ABSTRACT
The goal of this research is to investigate computational and experimental
techniques to effectively analyze microscale fluid dynamics, transport, and mixing of an
analyte-antibody system. This work is applicable to the development of an in-plane,
passive mixer component of a miniature antibody-based sensor suitable for
environmental monitoring, food testing, and medical diagnostics. The computational
methods allow the efficient evaluation of microchannel designs to enhance analyteantibody binding, which may reduce the time and cost required for experimental trials.
We describe a computational algorithm to solve the governing equations for
microscale fluid flow and transport in complex 2-D domains created through a graphical
user interface. We implement the particle strength exchange method to solve the
convection-diffusion-reaction equations, coupled to the boundary element method to
compute the velocity field from the steady state Stokes equations. We validate the
numerical methods by comparison to analytical and finite element method solutions.
Because the chosen methods require no internal mesh, our algorithm provides an efficient
alternative to grid-based methods when solving transport in complex geometries with
internal obstacles.
We characterize two fluorescein-antibody clones through competitive ELISA
experiments and demonstrate the quenching effect of the antibodies with a fluorescence
spectrophotometer. We describe a microchannel flow system to image the quenching of

fluorescence by the antibody when fluorescein and fluorescein-antibody solutions are
injected into separate inlets of the microchannel. We correlate the fluorescence intensity
of microscope images of fluorescein flowing through the microchannel to concentrations
of fluorescein to establish a calibration curve. This system provides a method to visualize
and quantitatively analyze the mixing and reaction in a microfluidic device.
We test the numerical methods by comparing the experimentally determined
fluorescein concentration to the outlet amount numerically predicted by the
computational model under identical conditions and find good agreement between the
two fluorescein concentration profiles. We complete the transport-reaction computation
in a set of microchannels with cylindrical obstructions. We find that decreasing the
channel width and increasing the fluid path length by placing the obstruction on the walls
is more effective than placing free-standing obstructions within the channel to enhance
the fluorescein and fluorescein-antibody reaction.
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1. INTRODUCTION
The goal of this research is to develop an efficient computational program to
model convection, diffusion, and reaction in microfluidic channels and evaluate
microfluidic channel designs for a miniature antibody-based sensor suitable for
environmental monitoring, food testing, and medical diagnostics. This type of sensor
device will rapidly detect small concentrations of harmful low molecular weight toxins
and heavy metals through analyte-antibody binding and electrochemical signal
transduction on a portable, inexpensive platform, permitting use in the field or at the
point of care. Proper function of the electrochemical sensor is dependent on complete
mixing between the separate analyte and antibody solutions simultaneously injected into
the device. Unfortunately, convective mixing is difficult at the microscale dimensions
essential for our miniature sensor and typically necessitates long length- and time-scales
to allow molecular diffusion between laminar streams.
We investigate in-plane passive microscale mixing to enhance analyte-antibody
binding. With passive mixing, the fluid is externally driven through a fixed chamber
geometry carefully designed to induce convective mixing, thereby requiring no internal
moving parts and maintaining the simplicity and low cost of our sensor device. The
following specific aims address both computational and experimental techniques to
effectively analyze microscale fluid dynamics, transport, and mixing, providing an
innovative method to determine the appropriate geometric configurations and flow
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parameters of a passive microfluidic mixer for our antibody-based sensor as well as for
other lab-on-chip applications.
Specific Aim #1 (SA1): Develop an efficient computational scheme to solve analyteantibody transport and reaction in geometrically complex 2-D microscale domains.
The use of the computational tools to study the fluid dynamics and transport in
microfluidic chambers allows the efficient evaluation and optimization of the designs for
rapid mixing to promote the analyte-antibody binding necessary for the operation of the
antibody-based sensor. In this specific aim, we describe a computational algorithm
utilizing a high-performance computing environment to solve the governing equations for
microscale fluid flow and transport in complex 2-D domains created through a graphical
user interface. We implement the particle strength exchange method (PSEM) to solve the
convection-diffusion-reaction equations, coupled to the boundary element method (BEM)
to compute the velocity field from the steady state Stokes equations. We validate the
numerical methods by comparison to analytical and finite element method solutions,
followed by a comparison to experimental results addressed in SA3. We define a metric
to quantitatively evaluate the combination of two concentrations in complex geometries
based on the reaction of two species and demonstrate the use of this metric by modeling
the transport and reaction of fluorescein and fluorescein antibody. The components of
this program are applicable to other types of microfluidic transport problems. Because the
chosen methods require no internal mesh, our algorithm provides an efficient alternative
to grid-based methods when solving transport in complex geometries with internal
obstacles.

Page 3
Specific Aim #2 (SA2): Develop an experimental system using fluorescein and
fluorescein-antibody to investigate analyte-antibody transport and reaction in
microfluidic devices.
The binding of fluorescein to fluorescein-antibody quenches fluorescence,
yielding a relationship between the initial fluorescein concentration (analogous to the
analyte or contaminant) and fluorescence intensity. We characterize two fluoresceinantibody clones through competitive ELISA experiments and demonstrate the quenching
effect of the antibodies with a fluorescence spectrophotometer. We describe a
microchannel flow system to image the quenching of fluorescence by the antibody when
fluorescein and fluorescein-antibody solutions are injected into separate inlets of the
microchannel. We correlate the fluorescence intensity of microscope images of
fluorescein flowing through the microchannel to concentrations of fluorescein to establish
a calibration curve. This system provides a method to visualize and quantitatively analyze
the mixing and reaction in a microfluidic device.
Specific Aim #3 (SA3): Compare the experimental results from the fluorescein and
fluorescein antibody reaction in a microfluidic flow system to the simulation results
provided by the coupled BEM-PSEM computational scheme and use the BEMPSEM program to computationally investigate a set of microchannel designs.
Using the system developed in SA2, we quantitatively measure the amount of
complex formed after injecting the fluorescein and antibody solutions into a fabricated
microchannel. The fluorescence intensity measured in the outlet region of the channel is
correlated to the concentration of fluorescein, determined from the calibration curve
established in the same channel. We test the numerical methods by comparing the
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experimentally determined fluorescein concentration to the outlet amount numerically
predicted by the computational model under identical conditions. To determine the
parameter values and initial conditions to use in the simulation, we perform a sensitivity
analysis of the system parameters and methodically minimize the error between the
experimentally and computationally determined fluorescein concentration profiles. Our
analysis indicates the range of validity of the computational tools we have developed. We
follow this by completing the transport-reaction computation in a set of microchannels
with cylindrical obstructions and evaluating the geometric effect on fluorescein and
fluorescein-antibody reaction. We demonstrate the effectiveness of our tools to analyze
micromixer designs, which may reduce the time and cost required for experimental trials.
By completing these specific aims, we have developed an efficient design tool
backed by physical experiment useful for other microfluidic lab-on-chip applications as
well as the proposed antibody-based sensor. We discuss the use of this tool for the
optimization of mixers that maintain the simplicity, portability, and low cost of the
sensor, permitting its widespread use in the detection of pollutants and toxins harmful to
human health.
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2. BACKGROUND
The miniaturization of antibody-based sensors onto an integrated lab-on-a-chip
has the potential of improving the quality of life of those in both the developed and
developing worlds by facilitating the instant low-cost detection of harmful pollutants and
diseases. In this section, we describe the mechanism and usage of immunoassays and the
benefits of miniaturization, the challenges associated with microfluidic mixing, and
computational and experimental studies of mixing in microchannels.

2.1. ANTIBODY-BASED SENSORS
Biologically, an antigen is any substance that can provoke an immune response in
a living host. Antibodies that specifically bind to the antigen are produced as a result of
this immune response [1]. The mechanism of the antibody-based sensor lies in this
inherent ability of antibodies to exclusively recognize specific antigens, or analytes. This
property has spurred the creation of highly selective and sensitive immunoassays [2],
where quantitative measurements are generally performed outside of a living biological
system to detect clinically and environmentally important analytes such as illicit drugs
[3], disease markers [4, 5], biological warfare agents [6], food pathogens and
contaminants [7], pesticides [8-10], heavy metals [11, 12], and other environmental
pollutants [13, 14].
There are several immunoassay methods, but typically either the analyte or
antibody is immobilized onto a substrate, which is exposed to a solution of the unbound
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immunoagent to be detected. An antibody-analyte complex forms that is quantified using
labels (radioactive, enzyme, or fluorescent) bound to the analyte or antibody [2]. Current
antibody-based sensing techniques for quantitative identification of analytes are typically
performed in centralized laboratories with large-scale equipment, but have drawbacks
including long analysis time, excessive consumption of expensive reagents, and complex
sample handling [15, 16]. Decreasing the size of antibody-based sensors to the microscale
by incorporating emerging microfluidic and lab-on-chip technologies enables the
production of portable sensing devices for use in the field or at the point-of-care and
reduces the cost, time, and resources associated with biological and chemical testing [16].
Significant advances have been made in recent years towards the miniaturization
of immunoassays and their inclusion in micro-analysis systems [17]. Integrated
miniaturized immunosensors consist of a biological recognition element (the analyteantibody interaction) coupled via microfluidic networks to an electrochemical, optical,
piezoelectric or other type of transducer that provides an electronic signal indicating
detection [18]. Heterogeneous immunoassays, in which the antibody or antigen is
immobilized on a solid substrate such as glass [5], magnetic beads [19, 20], or a silicon
surface [21], are most often used and offer a high degree of sensitivity and selectivity.
This technique requires multiple steps for separation and immobilization, which can be
complicated in the miniaturized format, and is generally restricted to the detection larger
molecules, excluding important low molecular weight toxins such as heavy metals and
pesticides [15]. In contrast, the analyte-antibody reactions of homogeneous assays occur
completely in the solution phase without separation or immobilization, and the assay can
be performed more rapidly to detect a wider variety of analytes. However, this technique
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unbound conjugate, which can pass through a filter to the electrochemical sensor. The
FAD cofactor activates the enzyme glucose oxidase, which exhibits a dose-dependent
increase in activity relative to the amount of FAD present. This enzyme activity produces
an electric signal directly correlated to the concentration of contaminant in the sample.
This biosensor system will provide rapid quantitative detection of small
concentrations of low molecular weight toxins with high sensitivity and minimal steps
and components. The inclusion of microfluidics and lab-on-a-chip technology will allow
portability, lower cost, and decreased use of reagents for efficient on-site usage.
However, the functionality of the device is dependent on mixing between the antibody
and analyte solutions, so we must address the challenge of microscale mixing.

2.2. MICROSCALE FLUID DYNAMICS, TRANSPORT, AND MIXING
Proper function of the antibody-based sensor described in §2.1 relies on the
uniform distribution of all molecules in the end solution; the separately introduced
analyte and antibody must form a mixture so that a reaction can take place. At microscale
dimensions (100 nm – 100 μm), fluid dynamics and transport in an antibody sensor are
characterized by two dimensionless parameters:
1. Reynolds number: Re = ρUL/μ, which describes the relationship between the
inertial force (ρU2/L) and the viscous force (μU/L). The parameters ρ, μ, U, and L
are the fluid density, fluid viscosity, velocity scale and length scale, respectively.
2. Péclet number: Pei = UL/Di, which is the ratio of mass transport by convection
(UC0/L) to the mass transport by diffusion (DiC0/L2). The parameters Di and C0
are the diffusion coefficient of the substance i and the concentration scale.
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The Reynolds number is often less than unity in microfluidic devices and we expect
inertia-free laminar flow (Re << 1) and of convection-dominated mass transport (Pei >>
1) due to the small diffusivities of the analyte and antibody [27]. Assuming the proposed
sensor is operated with aqueous solutions (density ρ = 1 g/cm3 and viscosity µ = 1 cP) at
mean velocity U = 5x102 cm/s and length scale L = 1x102 cm, the Reynolds number for
this system is Re = 5x102. Estimating the molecular diffusivities of the analyte and
antibody as D1 = 5x106 cm2/s and D2 = 5x107 cm2/s, respectively, the Péclet numbers
are in the range 1x102  Pei  1x103. Due to the absence of inertial effects at the
microscale, mixing is limited by molecular diffusion across adjacent laminar streams and
can require large distances to reach completion in a straight channel. Thus, the challenge
for mixing on the microscale is to disperse the solutes over the entire cross section of the
channel by either increasing the contact area of the fluids to be mixed to enhance
transverse diffusion or inducing chaos to generate transverse advection [27, 28].
Because of the difficulty in mixing at high Pe, the investigation of methods to
enhance microscale transport is an ongoing area of research [28, 29]. Mixing in
microfluidic devices is achieved by either active or passive strategies. Active mixers can
improve microscale mixing by introducing vorticity through external disturbances
induced by pressure, temperature, acoustics, magnetohydrodynamics,
electrohydrodynamics, dielectrophoretics, or electrokinetics [30]. Such mixers have been
investigated [31-36], but are subject to high power consumption and cost, difficulties
with integration and control, and complex fabrication. Therefore, these techniques are not
feasible for use in most applications. In contrast, passive mixers require no moving parts
or actuators because mixing occurs via molecular diffusion or chaotic advection without
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Parallel lamination achieved by joining two or more substreams into a single stream [3739], split and recombine configurations [40-42], and hydrodynamic focusing [43-45]
promote mixing by increasing the interfacial area available for diffusive transport and
decreasing the distance that molecules must travel. Chaotic advection to generate
transverse flow at the microscale has been created by the implementation of 2- and 3-D
serpentine configurations [46-48], patterned grooves or ribs in the channel walls [49-51],
and inclusion of obstacles [52-54]. Forming droplets of the two reagents to be mixed by
introduction into an immiscible carrier fluid has also been shown to achieve fast mixing
within microfluidic networks [55, 56].
To maintain device simplicity, we consider in-plane passive micromixers. In this
scenario, the efficacy of mixing is dependent on finding the optimal geometric
configuration suitable for the transport properties of the reagents. We aim to construct
designs that increase the contact area of the analyte and antibody solutions and induce
convective mixing. Mixers with in-plane fixed geometries are more easily fabricated and
incorporated into lab-on-chip devices such as the antibody-based sensor. We are
particularly interested in microchannel designs that incorporate obstructions and multiple
inlets and describe recently published microchannel geometries of these types here.
1.

Adeosun and Lawal [57] presented a multilaminated and elongational flow
mixer with 74 trapezoidal obstructions that reduced the fluid diffusion path and
increased the contact areas of the fluid. The mixer had eight alternating inlets on a
footprint of 35 mm x 30 mm and 300 μm depth. The mixer was evaluated both
computationally and experimentally over 5 < Re < 13 at flow rates of 0.2, 0.25,
0.4 and 0.5 mL/min using residence time distribution measure.
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2.

A pillar obstruction mixer was investigated by Chen et al. [58] using a
fluorescence experiment to evaluate mixing by pixel intensity distribution. The
geometry included four sets of pillar obstruction clusters with pillars spaced at 7.5
μm interval in a staggered formation and channel dimensions 200 μm width x 45
μm depth x 35 mm length. After testing flow rates of 0.2 μL/min – 50 μL/ min
(corresponding to velocities of 0.37 mm/s – 185 mm/s), they found the mixing
performance decreased as the flow rate increased.

3.

Bhagat et al. [59] tested a passive planar mixer 200 μm wide and 55 μm deep
with diamond-shaped obstructions at various locations within the channel. The
mixer was evaluated using computational simulation over 0.01 < Re < 100 with
CFD-ACE+ software and experimentally over the range 0.02 < Re < 10 by mixing
a fluorescent dye and water and evaluating the pixel intensity distribution. The
pressure drop in the channel was 150 Pa over an 11 mm length.

4.

A passive planar micromixer was also investigated experimentally by Cook et
al. [60]. The mixer was constructed with a 7-substream uneven interdigital inlet
with 48 staggered teardrop-shaped obstructions and 32 side-wall protrusions and
had dimensions of 110 mm length, 2 mm depth, and 5 mm width. The experiment
was completed for Re = 1, 5, 10, 25, 50 and 100 with mixing efficiency
determined by induced fluorescence and correlation of intensity to concentration.
The group found that mixing was most efficient at Re = 1.

5.

Bhagat and Papautsky [61] completed a study of a micromixer for particle
flows. The planar channel with rectangular obstacles oriented at 45° angle to the
flow had 100 μm width and 50 μm depth. Both simulations with CFD-ACE+ and
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experiments with fluorescent particles were completed at velocity 0.6 mm/s with a
4% average error between the computation and experiment.
6.

The sandwich mixer study of Abonnenc et al. [37] found that when mixing
two substances, the lowest-diffusivity substance should be introduced through two
outer inlets, while the higher diffusivity substance should enter through a middle
inlet for optimal mixing.

The previous mixers including obstructions resulted in better mixing at the lowest
Reynolds number tested. The following studies of passive micromixers do not include
obstructions and instead use other geometric configurations such a curved channels to
enhance mixing.
1.

Chen, Chen, and Shie [62] investigated 2-D staggered Dean vortex mixers that
incorporated curved rectangular channels to form split-and-recombine structures.
Their numerical analysis with CFD-ACE+ was compared to a pH indicator
experiment over 0.5 < Re < 50 using mass concentration distribution as a mixing
index, and the geometry was optimized by changing two angle parameters.

