.2.2,

- ;
nea93 ((conty ) — Econtr () ) ) 4
where
03 =D Gowmm! Y O (k)"

Since \/A}—H — 0, by (C.4) and Slutsky’s theorem, the second term in the sum (C.3)
convergence to zero in probability. As for the third term in the sum (C.3), when

0<a<l,

> (k)] < oo

Thus, by Theorem 4.2.2,

1
VN +1

> sin(Y (k) < 04Ba(1). (C.5)
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where

Oi = ngzin,mm! Z (ﬁyy(k))m
m=1

k=—o00

Then, the third term in the sum (C.3) can be written as

N 2
\/N1+ 1 (\/N1+ 1 Zsin(Y(k:))) B0, N oo
k=0

which is a consequence of (C.5) and Slutsky’s theorem. On the other hand, when

1 <a<3/2,de (0,3). Thus, by Theorem 4.2.1,

\/Wﬂl)( N+ 1) > sin(Y (k) 5 g1fruZy (1), (C.6)
2 k=0

Then, the third term in the sum (C.3) can be written as

Ly(N +1) 1 N b
(N + 1)3/2« (\/m(f\f 1) kZ:oSln(Y(k))) -0, N — oo,

which results from (C.6) and Slutsky’s theorem. Thus, the expression (4.29) follows.

We now prove (ii). Rewrite the left hand side of (4.31) as

E cos(Y(0)) + N;—{—l Z (COS(Y(I{?)) - ECOS(Y(k))>

(N +1)*
Ly(N +1) {

2

—|E (:os(Y(O))|2 }

+

1 L
N1 kZ:OSln(Y(k>>

1

= 2F cos(y<0))L2(N TV ; (cos(Y(k)) - Ecos(Y(k;)))

Ly(N +1) 1 N 2
+(N T Tyre (LQ(N TN F 1) Z (cos(Y(k)) — Ecos(Y(k))))

k=0
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] N 2
+ ( TV T DN £ 1) ;SID(Y(M)) : (C.7)

When 3/2 < o < 2, by Theorem 4.2.4,

N . N .
(LQ(N+1 N 1) 12%COS ECOS(Y(/f))7\/m(N+1)a/ZZsmY ))

k=0

~ — T
i> <gl,2/62,o¢—112(fo¢—172,1)7 92,151@/2]1 (fa/2,1,1)> . (C-8)

By Slutsky’s theorem and (C.8), the second term in the sum (C.7) converges to zero
in probability. Then, by (C.8), relation (4.31) holds. O

PROOF OF THEOREM 4.3.1:

Proof. We prove (1) firstly. Note that, when 0 < o < 3/2, by Propositions 4.3.1 and

4.3.2 and Slutsky theorem,

VN +1[RE(n) — Ecos(Y (n) — Y(0)) + |[E cos(Y (0))|]

VN +1 _
_m\/_zv 1[RE, (n) — Ecos(Y (n) — Y(0))]

~V/N +1[Es(n) — [Ecos(Y (0))[]
% 01By(1) + 2E cos(Y (0))o3 Bs(1),

where (Bi(1), B3(1))T is a Gaussian vector since (Y, Z,) is a Gaussian vector. Let

Gi(x) = cos(z/a(n)), Go(x) = cos(x). By Proposition 4.2.1,
Cov(cos( W(k+ 7)), cos(Y(45) > Zglnmgcos mm!(vz, v (k)™

m=2

since g1.n1 = geosy = 0. Therefore, expression (4.32) holds. This establishes (7).

Now we show (i7). When 3/2 < a < 2, by Propositions 4.3.1 and 4.3.2, and
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Slutsky’s theorem,

(N+1)% A 2
LV 1 EM) —Ecos(Y (n) = Y (0)) + [Ecos(¥ (0)]
— (N + 1)2_0‘ — E — 1L, COS n)—
- LA 1\/N n+ 1RE(n) — Ecos(Y (n) — Y/(0))]
(N +1)* 2
~ T [Es(n) — |E cos(Y(0))]7]

d —~
— 91,252,a—1f2(fa—1,2,1) + 93,15%,a/2—7?(fa/2,171)'

Thus, (i7) holds.
Statement (iii) is a consequence of the fact that JE(n) = JE;(n), and of Propo-

sition 4.3.1 and Slutsky’s theorem. m
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