2.

A passive mixer with alcoves was computationally modeled with a 2-D finiteelement based Navier-Stokes solver and experimentally analyzed with optical
imaging, fluorescence, and raman microscope spectroscopy by Egawa et al. [46].
They found that the mixer had a high mixing efficiency and short mixing
deadtime at a 20 μL/s flow rate.

3.

Wang et al. [63] described a passive mixer with cylindrical grooves of various
size protruding outward from the main channel. They performed an experimental
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analysis with a pH indicator and computational simulations with COMSOL for
Re = 0.1, 1, 10 and 100, finding that mixing increases with Re.
4.

Scherr et al. [64] investigated a planar micromixer with logarithmic spirals by
3-D Navier-Stokes simulations with FLUENT and an experiment using
fluorescein and water. They found that mixing efficiency decreases with Re when
Re < 15 and then increases to a maximum at Re = 67.

5.

Pennella et al. [65] introduced a modular passive micromixer with repeating
identical mixing units of variable curvature designed to produced transverse
secondary flow and recirculation. They completed CFD analysis of mixing
efficiency with Fluent software over the range 1 < Re < 110 and utilized laserinduced-fluorescence experimentally, reporting a mixing efficiency of 80% when
Re > 70.

6.

Choudhary et al. [66] compared different passive mixer designs based on the
3-D dependent staggered herringbone design using fluorescence microscopy and
CFD. This design incorporates raised structures extending into the channel from
the top and bottom walls. They found that the mixing time and length decrease
with increasing degree of asymmetry.
We note that several of the computational studies use a finite-element or finite-

volume based software and are limited by numerical diffusion or the increased mesh-size
required by high Péclet number flows. The comparison between numerical simulations of
mixing and microfluidic mixing experiments was often facilitated by fluorescence
intensity distribution and concentration correlation. Several groups used the mixing of a
fluorescent dye and water or a pH indicator to visualize mixing. The 2-D planar designs
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worked best for mixing at lower Reynolds numbers, while geometries incorporating
curved or serpentine formations or 3-D dependent structures were better for mixing at
higher Reynolds numbers. In general the depth of the channels was shallow, ranging from
~50 μm – 200 μm. In order to effectively and efficiently design the micromixer for the
antibody-based sensor we will develop computational and experimental tools to evaluate
the efficacy of microchannel geometries for mixing.

2.3. METHODS FOR MICROCHANNEL MIXING ANALYSIS
As microfluidic technology is increasingly incorporated into biological and
chemical applications such as medical diagnostics, environmental monitoring, and
biowarfare detection [67-69], there is a rising need to create robust design tools that will
reduce the development cost in order to speed the introduction of new lab-on-chip
devices into industry [70, 71]. Since the manufacture and experimental testing of the
numerous configurations encountered in the optimization of microfluidic components can
be a laborious and time-consuming task, utilizing efficient computational techniques to
model the physical behavior within the microfluidic elements as an initial step in the
design process may significantly accelerate device development. Typically, commercial
CFD modeling software such as ANSYS CFX [41, 72, 73] or CFD-ACE+ [42, 52], is
utilized to characterize only the fluid dynamics of two miscible fluids injected into a
mixing chamber under various flow conditions followed by optimization of the design to
promote characteristics in the velocity field that may enhance mixing.
Since molecular diffusivity is very small for our application, high Péclet number
convection-dominated transport is expected in the microchannels, as mentioned in §2.2,
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and steep concentration gradients are likely to exist. Modeling these systems using gridbased techniques such as the finite element method necessitates a fine and/or adaptive
mesh and very small time steps to accurately resolve the evolving concentration field
[74]. In situations where the domain is irregular, conventional computational methods are
very complex and may be too computationally expensive to complete. For this reason, we
have developed an efficient and adaptable computational program that models both
microscale fluid dynamics and the convection-diffusion-reaction of the substances to be
tested experimentally and those to be used in future lab-on-chip devices. Our approach is
based upon a parallelized implementation of the particle strength exchange method
(PSEM) coupled to the boundary element method (BEM) to model convection-diffusionreaction and Stokes flow.
The PSEM is a Langrangian particle method in which a system of ordinary
differential equations is solved to simulate the evolution of the concentration of each
substance. Since the initial works of Rosenhead [75], Chorin [76], and Leonard [77],
particle methods have been extensively developed and improved for solving the NavierStokes equations [78-84] and have been applied to advection-diffusion systems [85-89].
A grid is not required for the PSEM; instead the particle trajectories follow the local flow
field. A smooth ‘blob’ function is associated with each particle, which overlaps to
neighboring particles to provide a smooth representation of the concentration field.
This grid-free approach is advantageous for our advection-dominated application
because it is better able to deal with the sharp gradients encountered and less likely to
introduce artificial diffusion than with fixed-grid numerical schemes. The PSEM benefits
from relatively simple implementation and recent work has demonstrated execution with
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parallelization techniques for faster processing time [90]. Because the particles adapt to
the flow map, the PSEM is capable of handling complex geometries with irregular
boundaries and obstacles. However, this adaptability creates particle distortion in nonuniform flows or regions of high shear such that the particle blob functions no longer
overlap and the equations are not solved to the expected degree of accuracy [80]. A
remeshing step is required to restore the regular spacing of particles by interpolating the
particle concentrations onto a new grid. An additional drawback of particle methods is
the difficulty of enforcing boundary conditions, as boundaries do not exist in the particle
calculation. As discussed in §3.3.5, we implement an image particle technique that
reflects particles symmetrically about the boundary to impose a Neumann condition.
Because Re << 1, inertial effects can be neglected. We use the Boundary Element
Method (BEM) to solve the Stokes equations for the velocity field in the micromixer
geometries. This method is advantageous because the internal meshing of a two
dimensional geometry is reduced to a one dimensional discretization of the boundaries
only. Our BEM implementation, which has been rigorously validated and used
extensively in simulations of pulmonary airway reopening [91-93] and flow over cells in
a channel [94], simulates the solution of the Stokes equations efficiently for complicated
geometries with fine resolution on the boundaries with parallelization.
Conventionally, mixers are evaluated experimentally by observing the change in
color or fluorescence intensity that occurs when two injected fluid solutions mix. This
observation is accomplished using a microscope, CCD camera, and appropriate
illumination [41]. Alternatively, some studies have reported quantitative results by pointby-point measurement of concentration fields via laser-induced fluorescence [46, 95] or
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by incorporating measurable complex chemical reactions in their experiments [72, 73].
Other options for mixing visualization include the use of phenolphthalein as a pH
indicator. In that case, the solution changes from colorless to red when pH > 8, such that
adding NaOH in a mixer allows easy visualization of mixing between two fluids [48].
In the present study, we have chosen to use the reaction of fluorescein with the
antibody against fluorescein in our experiments to quantitatively measure the extent of
mixing after passage through a microchannel in addition to visualization of the flow.
Furthermore, this reaction is similar to the biosensor reactions described in §2.1 and thus
we will be able to use analyte and antibody concentrations that are similar to the
concentrations expected in the final device. When fluorescein (the analyte) solution is
mixed with a solution of fluorescein-antibody, the fluorescein fluorescence is quenched
by binding to the antibody. This phenomenon has been well-documented by Voss et al.
[96-98], which indicate 49-98% fluorescence quenching with various anti-fluorescein
clones.
In summary, coupling computational and experimental techniques to analyze the
fluid dynamics, transport, and mixing in microfluidic devices provides a constructive
avenue towards achieving functional design. While micromixers of a single layout may
be inexpensive to mass-produce, manufacture and subsequent testing of the numerous
patterns encountered in the optimization process is not practical. Efficient computational
tools correlated to experiments expedite the design process by providing quantitative
results that lend insight into the physical behavior of substances within the mixer before
fabrication. Correlation of the fluorescein experiment to the computations will indicate
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that our computational tool is a reliable method to predict the amount of mixing
generated in various geometric configurations over a range of parameters.
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3. COMPUTATIONAL SIMULATION TOOL FOR ANALYZING
CONVECTION-DIFFUSION-REACTION IN MICROCHANNELS
SA1: Develop an efficient computational scheme to solve analyte-antibody transport
and reaction in geometrically complex 2-D microscale domains.
In this section, we describe and evaluate an efficient grid-free approach for
analyzing coupled transport-reaction interactions in microfluidic devices. Our approach is
based upon a parallelized implementation of the particle strength exchange method
(PSEM) coupled to the boundary element method (BEM) to model the convectiondiffusion-reaction equation and Stokes equations, respectively. We provide the
mathematical formulation of the BEM and PSEM and describe the implementation of the
program to simulate transport-reaction in microchannel geometries. To validate the
method, we compare the computed results of the classic Taylor dispersion problem to the
analytical solution for a step input of concentration between parallel plates as well as to
the solution computed with the grid-based spectral element method (SEM). We
demonstrate the speedup obtained with parallelization and the use of the algorithm in
sample microchannel domains with obstacles and irregular boundaries. The program
allows the effective optimization of the geometric configuration of microchannels for
desired transport characteristics such as merging two concentrations to promote reaction.
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3.1. GOVERNING EQUATIONS OF TRANSPORT MODEL
In formulating the transport model, we assume the steady, viscous flow of
incompressible analyte and antibody solutions entering into a microchannel. We
investigate three microchannel domains with three inlets, which are shown in Figure 3.1:
a straight channel ΩA, a serpentine channel ΩB, and a channel with C-shaped obstacles
Ω C.

ΩA

ΩB

Γin

u1(y)

Γin

u1(y)

Γin

u1(y)

Γin c1

C0

Γin c2

½C0

Γin c1

C0

Γin Antibody
ΩC

Γin Analyte

Γwall
L

Γout

Γwall

Γout

Γwall
Γwall

Γout

Γin Antibody
Figure 3.1: Schematic of Microchannel Domains. We model the steady state Stokes flow (3.1.4) of
antibody (c1) and analyte (c2) solutions driven by a prescribed parabolic velocity profile u1(y) in three
microchannel domains ΩA, ΩB, and ΩC. The transport equation (3.1.5) is solved as the solutions flow to the
right into the mixing region. No slip or penetration (3.1.10) and no flux (3.1.11) boundary conditions are
applied on the upper and lower channel walls and obstructions. The inlets and outlets have identical width
L, the characteristic length scale. The channel length is 18.

The “sandwich” type inlet in which the higher diffusivity solution (analyte) enters
between the lower diffusivity solution (antibody) was previously shown by Abonnenc et
al. [37] to enhance reaction of the two species. The viscosity of the fluids and the
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diffusivities of the transported species are assumed constant and unaffected by the
reaction occurring between two species. The governing equations for fluid dynamics and
transport are presently solved for two dimensions, although both the BEM and PSEM
may be extended to three dimensions.
3.1.1. Governing Equations of the Fluid
The motion of the fluid is governed by the incompressible Navier-Stokes
equations non-dimensionalized using the characteristic length scale L (the width of the
inlet and outlets in the microchannel domains), velocity scale U (the average inlet
velocity), time scale τ = L/U, and the pressure scale Π = µU/L:

* =

 *
, u = Uu, t * = t t , and P* = PP,
L

(3.1.1)

where * denotes the dimensional variable, u = (u1, u2) is the fluid velocity and P is the
pressure. The indices 1 and 2 refer to the x- and y-directions. The scaled equation is
æ ¶u
ö
Re çç + (u ⋅) u÷÷÷ = 2u -P, ⋅ u = 0,
çè ¶ t
ø

(3.1.2)

where Re is the Reynolds number, the ratio of the inertial force (ρU2/L) to the viscous
force (μU/L),
Re =

r LU
m

(3.1.3)

with ρ and μ the density and viscosity of the fluid, respectively. The Reynolds number is
typically small in microfluidic systems and the Stokes flow approximation of Re → 0
may be appropriate. We further investigate this assumption in §3.2.6. When inertia is
negligible in the system (Re << 1), the flow is described by the dimensionless continuity
and the Stokes equations

Page 23
2u = P, ⋅ u = 0.

(3.1.4)

3.1.2. Governing Equations of the Mass Transport
The transport and reaction of each species is governed by the dimensionless
convection-diffusion-reaction equation
¶ ci
1 2
+ (u ⋅) ci =
 ci + Ri ,
¶t
Pei

(3.1.5)

non-dimensionalized using the length, velocity, and time scales from (3.1.1) and the
concentration scale ci* = C0ci, where C0 is the initial concentration of c1. For the multiplecomponent transport simulations discussed in this chapter, i = 1, 2, 3, where c1 is the
concentration of antibody, c2 is the concentration of analyte, and c3 is the concentration of
bound analyte-antibody complex. The Péclet number Pei is the ratio of the mass transport
by convection (UC0/L) to the mass transport by diffusion (DiC0/L2),
Pei =

UL
,
Di

(3.1.6)

where Di is the diffusion coefficient for concentration ci. We expect large Péclet numbers
and convection-dominated mass transport in the microchannel domains. The reaction
term Ri describes the reaction kinetics of the concentrations. A reversible reaction occurs
with a formation rate kon and dissociation rate koff between the analyte and antibody
k

on

 c3 ,
c1 + c2 ¬
k

(3.1.7)

off

which is described by the dimensionless reaction terms
R1 = R2 = -rf c1c2 + rd c3 ,
R3 = rf c1c2 + rd c3 .

The dimensionless formation and dissociation parameters are

(3.1.8)
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rf =

Lk
C0 Lkon
and rd = off .
U
U

(3.1.9)

3.1.3. Boundary Conditions
The computation domains, ΩA, ΩB, and ΩC, used in the subsequent computations
are shown in Figure 3.1. The boundary of each domain is comprised of three inlets and
one outlet connected by solid channel walls: ∂Ω = Γin  Γwall  Γout. Unattached solidwalled obstructions may also be included within the domain as in ΩC. No slip and no
penetration boundary conditions for velocity are imposed on the channel walls and any
other stationary obstructions within the domain, while the no-flux boundary condition is
enforced for the concentrations:
On Γwall: u = 0,
On Γwall:

¶ci
= 0.
¶n

(3.1.10)
(3.1.11)

A Dirichlet condition is prescribed for both the velocity and the concentrations between
the lower and upper boundaries of each inlet Γin. We assume that the outlet is long
enough such that there is no tangential velocity along Γout, and the normal component of
the velocity follows the Neumann boundary condition:
On Γout: u ⋅ t = 0, n ⋅u = 0,

(3.1.12)

where n is the unit outward normal vector and t is a unit vector tangential to the
boundary. The concentrations at the outlet satisfy the Neumann boundary condition:
On Γout:

¶ci
= 0.
¶n

(3.1.13)
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3.2. THE BOUNDARY ELEMENT METHOD (BEM)
We use the boundary element method based on the boundary integral
representation of Stokes flow derived by Ladyzhenskaya [99] to solve the Stokes
equations for the velocity field in microchannel domains. The BEM is advantageous
particularly for complicated domains because there is no internal mesh, reducing a 2-D
problem to one dimension. Our BEM implementation, which has been rigorously
validated and adapted from a version used extensively in simulations of pulmonary
airway reopening [91-93] and flow over cells in a channel [94], is solved efficiently with
parallelization for complicated and multiple surface geometries with fine resolution on
the boundaries. The approach for the 2-D formulation described here is similar to that of
Higdon [100], wherein the boundary integrals are expressed in terms of traction and
velocity, as opposed to biharmonic formulations involving the stream function and
vorticity equation [101]. Disadvantages of our BEM approach include singularities in the
boundary integral solution and the formation large dense matrices that require significant
computational memory. We overcome these difficulties by using special quadrature rules
and by implementing the method using multiple CPUs.
3.2.1. Mathematical Formulation of BEM in 2-D
We use the following formulation described by Halpern and Gaver [92]. The
velocity field solution uk is obtained in terms of single- and double-layer potentials by
taking Fourier transforms of (3.1.4) and applying Green’s theorem. This yields the
integral equation
uk (x) = ò f ik (x, y ) ui (y ) d G y - ò g ik (x, y ) t i (y ) d G y ,
G

G

(3.2.1)

Page 26
where ui is the ith component of the velocity vector and i is the ith component of the
traction vector. i is defined as the product of ij, the stress tensor of a Newtonian fluid,
and the unit vector nj normal to the boundary Г directing away from the fluid, i = ij nj,
with indices i and j equal to 1 (x-direction) or 2 (y-direction). The traction and velocity
kernels, fik and gik, derived from the free-space Green’s function are:
1 æç( xi - yi )( x j - y j )( xk - yk ) n j (y )÷÷ö
fik = - çç
÷÷ ,
4
p ççè
÷ø
x-y

gik = -

( xi - yi )( xk - yk )ö÷÷
1 æçç
x
y
d
log
÷÷.
ç ik
2
4p çè
÷ø
x-y

(3.2.2)

(3.2.3)

The integrals are evaluated over the positions y that describe the boundary Г; the solution
vector uk(x) describes the velocity at the points x within the bounded domain. In the limit
as x approaches a point on the boundary surface, singularities arise in the kernels fik and
gik. Thus, the integral solution (3.2.1) becomes
Cki uk (x) = ò f ik (x, y ) ui (y ) d G y - ò gik (x, y ) ti (y ) d G y ,
G

G

(3.2.4)

where x  Г. The tensor Cki accounts for stress discontinuities at the surface. If the
boundary is smooth at x, Cki = ½ ki, but Cki has a more complicated structure in domains
with corners [102]. The boundary Г may consist of multiple closed boundary surfaces
(obstructions) enclosed within an outer closed boundary, such as ΩC shown in Figure
3.1.
Equation (3.2.4) is solved numerically by discretizing only the boundaries into
Nelm three-node quadratic elements as depicted in Figure 3.2, transforming the 2-D
problem to a one-dimensional integral formulation. The absence of an internal grid
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provides an elegant approach to determining the flow field within the multi-surface or
irregularly bounded geometries. Four unknowns exist at each boundary node, u1, u2, 1,
and 2, and we supply velocity u and/or stress  boundary conditions for two of the four
unknowns. In the case of corner points where two normal vectors exist, both the velocity
and stress must be specified in the x and y directions to avoid stress discontinuities. Refer
to [92, 102] for a detailed discussion of boundary conditions at corner points. In complex
geometries, internal obstructions are constructed without corners because only the
boundary velocity is known.
In the current study we define an entrance parabolic axial velocity profile u1(x2)
along the inlet boundary nodes and set 1 = 0 at each outlet node; u2 = 0 is imposed on
both the upstream and downstream ends of the domain. The corners of the inlet and outlet
are set such that u and  are defined in both directions as indicated in Figure 3.2. The
stress conditions at the upper and lower inlet corners are
t top =

¶u1
¶x2

and t bottom =
x2 =Ytop

¶u1
¶x2

,

(3.2.5)

x2 =Ybottom

where Ytop and Ybottom correspond to the upper and lower boundaries of the channel. The
inlet cross-sections of the geometries under consideration in this paper are constant in x1,
although this is not a requirement. The no slip and no penetration boundary conditions on
Гwall (3.1.10) are enforced by setting u1 and u2 to zero. Alternatively, to solve pressuredriven flow in which a pressure drop is applied between the inlet and outlet of the
channel, 1 = Pinlet (n1) is prescribed at the nodes along the upstream boundary.
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Matrix G is larger than F to allow the end-points of each node to have two distinct
stress values because of two possible orientations of the normal vector, specifically at
corner points. Including the element endpoints twice to account for the two orientations
in the stress matrix increases the total number of ‘nodes’ to (3/2)*Nb, thus the size of
matrix G is 2*Nb  2*(3/2)* Nb. In domains that are smooth with no corners, it would not
be necessary to increase the size of matrix G. Also, if very few corner points exist in the
domain the size of matrix G could be reduced to 2*Nb  (2*Nb + 2*Ncorners). However,
this implementation assumes that every element end-point could have two normal vector
orientations.
The elements of F and G are computed using a 10-point regular Gaussian
quadrature if x does not coincide with one of the points on Гm, while a 10-point
logarithmic quadrature is used when x is located on the element Гm. This special
quadrature is necessary to evaluate the portions of the integrals in (3.2.6) that contain the
logarithmic singularity from gik (3.2.3). The kernel fik (3.2.2) also contains a singularity,
which are the diagonal coefficients of F. These components are computed indirectly by
imposing a uniform flow in both the x1 and x2 directions using rigid body considerations
as described in Brebbia and Dominguez [102]. The boundary conditions are then applied,
and the system is rearranged so that A z = b, where A is a 2Nb  2Nb matrix, z is a 2Nb
vector containing the unknown velocities and stresses, and b contains the known stress or
velocity information. The system is solved for z using the parallel ScaLAPACK routine
PDGESV from the Netlib Repository (http://www.netlib.org), which uses LU
decomposition with partial pivoting.
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3.2.2. Distribution of Large Matrices
The matrices F and G are dense and need a large memory space to store element
data. We use MPI (Message Passing Interface) to parallelize the code for two purposes:
one is to divide the matrix elements between multiple CPUs so that the memory
requirements on each CPU are reduced; the second is to speed up the computation using a
parallel linear system solver. The two-dimensional block-cyclic data layout scheme is
used to distribute the large matrices F and G and the vector b across a CPU grid.
As described in the ScaLAPACK Users’ Guide[103]:
The block-cyclic distribution scheme is a mapping of a set of blocks
onto the processes. In the two-dimensional block-cyclic distribution
scheme, we assume the matrix is partitioned into MB  NB blocks within a
CPU grid (NPr, NPc) and that the first block is given to the process of
coordinates (RSRC, CSRC). The analytical formula for the matrix entry (I,
J) stored in the process of coordinates (Pr, Pc) within the local (l, m) block

at the position (x, y) is given by:
(l , m) = (( I -1) / NPr ´ MB ), ( J -1) /( NPc ´ NB ))
( Pr , Pc ) = (mod( RSRC + ( I -1) / MB, NPr ), mod(CSRC + ( IJ -1) / NB, NPc )) .

(3.2.8)

( x, y ) = (mod( I -1, MB ) + 1, mod( J -1, NB) + 1)

These formulae specify how an M  N matrix A is mapped and stored
on the process grid. It is first decomposed into MB  NB blocks starting at
its upper left corner. These blocks are then uniformly distributed across
the process grid in a cyclic manner. Every process owns a collection of
blocks, which are contiguously stored by column in a two-dimensional
“column major” array. This local storage convention allows the
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ScaLAPACK software to use the local memory hierarchy efficiently by
calling the BLAS on sub-arrays that may be larger than a single MB  NB
block. The local entries of every matrix column are contiguously stored in
the processes’ memories.
For example, Figure 3.3 shows how a 6  9 global matrix M is partitioned into 2  2
matrix blocks and mapped onto a 2  2 processor grid in which each of the four
processors (0, 1, 2, and 3) is assigned a local matrix. (i.e., M = 6, N = 9, NPr = NPc = 2,
and MB = NB = 2). This distribution scheme allows the use of the ScaLAPACK routine
PDGESV to solve the linear system of equations.
0

1

m11 m12 m15 m16 m19 m13 m14 m17 m18

m11 m12 m13 m14 m15 m16 m17 m18 m19

0
m21 m22 m23 m24 m25 m26 m27 m28 m29

m21 m22 m25 m26 m29 m23 m24 m27 m28

m31 m32 m33 m34 m35 m36 m37 m38 m39

m51 m52 m55 m56 m59 m53 m54 m57 m58

m41 m42 m43 m44 m45 m46 m47 m48 m49

m61 m62 m65 m66 m69 m63 m64 m67 m68
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Partitioned Global Matrix M
Key:
Process 0 (0,0)
Process 1 (0,1)
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Process 2 (1,0)

Process 3 (1,1)

Figure 3.3: Parallelization of BEM – Distribution of Matrices. The large dense matrices constructed to
solve the Stokes equations with the BEM are distributed among multiple processors using the twodimensional block-cyclic scheme [103]. Shown is a 6  9 global matrix divided into 2  2 blocks mapped
onto a 2  2 processor grid. Figure adapted from [103].

In §3.2.5, we show how the parallelization decreases the computational time and
memory required to assemble the large matrices and solve the system of equations. We
note that our particular implementation is not the only method to solve a large system of

Page 32
linear equations with a dense matrix. The linear system of equations could alternatively
be solved with an iterative method that does not require the construction of the full
matrices. For example, Gómez and Powert [104] used a parallelized generalized
minimum residual (GMRES) solver to compute the Stokes equations with the BEM,
while Fang, Ingber, and Martinez [105] investigated the bi-conjugate gradient (BiCG),
conjugate gradient squared (CGS), bi-conjugate gradient stabilized (BiCGStab), and
quasi-minimal residual (QMR) iterative methods for solving magnetostatics problems
with the BEM.
3.2.3. Computing Internal Velocities
The velocity vector at any internal point is computed after obtaining the boundary
solution by evaluating the discrete form of the integral equation (3.2.1). The internal
velocity solution uk at a given position x requires a numerical integration over all
boundary elements, which can be computationally expensive for large domains with
dense node spacing. We have parallelized this computation by dividing the boundary
elements into the number of CPUs (Nc); each CPU performs the integration for one group
of elements as illustrated in Figure 3.4. The discrete formulation can be described by the
summation of the integrals over Nc CPUs as:
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Again with domain ΩB, we compute the internal velocity at 204,129 points for the
boundary element solutions with element lengths Δe = 1x10-1, 5x10-2, 2.5x10-2,
1.25x10-2, and 6.25x10-3. The equation TNc = TS NCα is fit to the timing data for each
case, where α = -1 indicates perfectly linear parallelization. The time data and efficiency
E are given in the Table 3.4. The parallelization of the internal velocity calculation
exhibits decreasing linear behavior with respect to clock time as the number of processors
is increased, and nearly 100% efficiency. The speed-up is particularly helpful when using
this method to interpolate velocities for the particle method to solve the transport
equation, as discussed in §3.3.
Nelm

NC = 1

NC = 16

NC = 24

00:13:48 00:06:56 00:03:32 00:01:49

00:01:01

00:00:45 00:00:38

TNc*NC 00:13:48 00:13:52 00:14:06 00:14:29

00:16:20

00:17:58 00:20:20

TNc
641
(Δe = 1e-1)

E

100%

NC = 4

98%

NC = 8

95%

85%

77%

NC = 32

68%

00:27:35 00:14:08 00:06:59 00:03:31

00:01:52

00:01:22 00:01:03

TNc*NC 00:27:35 00:28:16 00:27:56 00:28:08

00:29:59

00:32:44 00:33:37

TNc
1277
(Δe = 5e-2)

--

NC = 2

E

--

98%

99%

98%

92%

84%

82%

00:55:17 00:27:27 00:13:53 00:07:00
TNc
2553
TNc*NC 00:55:17 00:54:59 00:55:34 00:55:57
(Δe = 2.5e-2)
E
-101%
100%
99%

00:03:37

00:02:31 00:01:55

00:57:46

01:00:15 01:01:08

01:50:16 00:55:05 00:27:43 00:13:51

00:07:06

00:04:48 00:03:38

01:53:36

01:55:04 01:56:25

TNc

5108
T *N 01:50:16 01:50:10 01:50:51 01:50:50
(Δe = 1.25e-2) Nc C
E
-100%
99%
99%
03:40:02 01:50:33 00:55:16 00:27:46
TNc
10210
T *N 03:40:02 03:41:05 03:41:03 03:42:11
(Δe = 6.25e-3) Nc C
E
-100%
100%
99%

96%

97%

92%

96%

90%

95%

00:13:55

00:09:28 00:07:07

03:42:40

03:47:04 03:47:44

99%

97%

97%

Table 3.4: Computation Time and Efficiency of BEM Internal Velocity Calculation. The computation
time (hr:min:sec) of the internal velocities decreases linearly with increased number of processors and with
fewer elements in the boundary solution. The parallelization maintains efficiency greater than 90% except
for the cases when the boundary element solution has very few elements.
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3.2.6. Stokes Flow Justification
The BEM is valid only when inertial effects are negligible (Re << 1), which is
expected for the present application as described in §2.2. To verify that this assumption
holds for the types of domains expected to enhance mixing, we compared the BEM
solution to a Navier-Stokes solution computed with the spectral element method (SEM).
Details of this method may be found in Appendix B. We compute the SEM NavierStokes velocity solution for Re = [0.01, 0.1, 1, 10, 50] and the BEM Stokes velocity
solution (Re = 0) in the two geometries ΩA and ΩB shown in Figure 3.1. The variation in
Re is assumed a change in the fluid property as the geometry and velocity remain
constant. A parabolic velocity profile with maximum velocity umax = 1is prescribed at
each inlet. For the BEM, the boundary of domain ΩA is discretized into 1076 3-node
elements (node spacing = 0.025) and requires 46 seconds to compute the boundary Stokes
solution using two processors. Each internal velocity point calculation (3.2.9) computed
with 30 Gaussian points for this configuration requires 2.91x10-3 seconds on a single
CPU; the calculation is nearly 100% efficient with increasing processors. The boundary
of domain ΩB is discretized into 1277 elements with 6679 internal points and requires 67
seconds to compute the boundary solution on two processors. Each internal velocity point
calculation for this configuration requires 3.44x10-3 seconds on a single CPU. For the
SEM computation, domains ΩA and ΩB are discretized into 9372 and 15121 triangles,
respectively. Note that very small triangles are used along the curved parts of the
boundary to make sure that the same domains as in the BEM are used. This results in the
large number of triangles, a very small step due to the CFL condition, and low
polynomial degrees in the computations. Polynomial degree N = 2 is used for the velocity
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and N = 1 is used for the pressure. The SEM computation is performed using the same
CPU as the BEM. For the Re = 0 case, the computation required 91 seconds for ΩA and
213 seconds for ΩB.
The physical time t required for the velocity to reach steady state and the total
computation time TNc required are presented in Table 3.5. For Re ≤ 1, the velocity
solution reaches steady state within a single unit of time. The physical time and the
computation time to reach steady state decrease with Re. We note that the Re = 0.1
solution reached steady state slightly faster than the Re = 0.01, resulting in fewer
iterations and a shorter CPU time. The serpentine domain ΩB requires both longer
physical and computational time to reach steady state for Re > 1. The computational
times of the BEM solution and the steady-state SEM solutions for Re < 1 are comparable;
all are completed in about one minute.
Domain Re = 0.01 Re = 0.1

ΩA
ΩB

Re = 1

Re = 10

Re = 50

0.07
0.06
0.44
2.04
5.49
t
TNc 00:00:32 00:00:20 00:01:37 00:05:22 00:14:04
0.07
0.07
0.44
2.37
11.71
t
TNc 00:01:02 00:00:55 00:04:09 00:15:30 00:55:54

Table 3.5: Physical and CPU Time for Navier-Stokes Velocity Solution to Reach Steady State. The
physical time t and the CPU time TNc (hr:min:sec) for the velocity solution to come to steady state in
domains ΩA and ΩB for Re = [0.01, 0.1, 1, 10, 50] are shown.

In Table 3.6 we report the absolute maximum difference Δu and relative
maximum difference Δurel between the velocity magnitude at Re = 0 and the steady-state
velocity profiles for Re > 0 in both domains, computed as
u = max u Re>0 (x) - u Re=0 (x) ,
xÎ

(3.2.12)
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urel = max

u Re>0 (x) - u Re=0 (x)

xÎ

u Re=0 (x)

,

(3.2.13)

where uRe and u0 are the velocity profiles solved with the Navier-Stokes equation (3.1.2)
and Stokes equation (3.1.4), respectively. We exclude the boundary points in the
calculation of error where u = 0, and all locations in the internal velocity field are a
minimum distance of 0.05 from the wall. The absolute maximum difference Δu and
relative maximum difference Δurel between the SEM and BEM solutions for Re = 0 are
Δu = 1.22 x10-3 and Δurel = 0.37% for ΩA and Δu = 4.44x10-3 and Δurel = 0.25% for ΩB.
In Figure 3.9 and Figure 3.10, we show that Δu and Δurel decrease with Re and is
less than 1% for Re < 1 in both the straight and serpentine geometries, indicating that the
BEM solution may be used for such cases. Thus, this method is appropriate for solving
the flow field in the microchannels of a biosensor, where the estimated 10-3 ≤ Re ≤ 10-1.
Differences from the Stokes solution in the straight domain are due to the three-inlet
configuration. As expected, the largest difference occurs at Re = 50 in the serpentine
geometry.
Domain
ΩA

Δu
Δurel
Δu

ΩB

Δurel

Re = 0.01

Re = 0.1

Re = 1

Re = 10

Re = 50

9.59 x10-4 4.50 x10-3 4.36 x10-2 3.21 x10-1 7.37 x10-1
0.30%

0.27%

2.59%

16.25%

2.62 x10-3 1.80 x10-2 7.25 x10-2 6.63 x10-1
0.24%

0.60%

3.7%

35.31%

94.49%
3.18
187.32%

Table 3.6: Difference in Navier-Stokes and Stokes solutions. The difference Δu between the NavierStokes steady-state velocity solutions computed for varying Re with the SEM and the Stokes velocity
solution (Re = 0) computed with the BEM are calculated in the straight ΩA and serpentine ΩB geometries.
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cause the maximum velocity to move away from the channel center towards the walls.
This shift may enhance the combination of two substances by forcing the lower streams
into the vicinity of the upper streams. In three-dimensional channels (which are not
simulated here), the wavy walls generate Dean vortices that promote cross-sectional
mixing. This phenomenon has been applied in the development of microfluidic mixers
[62, 108-110].
Re

u

0.5

1.0

1.5

Re

u

0.5

1.0

1.5

0

2.0

2.5

2.0

2.5

3.0

50

3.0

3.5

4.0

4.5

5.0

Figure 3.11: Steady State Velocity Profiles for Domain ΩB at Re = 0 and Re = 50. The velocity vectors
and velocity magnitude are plotted. The arrow lengths are scaled by maximum speed.

3.3. THE PARTICLE STRENGTH EXCHANGE METHOD (PSEM)
To simulate transport processes, we implement the PSEM, a grid-free Lagrangian
method, in which a system of ordinary differential equations is solved to simulate the
evolution of the concentration of each substance as particle trajectories follow the local
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flow field. A smooth ‘blob’ function is associated with each particle, which overlaps to
neighboring particles to provide a smooth representation of the concentration field.
Particle methods have been extensively developed and improved for simulating the
Navier-Stokes equations [76, 78, 81, 83] and have been applied to advection-diffusion
systems [85-88]. This grid-free approach is advantageous for our advection-dominated
application because it is better able to deal with the sharp gradients encountered and less
likely to introduce artificial diffusion than with fixed-grid numerical schemes. The PSEM
benefits from relatively simple implementation and recent work has demonstrated
execution with parallelization techniques for faster processing time [90]. Because the
particles advect to adapt to the flow map, the PSEM is capable of handling complex
geometries with irregular boundaries and obstacles. However, this adaptability creates
particle distortion in non-uniform flows or regions of high shear such that the particle
blob functions no longer overlap and the equations are not solved to the expected degree
of accuracy [80]. A redistribution step restores the regular spacing of particles by
interpolating the particle concentrations at the new positions. An additional drawback of
particle methods is the difficulty of enforcing boundary conditions since boundaries do
not exist in the particle calculation. As discussed in section 3.2.2, we implement an image
particle technique that reflects particles symmetrically about the boundary to impose a
Neumann condition, such that the concentration of the image particle is identical to its indomain counterpart. In the case that a Dirichlet condition is prescribed, the concentration
associated with these image particles may be computed by solving a linear system of
equations that enforces the appropriate concentration value at the boundary, as was done
in [111].
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Ld ( x ) =

1 æç x ö÷
L ç ÷.
d 2 çè d ø÷

(3.3.2)

This two-dimensional kernel satisfies the moment condition
d -2 òò xi2 Ld (x) dx = 2,
W

(3.3.3)

to ensure that the integral operator approximates the Laplacian. There are many choices
for the diffusion kernel [87]; for the simulations described herein we use the 4th order
kernel derived by Cortez [86]:
Ld ( r ) =

x
4
3 - r 2 ) exp éêë-r 2 ùúû , r = .
2 (
pd
d

(3.3.4)

The parameter  defines the size of the Gaussian-shaped function (3.3.4), depicted in

Figure 3.13, and is chosen relative to the initial particle spacing parameter h. The value
of  must be sufficiently large so that the solution spreads between the particles;
however,  much greater than the inter-particle distance will artificially smooth the
concentration. For the simulations in this study we simply use  = h. For precise

Blob Strength

conditions that ensure convergence of the method, see [86].

Particles

{

δ

h

Figure 3.13: Gaussian-shaped Blob Function. Each particle carries a strength represented by the
Gaussian ‘blob’ function (3.3.4) defined by δ that spreads to neighboring particles. Here δ = h, but this is
not a requirement.
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Using the approximation (3.3.1), the transport equation (3.1.5) is decoupled into a
set of discretized ordinary differential equations that describe the convection (3.3.5) and
diffusion-reaction (3.3.6) of each particle p:
d
x p (t ) = u (x p (t )) ,
dt
d
1 h2
ci (x p , t ) =
dt
Pei d 2

(3.3.5)

Np

å éêëc (x , t ) - c (x , t )ùúûL (x
i

j

i

p

d

p

(t )- x j (t )) + Ri .

(3.3.6)

j=1

The ODEs are solved with a numerical time integration scheme; we use the Livermore
Solver for Ordinary Differential Equations (LSODE; available from www.netlib.org),
which utilizes Adams methods (predictor-corrector) for non-stiff cases and backward
differentiation formula methods in the stiff case [113]. Although LSODE is a serial
solver, we have parallelized a portion of the calculation using MPI. Because the
computation of the right hand side of (3.3.6) for each particle is independent and requires
only information from the previous time step, the particles are divided among CPUs to
perform this computation. The result from each CPU is then broadcast to the other CPUs
and the set of ODEs are solved for the current time step. If the velocity is at steady state
with no physico-chemical interaction, the boundary solution from the BEM is computed
beforehand and the velocity of each particle at subsequent time steps is computed with
the integral (3.2.9) utilizing multiple processors as described in §3.2.3. Alternatively, a
fine-grid internal velocity solution may be computed from the BEM boundary solution
and the particle velocity is calculated using a different method. For the computations in
§3.4.3, the velocities at SEM mesh points are computed with the BEM beforehand, and
the particle velocities at a particular point are evaluated with the SEM (see Appendix B).
A time dependent velocity solution of the Navier-Stokes equations computed with a
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such that a larger spacing parameter h may be used, thus reducing the total number of
particles in the simulation and computational time required overall.

3.3.3. Method Implementation and Redistribution of Particles
As shown in Figure 3.12, the particles are regularly spaced at distance h initially,
with fluid flow left to right. Particles continually advect into the domain following (3.3.5)
from upstream with the prescribed initial concentration held constant until entering the
PSEM computation at x = 0. Particles with zero concentration are added directly
downstream of the concentration front throughout the calculation to allow diffusion
downstream and to fill in the transverse space between the higher velocity particles and
the walls caused by the parabolic velocity profile. Particles are no longer included in the
computation after exiting the end of the domain.
Redistribution of particles to the initial spacing h is necessary if the particles
become highly disorganized such that the inter-particle distance becomes much smaller
or greater than h. For example, recirculation regions or stagnation points reduce the
density of particles in portions of the domain while increasing the particle density in other
areas. When particle redistribution is necessary for the problem, the particles are replaced
with a new set of regularly spaced particles where the concentration values are
interpolated from the concentration values at the previous particle positions. The
concentration at the new location x0p is obtained from the equation

ci (x0p ) = å j=1 ci (x j ) fd (x 0p - x j ) h 2 ,
Np

where the blob function

(3.3.7)
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1 æç x ö÷
f ç ÷.
d 2 çè d ÷ø

(3.3.8)

fd (x) dx = 1.

(3.3.9)

fd (x) =
satisfies the condition

òò

W

We use the following blob function for the interpolation:

1
fd (r ) =
exp éëê-r 2 ùûú , r =
2pd 2

( x10p - x1j ) + ( x20p - x2 j )
2

2

d

.

(3.3.10)

The integral of the concentration ci in an area A bounded by a ≤ x ≤ b is:
Np
é erf ( s2 ) - erf ( s1 ) ù
2
ê
ú,
=
c
(
x
)
dx
dx
h
c
(
x
)
i
j ê
ò ò i 1 2 å
ú
2
j
=
1
ë
û
x1 =a x2 =-¥
a - x1 j
b - x1 j
where s1 =
, s2 =
.
d
d
x1 =b x2 =¥

(3.3.11)

Although a smoothing error is introduced with each interpolation, the error may be
minimized by appropriate choices of h and . The  used for the interpolation blob
(3.3.10) is not required to be identical to  in the PSEM equations (3.3.4) and (3.3.6), but
in our analysis, we choose h = . We also use this interpolation scheme to recover the
solution for post-processing analysis.
We find that this interpolation scheme introduces an approximate 1% loss of mass
near the boundaries in our calculations because the particle concentration is not allowed
to spread beyond the imposed boundary. To conserve mass, we can again utilize image
particles and interpolate the concentration on these particles outside the domain. The
concentration is then distributed to the boundary particles and the reciprocal particles
within the domain. While this technique is relatively simple for straight boundaries, the
implementation for an irregularly bounded domain such as ΩB is much more complicated
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because regularly spaced particles may not exist directly on the boundary. Another option
is to globally conserve mass by multiplying the interpolated concentration of each
particle by a factor such that the total amount is equal to the total concentration prior to
interpolation. However, this technique could have the effect of artificially increasing the
concentration in some areas of the domain.
One must carefully choose the appropriate time for redistribution by considering
the error caused by particle disorganization and the smoothing error introduced with each
interpolation: redistributing the particles too frequently contributes to unnecessary
interpolation error, while infrequent particle redistribution in the case of an irregular flow
field will lead to an erroneous solution. For the computations in our study, we base the
criterion for redistribution on the distance to the nearest neighbor of each particle. When
this distance is smaller than h/2 or greater than h*2 for more than a set percentage of the
total number of particles in the computation, a redistribution occurs. The percentage is
decided from a priori knowledge of the flow map. A similar criterion based on a measure
of distortion is described in [114]. See [115-117] for further details on particle
redistribution schemes.
3.3.4. Validation of PSEM: Taylor-Aris Dispersion Problem
To verify the validity of the parallel PSEM with image particles, we solve twodimensional Taylor-Aris dispersion [118-121] wherein a solute of concentration c0 with
diffusivity D is introduced at x1 = 0 into fully developed laminar flow between two
parallel plates separated by a distance 2a. The channel centerline is located at x2 = 0, as
sketched in Figure 3.15.
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length is required to reach the long-time solution (t >> θD). The long-time solution is used
for small Pe. The parameter θD = a2/D is a characteristic transverse diffusion time.
Recalling the classical analysis of this scenario [118, 121], it is expected that axial
convection will control dispersion at very early times (t << θD) and the leading edge of
the solute takes the form of the parabolic velocity profile of the flow, thus dispersing the
solute in the axial direction of the channel. Adapted from Taylor [121] for the 2-D
channel geometry, the analytical solution for the mean concentration cm along the crosssection of the channel during this period of convective spreading is
ì
c0
ï
ï
ï
ï
x
1 a
ï
cma ( x1 , t ) = ò c( x1 , x2 , t )dx2 » ïíc0 1- 1
ï
2 -a
1.5Ut
ï
ï
ï
0
ï
ï
î

x1 £ 0,
0 < x1 £ 1.5Ut ,

(3.3.14)

x1 > 1.5Ut.

The axial convection creates large transverse concentration gradients, such that at
the characteristic transverse diffusion time θD = a2/D, transverse molecular diffusion
causes the front of the solute to move from the center to the walls, dampening axial
dispersion. At longer times (t >> θD), transverse diffusion is present but the transverse
change in concentration is small in comparison with the variation in the axial direction.
From Kolev and van der Linden [120], the solution to (3.3.12) for c(x1,x2,t) at t >> θD for
a step-function input of solute with the above conditions (3.3.13) is

æ
é
ù
é ( x -Ut )2 ù ÷ö
x1 -Ut ú Ua 2 æç 7 x2 2 x2 4 ÷ö
1 çç
1
ê
ú ÷÷ , (3.3.15)
exp êê 1
c( x1 , x2 , t ) = çerfc ê
çç- + 2 - 4 ÷÷
úç
÷
÷
2 çè
2a ø ptDeff
4tDeff ú÷
êë 2 tDeff ûú 4 D è 30 a
ëê
ûú ÷ø
where the effective axial diffusivity Deff, or the Taylor dispersion coefficient, is
Deff = D +

2U 2 a 2
.
105D

(3.3.16)
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The mean concentration along the cross-section of the channel is described by the onedimensional convection-diffusion equation [118],

dcm
dc
d 2 cm
+ U m = Deff
,
dt
dx1
dx12

(3.3.17)

which has the following solution at t >> θD [120]:
é
x -Ut
1
cm ( x1 , t ) = erfc êê 1
2
êë 2 t Deff

3.3.4.1

ù
ú.
ú
úû

(3.3.18)

Computational Settings
With c0 = a = U = 1, we compute the solution to the Taylor dispersion problem

and compare the solution c(x1,y2,t) of both methods to (3.3.15) for Pe = [10, 50, 100] at
time T = 5*θD and x position L = UT using the maximum absolute and relative errors Δc
and δc:
Dc = max ca - c ,
x = L ,t =T

dc = max

x= L ,t =T

(3.3.19)

ca - c
.
ca

For Pe = [500, 1000, 5000], we compare the PSEM and SEM mean concentration
solutions cm(x1, t) to (3.3.14) at time T = 10 and x position L = UT using the absolute and
relative errors Δcm and δcm:
Dcm = cma - cm
dcm =

cma - cm
cma

x=10,t =10

,

.
x=10,t =10

(3.3.20)
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The mean concentration of the computational solutions is calculated by integrating with
respect to the transverse direction x2. The PSEM solution is interpolated using (3.3.7) and
integrated to obtain the mean:
1

cm ( x1 , t ) = ò c ( x1 , x2 , t ) dx2 .
0

(3.3.21)

The PSEM solution is obtained with particle spacing h = 0.1 for the low Pe set and h =
0.05 for the high Pe set, and δ = h. We use a smaller h for the set of larger Pe to resolve
the steep concentration gradient and avoid oscillations at early time. We use 2.4 GHz
AMD Opteron processors (Nc = 1 and Nc = 8) to compute the solution. The processor
efficiency E = TS /(TNc Nc) of the computations is 94% for all cases, where TS is the clock
time required for one processor and TNc is the clock time required for Nc processors.
Particles within a distance of 0.2 of the walls are mirrored about the boundary to enforce
the boundary conditions. Redistribution is not needed for this case because the particles
do no become irregularly spaced in this parabolic flow. The time step size ∆t is
determined adaptively by the ODE solver and increases as Pe increases. To compute the
SEM solution, a regular triangular grid is used with uniform triangle area h2/2, and the
polynomial degree is N = 6. The time step is controlled by the CFL condition, which is
dependent on the element size h (see section 3.2.1 for how h and ∆t change with respect
to Pe). Note that h here refers to the size of the triangles. With polynomial degree N there
are around (N/h)2 grid points per unit area. We use h = 1, ∆t = 1x10-2 for Pe = [10, 50,
100]; h = 0.2, ∆t = 2x10-3 for Pe = [500, 1000]; and h = 0.1, ∆t = 1x10-3 for Pe = 5000.
The SEM solutions are computed using one 2.4 GHz AMD Opteron processor. See
Appendix B for further details of the SEM computation.
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continual addition of particles such that the number of ODEs to be solved and length of
the domain increases with time. At high Pe, the PSEM computation time decreases with
increasing Pe, while the SEM time increases by 90% for Pe = 5000. The PSEM clock
time is 4.5 times faster than the SEM at Pe = 5000 on a single processor.
Both the analytical and PSEM solutions at t = 10 for the mean concentration
along the axial direction of the channel are plotted with reference to the left axis in
Figure 3.16 for the case Pe = 5000. The absolute difference between the two solutions

corresponds to the right-hand axis. We find excellent agreement between the analytical
and computed early-time solutions, with the maximum absolute error εmax = 3.0 x10-2
occurring at x = 15 where the analytical solution is exactly zero. The mean absolute error
over the range 0  x1  15 is εavg = 1.80x103.
1

Mean Concentration cm
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Figure 3.16: Comparison of PSEM Result to Analytical Solution cm(x1,t) at t = 10, Pe = 5000. The
analytical solution to (3.3.12) for the mean concentration cm(x1,t) (3.3.14) along x1 at early times is plotted
with the computed PSEM solution (3.3.21) with respect to the left axis at t = 10. The absolute error
between the two solutions is plotted with respect to right axis.
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The computed PSEM solution for c(x1,x2,t) with Pe = 50 at t = 250 is shown in
Figure 3.17. We find the maximum absolute error over the whole concentration field to
be εmax = 1.30x10-2 at the location (227,1). The mean absolute error within the range
200  x1  300 is εavg = 3.83x103. The absolute difference between the analytical solution
(3.3.15) and the PSEM solution is shown in Figure 3.18. The analytical solution to the
mean concentration cm(x,t) (3.3.18) along the axial direction is plotted with the integrated
PSEM solution (3.3.21) with reference to the left axis in Figure 3.19. The absolute
difference between the two follows the right-hand axis. The maximum absolute error
εmax = 8.91x103 occurs at x1 = 227.8 and the average error is εavg = 1.12x103.

Figure 3.17: Computed PSEM Solution. The concentration profile c(x1,x2,t) computed with the PSEM for
Pe = 50 is shown at t = 250.
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Conversely for Pe ≥ 500, the PSEM is the more efficient choice. The latter condition is
expected in the microchannel geometries, thus the grid-free PSEM is suitable for our
application.
3.3.5. Effects of Using Image Particles

Using the image particle technique discussed in §3.3.2 to impose the Neumann
boundary condition, we find that adding rows of symmetrically reflected particles outside
the lower and upper boundaries reduces the absolute error at a given initial particle
spacing h. As such, fewer particles and computational resources are required to achieve a
solution with acceptable error. We investigate the importance of the outside boundary
image particles by comparing the solutions computed with and without the image to the
analytical solutions to Taylor-Aris Dispersion. We consider two cases: Pe = 10 computed
to T = 50 and compared to the long-time solution c(x,y,t) (3.3.15) and Pe = 5000
computed to T = 10 and compared to the short-time solution cm(x,t) (3.3.14). The error
between computed and analytical solutions is defined as the maximum absolute
difference ε between the two solutions. The image particles are added within a distance of
0.2 outside of the upper and lower boundaries at particle spacing h. In Figure 3.21 we
show the error with respect to h for each case.
At Pe = 10, the error between the analytical and PSEM solutions decreases from ε
= 1.98x10-1 to ε = 1.81x10-2 when h = 0.2 (91% decrease), from ε = 1.02x10-1 to ε =
1.03x10-2 when h = 0.1 (90% decrease) and from ε =4.99x10-2 to ε = 1.19x10-2 (76%
decrease) when image particles are included in the computation. While the calculation
with image particles requires more clock time due to the added operations, the significant
reduction in error clearly outweighs the extra expense because a larger inter-particle
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number of CPUs (NC), which follows the relation TNc = TS NC α as shown in the
logarithmic plot in Figure 3.22. TS is the clock time on a single processor and TNc is the
clock time on NC processors. In this relationship, the coefficient α = -1 represents
perfectly linear parallelization. The values of TS and α determined from the curve fit for
each case are shown in Figure 3.22. The time data and processor efficiency E (3.2.11)
are given in the Table 3.8. The efficiency is greater than 90% for NC = 8 and declines
with increased number of processors. We also find that the calculation is much faster for
larger Pe, which is reflected by the reduction in Ts. In the case of lower Pe, where
diffusion occurs more rapidly, the ODE solver reduces the time step size. For Pe = 10 in
the present problem, 9867 time steps of average size Δtavg = 1.24x10-2 were taken,
compared to only 640 time steps and Δtavg = 1.78x10-1 when Pe = 5000. The parallelized
program is very useful in reducing runtime of the transport computation at low Péclet
numbers.
Pe = 10
TNc = 1.07x105 NC 1.02

Computation Clock Time TNc (sec)

105

r2

r2

104

0.9989

Pe = 100
TNc = 9.12x103 NC 0.95
r2

0.9997

Pe = 500
TNc = 3.77x103 NC 0.94

103

10

0.9993

Pe = 50
TNc = 1.74x104 NC 0.91

r2

0.9996

Pe = 1000
TNc = 4.21x103 NC 0.99
r2
2

100

101
Number of CPUs NC

0.9988

Pe = 5000
TNc = 2.59x103 NC 0.95
r2

0.9997

Figure 3.22: Decrease in Runtime of PSEM Program with Increased CPUs. The runtime in seconds
versus the number of CPUs (Nc) is shown on the logarithmic plot for the Taylor-Aris dispersion problem to
T=100 with Pe = [10, 50, 100, 500, 1000, 5000]. The curves are fit to the equation TNc = TS NC α. The clock
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time is longer for the lower Péclet number cases due to a decrease in time step size taken by the ODE
solver.
Nelm
Pe = 10

Pe = 50

Pe = 100

Pe = 500

Pe = 1000

Pe = 5000

TNc
TNc*NC
E
TNc
TNc*NC
E
TNc
TNc*NC
E
TNc
TNc*NC
E
TNc
TNc*NC
E
TNc
TNc*NC
E

NC = 1
29:47:52
29:47:52
-04:50:43
04:50:43
-02:31:57
02:31:57
-01:02:57
01:02:57
-01:10:11
01:10:11
-00:43:07
00:43:07
--

NC = 8
03:09:51
25:18:48
118%
00:38:33
05:08:21
94%
00:20:53
02:47:00
91%
00:08:34
01:07:07
94%
00:07:45
01:02:01
113%
00:05:44
00:45:50
94%

NC = 16
01:56:43
31:07:30
96%
00:26:50
07:09:15
68%
00:10:08
02:42:04
89%
00:04:48
01:16:54
82%
00:05:27
01:27:16
80%
00:03:05
00:49:15
88%

NC = 24
01:19:56
31:58:33
93%
00:18:27
07:22:53
66%
00:07:31
03:00:29
80%
00:03:15
01:18:03
81%
00:03:44
01:29:42
78%
00:02:20
00:55:53
77%

NC = 32
01:13:41
39:17:38
76%
00:14:52
07:37:15
64%
00:07:42
04:06:27
58%
00:03:13
01:42:53
61%
00:02:56
01:33:57
75%
00:02:07
01:07:51
64%

Table 3.8: Computation Time and Efficiency of PSEM Calculation. The computation time (hr:min:sec)
of the solution to the Taylor-Aris dispersion decreases with increased number of processors and with
increased Pe. The parallelization is most efficient when NC = 8 for all cases.

3.4. PROGRAM EXECUTION FOR MODELING MICROCHANNEL GEOMETRIES
We implement the coupled BEM-PSEM algorithm in Fortran 90 with
parallelization techniques (MPI) as described previously. The program is capable of
running on multiple types of architectures using any number of available processors. The
results presented in this work were obtained utilizing the PGI 7.2 compiler (The Portland
Group, Inc., Lake Oswego, OR), MVAPICH2 MPI software (The Ohio State University),
and 2.4GHz AMD Opteron processors with 2GB memory per CPU. We describe the
setup and implementation details of the transport simulations in microchannel
geometries.
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3.4.1. Creating Microchannel Geometries in Computational Space

For problem setup, we have developed a graphical user interface (GUI) to
facilitate the generation of the computational domain from microchannel geometries. The
domain is first drawn using CAD or graphic design software (e.g. Adobe Illustrator,
Adobe Systems Inc., San Jose, CA) and imported into the GUI in XML-based SVG
(Scalable Vector Graphics) format. Alternatively, the geometry may be drawn directly
within the GUI. This geometry generator program is written in Objective-C language
utilizing Xcode and the Macintosh operating system libraries (Cocoa) and provides a
visual method of applying boundary conditions and handles boundary discretization and
generation of all input files. Program inputs include the coordinates of each boundary
node and of internal points where the velocity will be computed, the stress or velocity
boundary condition and normal vector at each node, the initial positions and
concentrations of the particles, and the problem parameters describing the number of time
steps, diffusivity, and reaction coefficients. During particle initialization, points located
within internal surfaces are removed, while points on the surface boundaries remain. A
complete User’s Guide to the BEM-PSEM program can be found in Appendix A.
3.4.2. Simulating Transport in Microchannel Designs

We demonstrate the capabilities of the method by computing the transportreaction between two concentrations in the microchannel domains ΩA, ΩB, and ΩC shown
in Figure 3.1. The Stokes (3.1.4) and convection-diffusion-reaction (3.1.5) equations are
solved with the BEM-PSEM program for the concentration of antibody (c1), analyte (c2),
and complex (c3) in an aqueous solution over time. We use the SEM method described in
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Appendix B to solve the Navier-Stokes equations for higher Reynolds numbers and for
comparison to the PSEM at lower Péclet numbers in geometries ΩA and ΩB. We use a
length scale of L = 10-2 cm, velocity scale of U = 10-2 cm/s, and concentration scale C0 =
100 nM. The dimensionless input antibody and analyte concentrations are c1 = 1 and
c2 = 0.5, with c2 ‘sandwiched’ between the two inlets containing c1.The dimensionless
formation and dissociation parameters are rf = 5.2 and rd = 0.1872, which correspond
physically to the reaction between the analyte fluorescein and the anti-fluorescein
antibody clone M49209 (Fitzgerald Industries, Acton, MA). The three species are
assumed to have identical Péclet numbers for the following simulations.
We compute the transport equation in the domains ΩA and ΩB for a range of
Reynolds and Péclet numbers. We use the PSEM formulation for the case of Pe = 5000
and compare the PSEM and SEM at Pe = 50 and Pe = 500. We complete the simulation
for Re = [0, 0.01, 0.1, 1, 10, 50]. We note that the changes in Re and Pe are based upon a
change in a fluid property (density or viscosity) or concentration property (diffusivity)
since the velocity and geometry length scale are held constant for all cases. We
investigate the domain ΩC with the BEM-PSEM only due to its complexity with Pe = 50,
500 and 5000 at Re = 0.
The steady state velocity field for each Re case is obtained from the SEM or BEM
and used in the transport calculation. For the PSEM computations, the velocities at the
particle locations are evaluated using the SEM at every time step to advance the particles.
We use h = δ = 0.05, a mirror particle distance of 0.2, and Nc = 8. For ΩA, the particles
are redistributed every two time units as determined by the inter-particle distance
criterion described in §3.3.3 This time interval corresponds to the time when more than
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7% of the particles are at a distance smaller than h/2 or greater than 2h to the nearest
particle. For ΩB, redistribution occurs at every one time unit, corresponding to the time
when more than 17% of the particles are out of the specified distance. More frequent
redistribution created an unacceptable smoothing error due to the interpolation in this
geometry. The SEM is solved with polynomial degree N = 2 for Pe = 50 and N = 4 for Pe
= 500 on one CPU. To compare the different cases and determine the effectiveness of the
channel geometry for promoting reaction between c1 and c2, we define the following
metric. We compute the average c3 (bound analyte) relative to the total amount of c2 (free
and bound analyte) in the outlet region A at time t = 20:

c3 =

ò

A

c3 dx

ò A (c2 + c3 ) dx

,

(3.4.1)

where A = { x1 Î W :15.2 £ x1 £ 18}.
We use (3.3.11) to integrate the concentration over the region A.
3.4.3. Simulation Results: ΩA and ΩB
The time step for the SEM is determined by the CFL condition and listed in Table
3.9 with the average time step used by the LSODE routine in the PSEM. The average
time step is reported for the PSEM because it is determined adaptively by the ODE
solver. The computational times for both methods are shown in Table 3.10. The results
for Re < 0.1 are not shown as they are similar to the results for Re = 0.1. We see the same
trend as discussed in §3.3.4.3: the clock time required for NC processors (TNc) increases
with increasing Pe for the SEM, while the opposite is true for the PSEM. At Pe = 50 the
SEM computation is completed in 1-2% of the time required by the PSEM. The SEM
computes the solutions about two times as fast as the PSEM on a single processor for Pe
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3.4.4. Simulation Results: ΩC
To further illustrate the capabilities of the grid-free BEM-PSE method, we
compute the convection-diffusion-reaction equation in the multi-surface geometry ΩC
with Pe = 5000 and Re = 0. We use h = 0.05, a mirror particle distance of 0.2, and Nc = 8.
The particles are redistributed every 0.5 time units, which corresponds to the time when
more than 8% of the particles are at a distance smaller than h/2 or greater than 2h to the
nearest particle. For this geometry, the BEM is used to evaluate particle velocities (3.2.9)
with 30 Gaussian points during the PSEM computation, which requires more CPU time
than the SEM evaluation method used for ΩA and ΩB. The computation on 8 CPUs
required 5 hours, 51 minutes, and 8 seconds, 77% of which was spent computing particle
velocities at each time step. At t = 20, c3 = 0.647 in the end region A, compared to c3 =
0.479 in ΩA and c3 = 0.714 in ΩB. We show the velocity magnitude |u| and velocity
streamlines within ΩC in Figure 3.23. The obstacles in this configuration create a
serpentine-like path through the domain.

Figure 3.23: Velocity Magnitude Profile in the Mixer Domain ΩC. The magnitude of the velocity field
|u| and the velocity streamlines are shown. The fluid enters on the left through the three inlets with umax = 1
and exits through the right domain with umax = 3.

The concentration fields at t = 20 in ΩA, ΩB, and ΩC for Pe = 5000 and Re = 0 are
visualized in Figure 3.24. To produce the plots in Matlab® (The Mathworks, Inc.), the
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particle concentrations are interpolated on a fine grid (h = 0.0125) using the function
TriScatteredInterp. To smooth the oscillations produced from the interpolation, a lowpass
butterworth filter is constructed (function butter) to filter the interpolated field with
filtfilt, a zero-phase forward and reverse filtering function. We show a normalized RGB
image of the three concentrations, where c1 is red (max = 1), c2 is blue (max = 0.5), and
c3 is green, and a surface plot of the amount of the bound analyte and antibody, c3.
We see that the reaction occurs at the interface of antibody, c1, which enters
through the two outer inlets, and the analyte, c2, which is sandwiched between the two
streams of antibody concentration. The geometry ΩB produced the highest ratio of c3 to
c3+c2 in the region A at the end of the domain. The initial concentration was the same for
the three geometries. While the three domains have the same domain length, the path
length of ΩB is longer than ΩA and ΩC, allowing more time for the reaction to occur. The
path length in ΩC is also longer than ΩA, but the areas of low/zero velocity around the
obstructions hinder the concentration from reaching the outlet during the computed time
and thus the reacted amount is smaller than ΩB. These results establish the design basis of
the microchannel domains to be considered in Chapter 5.
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3.5. DISCUSSION
We have described a parallel computational technique to simulate convectiondiffusion-reaction processes in models of microchannels. We have shown that this gridfree BEM-PSEM program is especially suited to the low Reynolds number, high Péclet
number regime characteristic of the microscale as well as to complicated geometries.
Furthermore, this algorithm is implemented in a high-performance computing
environment utilizing multiple processors, and we have shown that both the BEM and
PSEM exhibit >90% CPU efficiency utilizing multiple processors.
The multiple surface BEM program is validated by comparison to a previously
published solution to flow over a circle, and we show that this BEM formulation
converges with at least 2nd order accuracy. The BEM Stokes solution for the velocity
field is appropriate for Re < 1, which is generally true in microfluidic devices. This
method is suited to complex domains because an internal grid is not required to find the
solution. The internal velocity at any point may be computed as a post-processing step. In
steady flow, we compute the internal velocity only once at the SEM mesh points or at a
high density of internal points so that the velocity at individual particle positions can be
interpolated for the PSEM. On the other hand, if it takes considerable time for the
velocity to reach steady-state because Re is large or the domain geometry is complicated,
the SEM can compute the velocity field on the fly using the same triangulation as for the
concentration field. This is advantageous because in this case there would be no need to
store the velocity at each time step.
We demonstrate the validity of the PSEM over a range of Péclet numbers by
comparing simulation results to the analytical solutions of the Taylor-Aris Dispersion
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problem for both the diffusion independent and dependent cases. We also compare the
PSEM and analytical solutions to the grid-based SEM. The error between the analytical
and computed solutions is small and decreases with increasing Pe. We show that at small
Pe, the SEM computes the solution faster due to the increased diffusion, while the PSEM
requires smaller (and hence more) time steps to solve the ODEs in this regime.
Conversely, the PSEM is faster at large Pe because the method does not require the CFL
condition.
The transport simulations demonstrate the ability of the protocol to test different
geometric configurations of microchannels for optimal reaction between two
concentrations using the coupled BEM-PSEM program. Analysis of reaction product
formation in straight and serpentine geometries at a range of Pe and Re shows that
improvements in the geometry to promote mixing of two species encourage the reaction
at the high Pe and low Re expected in microchannel flows. Creating a serpentine path
within in the geometry appears to aid reaction by increasing the path length. While it was
expected that the obstacles would promote the combination of the flow paths of the two
concentrations, the geometry produced more separation and did not increase reaction
product. Further investigation of microchannel designs will include serpentine paths,
cylindrical obstacles, and protrusions from the walls.
While we have shown that the coupled BEM-PSEM program is a valid and
efficient technique to compute transport in microfluidic channels, several modifications
may be made to improve the algorithm. The BEM-PSEM implementation may be
extended to three dimensions and may be modified to include moving boundaries,
unsteady flows, and physico-chemical and/or fluid-structure interactions. The drawbacks

Page 77
of the PSEM include particle distortion due the flow map and enforcement of boundary
conditions. The redistribution and interpolation scheme described in this paper caused a
slight loss of mass at the boundaries. We could ameliorate this by using a different
interpolation scheme or by a using one-sided blob that covers only the space within the
boundary in equation (3.3.7). The use of image particles as described in §3.3.5 to deal
with enforcing the no-flux condition on the channel walls is time-consuming and presents
difficulties with internal obstacles. This method could be refined for efficiency, and we
could incorporate one-sided blobs for the particles on or near the boundaries. We note
however that to achieve the accuracy level similar to the results in §3.3.4 without image
particles the particle spacing h must be reduced to h = 0.025, requiring a large increase in
the number of particles. Additionally, the code could be further optimized for faster
processing time, such as by implementing a parallel ODE solver.
In conclusion, we have presented a combination of grid-based and grid-free
methods that are useful for computing advection-diffusion-reaction in microchannel
geometries for varying fluid and transport conditions. The grid-free methods are
particularly advantageous for investigating transport in the convection-dominated,
irregular geometry problems expected for microfluidic applications where the Reynolds
number is near zero and the Péclet number is very high. Both the PSEM and the BEM
may be adapted to problems with moving boundaries, which could be employed to model
droplets or bubbles in microchannels. Together, these computational tools may be applied
to the design and optimization of microscale channels for use in antibody-based sensors
and other microfluidic applications, which would significantly accelerate the
development of such devices.

Page 78

4. MICROFLUIDIC SYSTEM TO INVESTIGATE ANALYTEANTIBODY TRANSPORT AND REACTION IN MICROCHANNEL
SA2: Develop an experimental system using fluorescein and fluorescein-antibody to
investigate analyte-antibody transport and reaction in microfluidic devices.

We developed a test system to experimentally evaluate the transport and reaction
of analyte and antibody solutions in microchannel geometries using fluorescein and
fluorescein-antibody. When fluorescein (the analyte) solution is mixed with a solution of
fluorescein-antibody, the fluorescein fluorescence is quenched by binding to the
antibody. This phenomenon has been well-documented by Voss et al. [96-98], which
indicate 49-98% fluorescence quenching with various anti-fluorescein clones. We intend
to utilize the quenching of fluorescence as a visual indicator of the degree of mixing
between the two solutions in the microchannel. The amount of fluorescein bound to the
fluorescein-antibody is quantitatively assessed by determining the relationship between
the fluorescence intensity and the concentration of fluorescein. This mechanism to assess
mixing is advantageous in the development of the immunosensor described in §2.1
because it will permit the use of analyte and antibody concentrations that are similar to
those expected in the final device.
The following sections of this chapter describe the experimental procedures using
the fluorescein-antibody system. This system provides a method to visualize and
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quantitatively analyze the mixing and reaction in a microfluidic device for comparison to
our transport simulations.
1.

In §4.1 we characterize the reaction of fluorescein with two fluoresceinantibody clones by completing antibody titer and competitive ELISA experiments
and demonstrating the fluorescence quenching effect of the antibodies with a
fluorescence spectrophotometer.

2.

In §4.2 we describe a microchannel flow system utilizing a fluorescent
microscope to image fluorescence quenching by the antibody when fluorescein
and fluorescein-antibody solutions are injected into separate inlets of the
microchannel.

3.

In §4.3 we correlate the fluorescence intensity of microscope images of
fluorescein flowing through the microchannel to fluorescein concentrations to
establish a calibration curve. We then show that the fluorescence quenching is
observable when a pre-mixed solution of fluorescein and fluorescein antibody is
drawn through the device.

4.1. CHARACTERIZATION OF ANTIBODY CLONES
We have chosen to investigate the two fluorescein antibody clones to determine if
a particular clone provides more consistent and quantifiable results. The goal of this study
is to characterize the activity of the two antibody clones and confirm the ability of the
antibodies to quench fluorescence. We will use the results from this study to choose the
appropriate fluorescein and antibody concentrations for the microchannel mixing
experiments. The experiments described in this section are:
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1. Antibody titer and enzyme-linked immunosorbent assay (ELISA)
2. Optimization of fluorescein-BSA concentration coating and primary and
secondary antibody concentrations for ELISA
3. Investigation of BSA presence in the buffer solutions
4. Fluorescence-quenching test of the antibody clones by measuring fluorescein
fluorescence after increasing additions of antibody with a fluorescence
spectrophotometer
The interaction between fluorescein [Fl] and fluorescein-antibody [Ab] to form a
complex [Fl-Ab] is described by the reversible reaction [98, 122, 123]
kon

 [ Fl - Ab ],
[ Fl ] + [ Ab ]¬
k

(4.1.1)

off

where kon is the rate of [Fl-Ab] formation and koff is the rate of [Fl-Ab] dissociation. The
dissociation equilibrium constant, Kd = koff / kon, is the concentration of analyte
(fluorescein) at which half the binding sites on the antibody are occupied. A smaller Kd
indicates stronger binding, or higher affinity, between the analyte and antibody, and
smaller concentrations of analyte and antibody are required to form the complex.
Conversely, a larger Kd indicates decreased affinity between the analyte and antibody,
and higher concentrations of analyte and antibody are required to reach equilibrium.
We identified two anti-fluorescein antibody clones for use in the mixing
experiments: mouse monoclonal IgG2A clones 4-4-20 from Invitrogen (Eugene, OR) and
M49209 from Fitzgerald Industries International (Acton, MA). While the 4-4-20 clone
and other anti-fluorescein antibodies have been studied extensively, [98, 124-129], we
were unable to find a single study characterizing the M49209 clone. The reaction
parameters for each antibody clone with soluble fluorescein and fluorescein conjugated
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with bovine serum albumin (BSA) are listed in Table 4.1. The rates were provided by
Diane Blake and Robert Blake (Tulane and Xavier Universities, New Orleans, LA), who
performed kinetic exclusion assays using a KinExA 3000 (Sapidyne Instruments, Inc,
Boise, ID). This device measures the fraction of unoccupied binding sites at equilibrium
to determine the equilibrium dissociation constant Kd and at a time well before
equilibrium to determine the association rate kon [130, 131]. The clones bind to soluble
fluorescein with similar affinity (Kd), but the on- and off-rates for the M49209 clone are 8
and 20 times greater, respectively, than the rates for the 4-4-20 clone. The M49209 clone
reached equilibrium more quickly than 4-4-20.
Antibody
Clone
4-4-20
M49209

Soluble Fluorescein
Kd (nM)
kon (nM-1s-1)
koff (s-1)
1.5
6.6e-3
9.9e-3
3.6
5.2e-2
1.9e-1

Fluorescein-BSA Conjugate
Kd (nM)
kon (nM-1s-1)
koff (s-1)
9.8
4.0e-3
3.9e-2
3.7e-2
4.7e-2
1.8e-3

Table 4.1: Reaction Parameters of the Fluorescein Antibody Clones 4-4-20 and M49029. The
dissociation equilibrium constant and formation and dissociation rates between the anti-fluorescein
antibody clones and soluble fluorescein and fluorescein-BSA conjugate are listed. The two clones exhibit
different rates and affinities for the same analytes.

4.1.1. Antibody Titer
To confirm activity of the two anti-fluorescein antibodies 4-4-20 and M49209, we
tested the ability of the antibodies to bind to immobilized fluorescein. For this titer assay
the ligand fluorescein-BSA conjugate was adsorption-coated onto microwell plates and
the excess protein binding sites were blocked by BSA (bovine serum albumin).
Fluorescein must be covalently coupled to a protein (BSA) because it cannot be
adsorption coated onto microwell plates. Each anti-fluorescein antibody was serially
diluted and incubated in the microwells with the immobilized fluorescein. An enzymelabeled anti-mouse antibody was added to the microwells, which binds to the anti-

Page 82
fluorescein antibody. After washing the plate to remove the unbound secondary antibody,
an enzyme substrate was added that causes color formation in the presence of the
secondary antibody. This color formation is directly proportional to the amount of
primary antibody added to the microwell.
4.1.1.1

Antibody Titer Procedure
Two high-binding, flat-bottom 96-well plates (Costar 3590) were coated

with 50 µL of 5 µg/mL Fluorescein-BSA conjugate (Sigma-Aldrich). All solutions were
prepared in Hepes buffered saline (HBS). The plates incubated overnight at 4ºC and were
washed three times with PBS+0.05% Tween 20. Excess binding sites were blocked with
50 µL of HBS+3%BSA. The plates incubated at room temperature for 20 minutes and
were washed three times with PBS+0.05% Tween 20.
The two primary antibodies 4-4-20 and M49209 were prepared in HBS+1%BSA
at concentrations 1 µg/mL and 0.1 µg/mL. 100 µL of the antibody concentrations were
delivered to first column of the plates as indicated in Figure 4.1. 50 µL of HBS+1%BSA
were added to all remaining wells as a diluent, and the antibodies were serially diluted
across both plates using a 50 µL octapipette. All wells of the final column of the second
plate were left as controls containing HBS+1%BSA only. The plates incubated at room
temperature for one hour and washed three times in PBS+0.05% Tween 20.
50 µL of the enzyme-labeled secondary antibody, Anti Mouse IgG (Fc specific)Peroxidase antibody produced in goat (Sigma-Aldrich A2554), were added to each well
at a 1:2000 dilution in HBS+1%BSA. Plate I incubated overnight at 4ºC; Plate II
incubated at room temperature for 1 hour. The plates were washed three times with
PBS+0.05% Tween 20 and 50 µL of SureBlue one-component HRP substrate (KPL)
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which is the ratio of the standard deviation σ to the mean μ. Because some of the
absorbance values were much higher than the other values in a set, a Q-test was
performed to determine whether an outlier could be excluded from the calculations at a
95% confidence level [132]. The Q value for the minimum absorbance A1 and maximum
absorbance A4 in the set of four for each concentration of antibody was computed,
respectively, as
Qmin =

A2 - A1
,
A4 - A1

(4.1.3)

Qmax =

A4 - A3
.
A4 - A1

(4.1.4)

An absorbance with a Q value exceeding Qcritical = 0.829, the tabulated value for 95%
confidence level, was discarded. The few outlying absorbance values were likely caused
by bubbles present in the wells during the plate reading. Data for both antibodies were fit
to the four-parameter logistic equation

y = D+

A- D
B

1+ ( x / C )

,

(4.1.5)

where x is antibody concentration, y is the absorbance response, A is the maximum
asymptote (absorbance response at infinite concentration), D is the minimum asymptote
(absorbance response at zero concentration), C is the inflection point (half maximal
concentration that produces a response), and B is the slope factor that determines the
steepness of the curve [133].
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4.1.1.3

Antibody Titer Results
The results are summarized in Table 4.2. Absorbance readings from Plate I wells

A1, A8, A10, H10, and E12 were not included in the mean calculation due to Q-test
results. As such, 4-4-20 concentrations 1, 7.8e-3, and 1.9e-3 µg/mL and M49209
concentrations 1.9e-3 and 4.88e-4 µg/mL had sample size n = 3. Eight wells on Plate II
were controls; the background absorbance mean was 0.068 ± 0.007 with CV 10.78%. The
absorbance readings and mean, standard deviation, and CV values for Plate I and Plate II
are provided in Appendix C, Table C.1 and Table C.2. The mean absorbance values with
standard deviation error bars from the two plates are plotted in Figure 4.2 and Figure 4.3
for the concentrations of antibodies 4-4-20 and M49209 with the 4-parameter curve fits
(4.1.5).
Absorbance Range
(A.U.)
CV Range
Average CV
Curve fit: A
Curve fit: B
Curve fit: C
Curve fit: D

Plate I – 4-4-20
2.051 ± 0.009 –
0.207 ± 0.008
0.42 – 35.81 %
11.27%
2.08 A.U.
-1.37
0.11 μg/mL
0.22 A.U.

Plate II – 4-4-20
1.503 ± 0.019 –
0.080 ± 0.006
1.29 – 13.22 %
5.96%
3.42 A.U.
-0.79
.14 μg/mL
0.06 A.U.

Plate I – M49209
2.332 ± 0.118 –
0.196 ± 0.002
0.84 – 13.35%
5.19%
2.31 A.U.
-1.95
0.06 μg/mL
0.22 A.U.

Plate II – M49209
1.893 ± 0.0.046 –
0.0763 ± 0.008
2.44 – 19.41%
7.44%
2.36 A.U.
-1.08
.03 μg/mL
0.07 A.U.

Table 4.2: Antibody Titer Absorbance, CV, and Curve Fit Parameters. The range of absorbance
values, CV range, average CV, and values of the curve fit parameters are listed for the four antibody titer
experiments. The starting antibody concentrations before serial dilution were 1 μg/mL on plate I and 0.1
μg/mL on plate II.
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4.1.1.4

Antibody Titer Discussion
This experiment confirmed that both anti-fluorescein antibody clones 4-4-20 and

M49209 bind to the fluorecein-BSA conjugate coated onto the plates. Absorbance
increases proportionally with primary antibody concentration. The M49209 clone
exhibited a higher absorbance response in both plates, indicating that fluorescein-BSA
binds to the M49209 with a higher affinity than to the 4-4-20 clone. This is expected
since the Kd, the concentration of ligand at which half the binding sites of the antibody
are occupied, of fluorescein-BSA for M49209 is 3.7e-11 M, about 250 times smaller than
the Kd of fluorescein-BSA for 4-4-20 (9.8e-9 M). A smaller Kd means that the ligand
binds more tightly to the antibody and the affinity between the ligand and antibody is
greater.
In the first plate, we used a 1 µg/mL starting concentration of primary antibody,
which was diluted to 4.88e-4 µg/mL. At the highest concentrations, the absorbance
appeared to be reaching its maximum value, and the most change (linear portion of
curve) occurred between 7.8e-3 and 0.125 µg/mL. The experiment was repeated with a
starting concentration 0.1 µg/mL on the second plate, the approximate inflection point of
the absorbance vs. concentration plot. The results for this plate indicate that 0.05-0.1
µg/mL concentrations of primary antibody are acceptable for the competitive
immunoassays.
4.1.2. Antibody Titer: Parameter Optimization

The antibody titer was repeated with both anti-fluorescein clones to determine the
optimal concentrations of fluorescein-BSA plate coating and secondary antibody to use
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4.1.2.1

Antibody Titer Optimization Results
The mean absorbance and standard deviation data vs. primary antibody

concentration are plotted and fit to equation (4.1.5) in Figure 4.5 - Figure 4.14,
organized by the concentration of Fluorescein-BSA coating (0.83, 1.0, 1.43, 2, and 5
μg/mL). The three secondary antibody concentrations (1:2000, 1:5000, and 1:10000) are
represented on each primary antibody plot. We report the absorbance readings and the
mean, standard deviation, and CV (4.1.2) of the absorbance values for each of the
primary antibody dilutions in Appendix C, Tables C.3 - C.7. The sample size n=4,
except in the cases noted. The Q-test explained in §4.1.1.2 was performed to determine
whether any outliers in a set of four concentrations should be excluded from the
calculations at a 95% confidence level. The few outlying absorbance values were likely
caused by bubbles present in the wells during the plate reading. Data points in a set were
also discarded if a documented error occurred or if the absorbance value was greater than
the previous in the same row and greater than all other values in the column. We provide
a summary of the data for the two primary antibodies in Table 4.3 and Table 4.4.
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1.43 µg/mL Fluorescein-BSA Coating
1:2000 2º Antibody
y = 0.08 + (0.87-0.08)/(1+(x/0.03)-1.31)
r2 = 0.9999, RMSE = 0.0040
1:5000 2º Antibody
y = 0.03 + (32.28-0.03)/(1+(x/8.04)-0.80)
r2 = 0.998, RMSE = 0.0230
1:10000 2º Antibody
y = 0.05 + (0.94-0.05)/(1+(x/0.15)-1.06)
r2 = 0.9985, RMSE = 0.0079
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Figure 4.9: Absorbance vs Concentration – Primary Antibody 4-4-20, 1.43 μg/mL Coating. We plot
the absorbance mean and standard deviation for the three concentrations of secondary antibody.

Absorbance Response (μ ± σ)
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1.43 µg/mL Fluorescein-BSA Coating
1:2000 2º Antibody
y = 0.03 + (0.84-0.03)/(1+(x/0.01)-1.33)
r2 = 0.9996, RMSE = 0.0082
1:5000 2º Antibody
y = -0.17 + (2.95+0.17)/(1+(x/0.15)-0.62)
r2 = 0.9915, RMSE = 0.0618
1:10000 2º Antibody
y = 0.05 + (0.84-0.05)/(1+(x/0.05)-1.19)
r2 = 0.9982, RMSE = 0.0139
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Figure 4.10: Absorbance vs Concentration – Primary Antibody M49209, 1.43 μg/mL Coating. We
plot the absorbance mean and standard deviation for the three concentrations of secondary antibody.
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Primary Antibody 4-4-20
Coating

2º Antibody
1:2000

0.83 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

1 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

1.43 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

2 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

5 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000

μ ± σ Range
0.7007 ± 0.0387 –
0.1129 ± 0.0024
0.5974 ± 0.0156 –
0.0714 ± 0.0051
0.3611 ± 0.0153 –
0.0657 ± 0.0050
0.7032 ± 0.0134 –
0.0865 ± 0.0169
0.5136 ± 0.0191 –
0.0795 ± 0.0199
0.3067 ± 0.0150 –
0.0657 ± 0.0021
0.7216 ± 0.0281 –
0.1144 ± 0.0088
0.9624 ± 0.0373 –
0.0902 ± 0.0028
0.3931 ± 0.0093 –
0.0610 ± 0.0010
0.7388 ± 0.0344 –
0.0838 ± 0.0061
0.5426 ± 0.0368 –
0.0787 ± 0.0031
0.3572 ± 0.0085 –
0.0609 ± 0.0094
0.6675 ± 0.0043 –
0.0936 ± 0.0064
0.5556 ± 0.0299 –
0.0838 ± 0.0034
0.3196 ± 0.0082 –
0.0621 ± 0.0009

CV Range

Mean CV

2.13% - 7.89%

4.72%

2.42% - 10.97%

6.04%

1.30% - 7.57%

3.36%

1.9% - 19.51%

11.62%

3.71% - 25.00%

10.48%

1.15% - 8.22%

4.30%

3.59% - 12.80%

7.44%

3.06% - 7.56%

5.61%

1.62% - 7.05%

4.40%

0.79 – 12.37%

6.55%

3.95 – 23.36%

10.51%

1.48 – 15.43%

6.53%

0.64 – 6.81%

4.13%

2.09 – 10.09%

4.79%

1.43 – 10.03%

4.75%

Curve Fit
A= 0.99, B= -1.07
C= 0.05, D= 0.07
A= 2.04, B= -0.76
C= 0.33, D= 0.01
A= 2.58, B= -0.75
C= 1.31, D= 0.04
A= 1.17, B= -1.18
C= 0.08, D= 0.06
A= 6.84, B= -0.91
C= 1.80, D= 0.06
A= 5.40, B= -0.89
C= 2.94, D= 0.05
A= 0.87, B= -1.31
C= 0.03, D= 0.08
A= 32.28, B= -0.80
C= 8.04, D= 0.03
A= 0.94, B= -1.06
C= 0.15, D= 0.05
A= 1.35, B= -1.13
C= 0.09, D= 0.06
A= 1.03, B= -1.02
C= 0.10, D= 0.05
A= 0.68, B= -1.24
C= 0.10, D= 0.05
A= 1.16, B= -1.04
C= 0.08, D= 0.06
A= 91.31, B= -0.79
C= 70.9, D= 0.06
A= 1.18, B= -0.97
C= 0.33, D= 0.05

Table 4.3: Summary of Data for 4-4-20 Antibody Titer Optimization. The mean ± standard deviation
ranges for the absorbance and the CV ranges for primary antibody 4-4-20 and the three concentrations of
secondary antibody are shown. The curve fit parameters are also listed; A and D have arbitrary units, B is
unitless, and C has units of μg/mL.

Page 96
Primary Antibody M49209
Coating

2º Antibody
1:2000

0.83 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

1 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

1.43 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

2 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000
1:2000

5 μg/mL
Fluorescein-BSA
Coating

1:5000
1:10000

μ ± σ Range
0.7963 ± 0.0176 –
0.2042 ± 0.0078
0.7517 ± 0.0217 –
0.1164 ± 0.0098
0.5193 ± 0.0309 –
0.0850 ± 0.0051
0.8277 ± 0.0397 –
0.0719 ± 0.0033
0.7081 ± 0.0034 –
0.0894 ± 0.0121
0.4394 ± 0.0134 –
0.0621 ± 0.0115
0.7965 ± 0.0171 –
0.1714 ± 0.0364
1.2147 ± 0.0663 –
0.1091 ± 0.0035
0.5997 ± 0.0302 –
0.0735 ± 0.0067
0.8950 ± 0.0332 –
0.0689 ± 0.0112
0.7981 ± 0.0701 –
0.0733 ± 0.0087
0.4793 ± 0.0209 –
0.0559 ± 0.0065
0.8500 ± 0.0150 –
0.1137 ± 0.0040
0.8230 ± 0.0473 –
0.1211 ± 0.0058
0.5074 ± 0.0087 –
0.0662 ± 0.0020

CV Range

Mean CV

1.59% - 7.73%

3.96%

1.86% - 16.76%

6.49%

2.00% - 9.65%

4.85%

3.64% - 13.22%

6.82%

0.48% - 14.60%

11.08%

3.05% - 20.59%

15.49%

1.38% - 21.25%

7.37%

2.80% - 10.01%

5.41%

4.82% - 11.05%

7.29%

3.71 – 21.59%

10.77%

6.88 – 14.09%

10.47%

4.35 – 11.64%

6.52%

1.77 – 3.48%

2.45%

2.27 – 5.75%

3.83%

1.64 – 9.35%

3.57%

Curve Fit
A= 0.85, B= -1.33
C= 0.01, D= 0.13
A= 0.94, B= -0.89
C= 0.02, D= -0.04
A= 0.81, B= -0.74
C= 0.04, D= -0.02
A= 0.87, B= -2.55
C= 0.03, D= 0.08
A= 1.64, B= -1.18
C= 0.14, D= 0.07
A= 0.58, B= -1.9
C= 0.06, D= 0.06
A= 0.84, B= -1.33
C= 0.01, D= 0.03
A= 2.95, B= -0.62
C= 0.15, D= -0.17
A= 0.84, B= -1.19
C= 0.05, D= 0.05
A= 1.8, B= -1.29
C= 0.10, D= 0.05
A= 10.06, B= -1.12
C= 0.96, D= 0.06
A= 1.37, B= -1.19
C= 0.18, D= 0.04
A= 0.98, B= -1.36
C= 0.03, D= 0.07
A= 1.15, B= -1.09
C= 0.05, D= 0.06
A= 0.63, B= -1.48
C= 0.04, D= 0.05

Table 4.4: Summary of Data for M49209 Antibody Titer Optimization. The mean ± standard deviation
ranges for the absorbance and the CV ranges for primary antibody M49209 and the three concentrations of
secondary antibody are shown. The curve fit parameters are also listed; A and D have arbitrary units, B is
unitless, and C has units of μg/mL.

4.1.2.2

Antibody Titer Optimization Discussion
We confirmed that the absorbance signal indicating primary antibody binding to

the fluorescein-BSA coated plate decreases with coating concentration, primary antibody
concentration, and secondary antibody concentration. As in the previous experiment, the
M49209 clone provided a higher absorbance value than the 4-4-20 clone in all cases. It is
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suspected that the enzyme reaction was not stopped as quickly on the 1.43 µg/mL coated
plate (Plate III), as the absorbance values are much higher. Bubbles present in the plate
during absorbance readings are likely the cause of most of the high errors. We will use a
primary antibody concentration of 0.1 µg/mL, a secondary antibody concentration of
1:2000, and a Fluorescein-BSA coating concentration of 1 µg/mL for the 4-4-20 clone
and 2 µg/mL for the M49209 clone in the competitive ELISA experiment. This
combination of parameters provided a signal of 0.7 for 4-4-20 and 0.9 for M49209, which
are satisfactory for the ELISA test.
4.1.3. Competitive ELISA

We performed a competitive ELISA (enzyme-linked immunosorbent assay) to
test the ability of soluble fluorescein to inhibit the anti-fluorescein antibodies 4-4-20 and
M49209 from binding to the immobilized fluorescein coated onto a microwell plate. The
microwell plates were coated with 1 and 2 µg/mL Fluorescein-BSA conjugate and excess
binding sites were blocked with BSA. Anti-fluorescein antibody was added to the wells at
concentrations of 0.1 µg/mL and 0.05 µg/mL in the presence of varying concentrations of
soluble fluorescein. The antibody could bind either to the immobilized or soluble
fluorescein. Antibody bound to the soluble fluorescein was washed away, and then the
enzyme-labeled secondary antibody was added at 1:2000 or 1:1000 dilution, which binds
to the primary antibody bound to the immobilized fluorescein. After removing unbound
secondary antibody, the enzyme substrate was added. The color formation is inversely
proportional to the amount of soluble ligand added to the microwell: less color indicates
that the antibody preferred to bind to the soluble rather than immobilized fluorescein.
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The reaction parameters for the two antibody clones are listed in Table 4.1, where
kon is the rate of fluorescein binding to the antibody, koff is the rate of fluorescein-antibody
dissociation, and Kd is the dissociation equilibrium constant (koff/kon). Because the Kd for
fluorescein-BSA and the M49209 clone is 100 times smaller than the Kd for fluorescein
alone, we expect that higher concentrations of soluble fluorescein would be required to
see an inhibitory effect. The Kd for 4-4-20 antibody and fluorescein is smaller than the Kd
for the fluorescein-BSA conjugate; thus we expect that this antibody would bind more to
the soluble fluorescein.
4.1.3.1

Competitive ELISA Procedure
High-binding, flat-bottom 96-well plates (Costar 3590) were coated with 50 µL of

2 µg/mL or 1 μg/mL Fluorescein-BSA conjugate as described in §4.1.1.1. We prepared
solutions of Fluka Fluorescein Sodium Salt C20H10Na2O5 (376 g/mol, Sigma-Aldrich) and
each of the primary antibodies with HBS+1%BSA in non-binding microwell plates. The
fluorescein was serially diluted 1:2 from 4 μM to 3.05e-2 nM and 1:3 from 196.83 mM –
10 μM. An equal volume of the primary antibodies 4-4-20 and M49209 (125 μL) were
added at concentrations of 0.2 μg/mL and 0.1 μg/mL to the fluorescein.
The fluorescein-antibody solutions were added to coated plates in 50 μL volumes
according to plate diagrams shown in Figure 4.15. The plates incubated at room
temperature for one hour and then were washed five times in PBS+0.05% Tween 20, as
the concentrated fluorescein was difficult to wash out. The secondary antibody was added
at 1:2000 dilution in HBS+1%BSA in plates I and II and 1:1000 dilution in plates III, IV,
and V and the experiment was completed as described for the antibody titer in §4.1.1.1.
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where the parameter C is the half maximal inhibitory concentration (IC50), the
concentration of soluble fluorescein needed to fill half of the binding sites on the
antibody. x is antibody concentration, y is the absorbance response, A is the maximum
asymptote, D is the minimum asymptote, and B is the slope factor that determines the
steepness of the curve.
4.1.3.2

Competitive ELISA Results and Discussion
We report the absorbance readings and the mean, standard deviation, and CV

(4.1.2) of the absorbance values for each of the primary antibody dilutions in Appendix
C, Tables C.8 – C.10. The sample size is n=4, except in the cases noted. The Q-test
explained in §4.1.1.2 was performed to determine whether any outliers in a set of four
concentrations should be excluded from the calculations at a 95% confidence level. The
absorbance data and curve fit parameters for the experiments are summarized in Table
4.5. The absorbance values for each concentration of anti-fluorescein antibody 4-4-20

and M49209 are plotted in Figure 4.16, Figure 4.17, Figure 4.18 and Figure 4.19 with
the curve fits to equation (4.1.6). The absorbance response decreases with increased
soluble fluorescein concentration. Due to errors in the first experiment with antibody 4-420 (plate I), the ELISA was repeated with half the primary antibody (0.05 ug/mL) and
twice the secondary antibody (1:1000). In this second trial, the CVs were less than 15%.
The soluble fluorescein exhibits an inhibitory effect on the 4-4-20 antibody binding to
immobilized fluorescein at concentrations greater than 30 nM. The IC50 in the second
case is 97 nM. In plates II and IV, the soluble fluorescein concentration in the nM range
was too low to cause an inhibitory effect and the absorbance response remained high. We
found that µM concentrations of soluble fluorescein were required to see an inhibitory
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Figure 4.18: ELISA – Absorbance vs Concentration – 0.1 μg/mL Primary Antibody M49209. We plot
the absorbance mean and standard deviation at each fluorescein concentration.
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y = 0.80 + (0.14-0.80)/(1+(x/69.38)-1.069)
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Figure 4.19: ELISA – Absorbance vs Concentration – 0.05 μg/mL Primary Antibody M49209. We
plot the absorbance mean and standard deviation at each fluorescein concentration.
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4.1.4. Competitive ELISA: Effects of BSA in Buffer

Bovine Serum Albumin (BSA) is usually present in buffer as a carrier for the
antibody and provides more repeatable results in the immunoassays because it prevents
non-specific binding. However, BSA introduces concentration-dependent changes to the
transport characteristics of the buffer solution and its presence in the fluorescein and
antibody solutions may complicate the comparison between the computations and mixing
experiments by requiring a more complex model [134, 135]. Furthermore, BSA does bind
to fluorescein if added in excess; Mummert and Voss demonstrated that the quenching of
fluorescence is less when anti-fluorescein 4-4-20 reacts with fluorescein-BSA conjugate
than with free fluorescein [136]. In this experiment, we investigated the effect of using
much less or no BSA on antibody behavior. We completed the competitive ELISA as
described in §4.1.3 for both antibodies in HBS buffers containing 1% BSA (10 mg/mL),
0.005% BSA (50 µg/mL), and no BSA.
4.1.4.1

Competitive ELISA – BSA Test Procedure

The microwell plates were coated with 2 µg/mL Fluorescein-BSA conjugate as described
in §4.1.1.1. We prepared 2 mM and 2 μM solutions of Fluorescein Sodium Salt in
HBS+1%BSA, HBS+0.005%BSA, and HBS only. In a non-binding microwell plate, the
2 mM fluorescein in each buffer solution was serially diluted to 1.95 μM such that the
final volume in each well was 125 μL. We added 125 μL of 0.2 μg/mL of M49209
antibody prepared in each of the buffer solutions to the corresponding fluorescein
solutions. The same process was completed for the 2 μM fluorescein solutions diluted to
9.77e-1 nM and 0.2 μg/mL 4-4-20 antibody solutions. The fluorescein-antibody solutions
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4.1.5. Fluorescence-Quenching

To verify the fluorescence quenching effect of the two fluorescein-antibody
clones, we measured the emitted fluorescence of fluorescein + fluorescein-antibody
solutions in a quartz cuvette with an SLM/Aminco 8100 steady-state fluorescence
spectrophotometer (Spectronic Instruments, Rochester, NY) at room temperature
(~20°C). The excitation and emission spectra of 100 nM fluorescein sodium salt (SigmaAldrich) are plotted in Figure 4.23, which shows the excitation peak at λex = 493 nm and
emission peak at λem = 511 nm.
1
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Figure 4.23: Fluorescein Excitation and Emission Spectra. The relative intensity measurement of the
fluorescence of fluorescein is plotted versus the wavelength. The excitation peaks at 493 nm and the
emission peaks at 511 nm for the 100 nM solution of fluorescein in HBS at room temperature.

The excitation scan was performed first by setting the emission wavelength λem = 521 nm
and scanning the wavelength range λex = 450-500 nm for the 500 μL sample of 100 nM
fluorescein in HBS (pH 7.4). The emission scan was performed by setting the excitation
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wavelength λex =494 nm and scanning the wavelength range λem = 500-600 nm. The
measured values are similar to the excitation and emission wavelengths of λex =490 nm
and λem =513 nm for fluorescein sodium salt in buffered saline at pH 7.5 reported in
[137].
For the quenching tests, 500 μL of 5 nM fluorescein in HBS was added to the
cuvette and the initial emission intensity was measured with the fluorescence
spectrophotometer set at excitation wavelength λex =494 nm. Then, an amount of
antibody was added to the cuvette and the fluorescence intensity was measured again.
This antibody addition and measurement process was repeated seventeen more times. The
experiment was performed one time with each of the following additions:
1. 18 1.5 μL additions of 667 nM fluorescein-antibody clone 4-4-20 in HBS
2. 18 2.778 additions of 360 nM fluorescein-antibody clone M49209 in HBS
3. 18 1.5 μL additions of HBS only (Control)
The fluorescein concentration decreased in the cuvette from 5 nM to 4.744 nM with the
eighteen 1.5 μL additions and from 5 nM to 4.545 nM with the eighteen 2.778 μL
additions. In the control case with HBS additions only, the maximum measured intensity
after each addition occurred at the average wavelength λem = 512 ± 1nm (CV = 0.23%),
indicating that the peak emission wavelength remained constant with the decrease in
fluorescein concentration and no quenching occurred. For the measurements with
additions of antibody, we use the intensity measurement at λem = 512 nm. The relative
intensity with change in fluorescein concentration is plotted in Figure 4.24 for the 4-4-20
antibody, M49209 antibody, and HBS additions. The antibody concentration increased in
the cuvette from zero to 34.17 nM for antibody 4-4-20 and from zero to 32.73 nM for
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4.2.1.1

Creation of Master
We first created the master from which the microchannel is produced. We cleaned

a 75x50x1 mm glass slide (Fisher Scientific, Pittsburgh, PA) with ethanol and placed
solvent-resistant polyester high-bond double-sided adhesive tape (12.7 mm width x
0.1016 mm thick, 3M, St. Paul, MN) over the areas where the channel will be formed. A
solid styrene rectangular strip (0.762 mm x 3.9624 mm, Plastruct, City of Industry, CA)
is measured and carefully cut into 30 mm and 40 mm lengths with a sharp razor blade.
The two strips were arranged in a ‘T’ shape with the smallest dimension on the tape and
an extremely thin layer of super glue at the intersection of the two strips. The strips were
aligned to a 90º angle with precision machined metal blocks. The excess tape was cut
away with a razor blade, and the residue was carefully removed with ethanol without
disturbing the styrene strips.
4.2.1.2

Construction of PDMS Channel
The PDMS was prepared by mixing Sylgard 184 Silicone elastomer base with

Sylgard 184 Silicone Elastomer curing Agent (Dow Corning, Midland, MI) mixed at 10:1
mass ratio in a dry plastic Solo® cup for a total mass of approximately 100 g. The two
solutions were stirred vigorously with a plastic fork for several minutes to ensure
complete mixing. The cup was placed in a vacuum chamber hooked to a vacuum pump to
extract all bubbles from the PDMS solution for 90 minutes. The microchannel master was
placed in a 2.5 cm-deep plastic petri dish, and the degassed PDMS was poured over the
mold with extreme care so as to not introduce bubbles. The petri dish was placed on a
hot-plate to cure for four hours at 75ºC.
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After curing, the PDMS layer was peeled away from the master and trimmed to a
75x50x1 mm rectangle. We punched a 1.56 mm diameter hole through the PDMS at the
ends of the two inlets and the outlet with a sharpened metal cylinder. The PDMS channel
was bonded to a 75x50x1 mm glass slide by first exposing the surfaces to air plasma for
120 seconds in a plasma cleaning chamber (PDC-3xG, Harrick Plasma, Ithaca, NY) and
then immediately affixing the open channel side of the PDMS to the slide.
4.2.1.3

Assembly
We used polypropylene straight connectors with barbed fittings (1/32” orifice,

25/32” long, ¼” wide,Cole-Parmer, Vernon Hills, IL) to connect the channel inlets and
outlets to the 1/16” inner diameter flow tubing. For each port, one side of the barbed
fitting was shaved off to produce a smooth surface, which was aligned with the channel
hole and bonded to the PDMS surface with Loctite® 2-Part Plastics Bonding System
(Loctite Brand, Henkel Corporation, Westlake, OH). The area around the ports was
sealed with Loctite® Clear Silicone Adhesive Sealant. The remaining barbed fitting
protruding from the PDMS surface allows connection to the tubing and liquid flow into
the two inlets and through the channel outlet.
4.2.2. Microchannel Flow Experiment System

The schematic of the microchannel flow system is depicted in Figure 4.27. Each
of the three microchannel ports were connected to Tygon® laboratory tubing (1/16” I.D.,
1/8” O.D., 1/32” wall, Saint-Gobain Performance Plastics). For each inlet, the tubing
connected to a three-way large bore polycarbonate stopcock (2 luer connections and 1
male lock, Cole-Parmer) via a female polypropylene luer hose barb adapter (Cole-
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KD Scientific, Holliston, MA) that withdrew the fluid from the 10 mL syringes through
the microchannel at the set flow rate.
The microchannel itself rested on a Nikon Eclipse TE 2000-E inverted
epifluorescence microscope ((Nikon, Melville, NY). The fluorescence illumination was
provided by an X-Cite 120 PC 120W mercury vapor short arc lamp (Lumen Dynamics
Group Inc., Mississauga, Ontario). The illumination passed through a filter (EX 465-495,
DM 505, BA 515-555, which is appropriate for the excitation wavelength of fluorescein)
before reaching the microchannel. The fluorescein illuminated in the channel was viewed
through a 10x/.30 objective (Ph1 DL, ∞/1.2, WD 15.2) and was captured by a cooled,
digital 12-bit CCD camera (SensiCam QE, The Cooke Corporation, Romulus, Michigan).
The images were acquired using the software Camware (64 bit Ver. 3.06, Build 261, PCO
AG, Kelheim, Germany).
4.2.3. Microchannel Flow Experiment Procedure

The camera and illumination sources were switched on one hour before the
experiments to reach an equilibrium temperature. The microchannel was pre-filled with
Hepes Buffered Saline (75.8% NaCl + 1.9% KCl+ 22.3% Hepes (C8H18N2O4S) + purified
water, pH = 7.4), and much care was taken to ensure that no bubbles existed anywhere in
the system. The syringe pump withdrew fluid from the two inlet reservoirs at a fixed flow
rate Q = 100 μL/min. The system was tested to ensure that liquid was being drawn from
each of the inlets at the same rate. By withdrawing the fluid through the microchannel
rather than infusing the fluid in the opposite direction, we avoided large pressures that
might have ruptured the channel. We chose the flow rate Q = 100 μL/min after initial
tests indicated that higher flow rates did not allow sufficient mixing to view fluorescent

Page 117
quenching. This flow rate corresponds to an average outlet velocity uavg = 0.5 mm/s. The
channel was inspected with both brightfield and fluorescent illumination to confirm that
the channel was not occluded in any way and no fluorescein could be detected in the
channel as the HBS solution passed through. We took brightfield images of the
measurement locations at the channel floor and noted the z-location of the middle of the
channel to ensure images were acquired in exactly the same location at the mid-channel
depth for each case. The first image was taken 3.8 mm past the far inlet wall and the
second image was taken 30.1 mm past the far inlet wall.
The fluorescein and antibody solutions were prepared in HBS at concentrations
of 10 nM and 20 nM, respectively, for the mixing experiments. All solutions were stored
in sterile polystyrene or polypropylene tubes. The antibodies were kept on ice until ready
for use. After the pre-fill phase, the stopcocks were switched to allow the fluorescein and
antibody solutions to infuse the channel. Before image acquisition, the system was
allowed to stabilize for 40 minutes to make sure the flow was fully developed for the
entire length of the channel and the fluorescence intensity histogram was stable. This
required 2 mL of the 4 mL of solution from each reservoir. Images were acquired at the
specified locations at the mid-depth position in the channel with a 6 second exposure
time. Five images were taken at the location at a 2 second interval. The1024x1002 pixel,
12 bit monochrome images were taken with 1x1 binning and were saved as 16 bit .tif
images to retain the maximum bit information. After completing an experiment, the
system was thoroughly flushed manually with HBS to remove all fluorescein and
antibody. The 60 mL waste syringe was changed frequently to maintain an accurate flow
rate, as we found that the plunger would start to slip after multiple uses.
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4.3. FLUORESCENCE IMAGE PROCESSING AND ANALYSIS
4.3.1. Image Processing Method

The fluorescence images of the flow in the microchannel were acquired at the
locations identified in Figure 4.26. The images were processed using Matlab (The
MathWorks, Inc., Natick, MA) with the Image Processing Toolbox. The original size of
each image was cropped from 1024x1002 pixels to 804x804 pixels to remove a 20 pixel
black strip and focus the processing region to the center of the channel away from the
walls. This corresponds to a 0.6 mm x 0.6 mm region between the channel walls,
discarding the 0.081 mm region near the walls. The images were filtered for noise using
the wiener2 filter function with 4x4 pixel neighborhoods. In each case five images were
acquired at 2 second intervals; the five images were averaged together. The filtered and
averaged background image was then subtracted. The background images were acquired
with the same exposure and fluorescent light source at the same locations with only HBS
flowing through the channel at the same flow rate.
The corrected image is normalized by dividing the image by the image acquired
when 10 nM fluorescein only is passing through the channel, which is the initial
concentration of fluorescein in the reservoir for the mixing experiments. This corrects the
image to uniform illumination, as the images are darker near the channel walls and lighter
mid-channel. The final normalized imaged is used for analysis. The image processing
method is depicted in Figure 4.28 for an example case in which 5 nM fluorescein flows
through the channel. The five acquired images at location 1 are reduced to an image
ready for analysis.
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Figure 4.28: Image Processing Method. The channel floor at the image locations are shown and the
image processing method is depicted for images taken at location 1 with 5 nM fluorescein passing through
the channel from both inlets. The image used for analysis is shown in the bottom right corner.

4.3.2. Relating Fluorescence Intensity to Fluorescein Concentration
To permit comparison between the fluorescent images and the computational
concentration measurement at the image locations, we must correlate the image intensity
to the fluorescein concentration. This was accomplished by filling both inlet reservoirs
with equal concentrations of fluorescein ranging from 0 to 10 nM and imaging each
concentration in the channel at the flow rate of 100 μl/min following the procedure
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The fluorescence intensity is 73% quenched when the antibody concentration is 10 nM,
twice the concentration of fluorescein. This quenching amount is 7% different than the
result in §4.1.5, where we found that 79% of the fluorescence intensity measured in a
spectrophotometer was quenched for this antibody clone at twice the fluorescein
concentration. The difference is attributed to the lower sensitivity of the microscope
system and the dynamic versus static measurement. From this result, we expect that the
quenching of fluorescence will be visible in the microchannel when 10 nM fluorescein
and 20 nM antibody are infused separately.

4.4. DISCUSSION
We explored the antibody clone characteristics by completing antibody titer and
ELISA experiments. While the 4-4-20 clone has been well-studied, the M49209 clone has
not. We found that both clones binded to Fluorescein-BSA coated plates, but the M49209
clone is less suitable for a competitive ELISA assay because it is a less sensitive test. The
clone has a much higher affinity for Fluorescein-BSA than soluble fluorescein and
requires μM rather nM concentrations to see an effect. However, our further experiments
showed that M49209 may be better suited for the non-competitive mixing experiments
because the clone was less effected in the ELISA tests by the absence of BSA in solution,
and the fluorescence quenching of fluorescein was greater with this clone than with the 44-20 clone.
We described the simple and inexpensive construction of a deep channel that
maximizes the contact area between the two solution streams and will allow comparison
to a two-dimensional computational model. Although the construction method did not
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produce perfectly straight or smooth walls as would be expected by creating the master
with more traditional microfabrication techniques such as spin-coating a silicon wafer,
the 4 mm depth of our microchannel would not have been possible with such methods.
The experimental system that we explained allows imaging of the flow of fluorescein
through the microchannel. By relating the fluorescein intensity acquired from the pixel
intensity values to known fluorescein concentrations, we are able determine the
concentration of fluorescein within the channel when mixed with another solution.
We demonstrated that fluorescence quenching of fluorescein with antibody
binding is observable in this system. In our quenching experiments, the maximum
quenching relative to the fluorescence intensity of free fluorescein reached 79% and 73%
for antibody M49209 and only 53% for the 4-4-20 antibody. The quenching of
fluorescence with the 4-4-20 clone has been previously reported to be >90% [96-98]. The
reduction in quenching that we observed for this antibody could be due to inactivity of
the antibody. The two antibody clones were actually synthesized with fluorescein-5isothiocycanate (C21H11NO5S), while we used fluorescein sodium salt (C20H20NaO5). We
demonstrated that both clones effectively bind to this fluorescein, but the quenching and
reaction properties may be different [129]. The quenching observed in the microscope
flow system may be reduced because we cannot determine the intensity at a specific
wavelength as with the fluorescence spectrophotometer. Instead, we know that the
fluorescence emitted is within the range 515-555 nm (the specification of the filter).
The mixing of fluorescein with antibody solution and the subsequent quenching
signal will be investigated and compared to a computational model in §5. While the
experiment will allow the quantification of mixing in the microchannel, we note the
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following limitations and potential problems that may occur. Improper handling of
antibodies can cause inactivity and require increasing concentrations to see the desired
effect. One should store antibodies at 4°C for short-term and -20°C for long-term storage
and avoid repeated freeze-thaw cycles. The antibodies should be kept on ice when not in
immediate use during the experiments. One improvement that could be made to the
experimental system is the addition of a cooling system that maintains a cooler
temperature around the inlet reservoirs, tubing, and microchannel. Kesavan, et al.
reported that fluorescein intensity increases with decreased temperature [139] , thus
cooling would be helpful for fluorescein visualization as well. The present experiments
occurred at the ambient temperature of 20°C. Antibodies are happiest at pH 7.4; the
buffer solution should be sterile and the correct pH.
We explained in §4.1.4 that bovine serum albumin (BSA) is typically added to the
antibody solutions for ELISA tests, but we chose not to include BSA in the fluorescein
solutions due to the complex fluid transport characteristics. However, a 3% BSA buffer
solution is generally used to block the excess binding sites in microplate wells to
minimize non-specific binding [140]. PDMS is strongly hydrophobic and antibodies may
non-specifically bind to the surface of the microchannel rather than to the soluble
fluorescein [141]. This would result in decreased quenching. An additional step that
could be included in the flow experiment is to infuse a buffer solution including BSA
prior to the infusion of the fluorescein and antibody solutions to block the binding sites
on the PDMS channel.
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5. PHYSICAL AND COMPUTATIONAL MICROCHANNEL MIXING
SA3: Compare the experimental results from the fluorescein and fluorescein-antibody
reaction in a microfluidic flow system to the simulation results provided by the coupled
BEM-PSEM computational scheme and use the BEM-PSEM program to
computationally investigate a set of microchannel designs.

To experimentally assess the computational program developed to design and
analyze micromixer geometries, we utilize the test system described in §4 to measure the
amount of fluorescein available after injecting the fluorescein and antibody solutions into
a fabricated microchannel. The fluorescein-antibody complex formed is determined by
subtraction from the control experiment. We compare the fluorescein concentration at the
outlet, derived from the correlation to fluorescence intensity, to the fluorescein
concentration numerically predicted by the computational model under identical
conditions. To determine the diffusion coefficients and the initial condition profiles to use
in the simulation, we perform a sensitivity analysis of the system parameters and then
methodically minimize the error between the experimental and computational fluorescein
concentration profiles. We show that the transport simulation produces results in good
agreement with the experimental system. We then use the same initial conditions and
transport parameters to computationally model the fluorescein reaction in a set of
microchannel designs with cylindrical obstructions. We evaluate the effectiveness of the
different geometries for enhancing the fluorescein and fluorescein-antibody reaction by
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measuring the mass flux of the bound fluorescein-antibody product in the end region of
the channel. An increase in product formation indicates a more effective geometry.

5.1. MICROFLUIDIC MIXING EXPERIMENT IN DUAL-INLET CHANNEL
We completed the mixing experiments according to the procedures described in
§4.2 using the two-inlet T-channel and flow system. The fluid was withdrawn equally
from the inlet reservoirs through the channel outlet at 100 μL/min. We acquired five
images of the fluorescein-induced fluorescence at two second intervals at the two
locations in channel identified in Figure 4.28, after the waiting period of 40 minutes to
ensure steady flow at the image locations. We completed three experiments in which the
fluorescein and antibody solutions (prepared in HBS) entered the channel through
separate inlets:
1. 10 nM Fluorescein (Inlet 1) + HBS – control (Inlet 2)
2. 10 nM Fluorescein (Inlet 1) + 20 nM M49209 Antibody (Inlet 2)
3. 10 nM Fluorescein (Inlet 1) + 40 nM M49209 Antibody (Inlet 2)
The images at each location were filtered and averaged together. This image was
normalized by dividing by the image of 10 nM fluorescein at the same location. A new
10 nM image was taken prior to each experiment as intensity values may fluctuate
between days. The image intensity of the corrected image was correlated to the
fluorescein concentration using the calibration curve CFl = 10*I established in §4.3.2. We
reduced the image to a fluorescein concentration profile across the channel width,
transverse to the direction of flow (y-direction), by averaging the fluorescein
concentration in the direction of the flow. For experiments 2 and 3, the fluorescein-
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antibody complex concentration is determined by subtracting the fluorescein
concentration of the experiment with antibody from the fluorescein concentration of the
HBS-only (control) experiment.
5.1.1. Fluorescence Intensity and Concentration Profiles

We mixed 10 nM fluorescein with an HBS solution containing no antibody as the
control case. In Figure 4.29, we show the intensity images and corresponding average
profile curves at location 1, near the inlet, and at location 2, near the outlet. In this
experiment, the fluorescein diffuses across the channel, increasing on the side of buffer
entry and decreasing on the side of fluorescein entry. In §4.3.1 we explained that the
images were cropped to exclude the region near the walls. The concentration in this
region is extrapolated to create a complete profile across the channel. The absolute and
relative L2 differences in the concentration profiles between the two locations,
cL2 
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(5.1.1)

dy

are Δc = 1.24 and δc = 24%, respectively, where y is the direction transverse to flow. In a
longer channel, it is expected that the fluorescein would diffuse to a uniform of 5 nM
across the channel. In the ideal case, the integrated concentration profiles at location 1
and location 2 would be identical. However we report a 7% difference and attribute this
experimental error to fluctuations in the fluorescent light source and image capture
system. We note that at the first location, the concentration profile is not a step jump in
which 10 nM fluorescein is present in only the half of the channel of fluorescein entry
because diffusion/mixing occurs as the two solutions join at the junction. Due to the
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construction method of the channel, the junction does not consist of two perfectly
identical right angles; the angles are slightly rounded and such imperfections may
enhance the mixing of the two solutions as they enter the main channel.

Figure 5.1: Mixing Experiment 1: 10 nM Fluorescein + HBS. The fluorescence intensity images are
plotted at the two measurement locations in the T-Channel. The intensity is averaged in the direction of
flow to obtain a profile across the channel width. The intensity is converted to fluorescein concentration. In
this case we see the diffusion of fluorescein across the channel width.
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In the second experiment, we mixed 10 nM fluorescein with 20 nM antibody
clone M49209. The intensity images and concentration profiles across the channel at the
two image locations are shown in Figure 5.2.

Figure 5.2: Mixing Experiment 2: 10 nM Fluorescein + 20 nM Antibody. The fluorescence intensity
images are plotted at the two measurement locations in the T-Channel. The intensity is averaged in the
direction of flow to obtain a profile across the channel width. The intensity is converted to fluorescein
concentration. The fluorescence intensity and thus fluorescein concentration is reduced by binding to the
antibody.
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The mixing between the fluorescein and antibody solutions is evident by the absence of
fluorescence on the antibody side of the channel and decreased fluorescence on the
fluorescein side. From the control experiment, we know that the fluorescein diffuses
across the channel, thus the reduced fluorescence indicates the quenching by antibody
binding to fluorescein. The absolute and relative L2 differences (5.1.1) in the
concentration profiles between the two locations are Δc = 1.68 and δc = 34%.
In the third experiment, we mixed 10 nM fluorescein with 40 nM antibody clone M49209
. The intensity images and concentration profiles across the channel at the two image
locations are shown in Figure 5.3. The absolute and relative L2 differences (5.1.1) in the
concentration profiles between the two locations are Δc = 1.83 and δc = 38%. The
increased antibody concentration produced increased fluorescein binding and quenching.
The mixing experiment results are summarized in Figure 5.4, where the
fluorescein concentration is plotted with respect to the channel position y (transverse to
flow) at locations one and two. Additionally we provide the predicted concentration of
fluorescein-antibody complex, obtained by subtracting the fluorescein concentration of
the antibody experiments from the fluorescein concentration of the control case. We note
that the fluorescein concentration at location 1 is similar for all three cases. A small
amount of mixing has occurred after the inlet junction. The L2 differences (5.1.1) in the
concentration profiles are Δc = 0.26 and δc = 5.19% between the control and 20 nM cases
and Δc = 0.45 and δc = 8.78% between the control and 40 nM cases. Conversely, the
differences at location 2 are much larger. The L2 differences are Δc = 1.20 and δc =
28.54% between the control and 20 nM cases and Δc = 1.51 and δc = 36.03% between
the control and 40 nM experiments.
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Figure 5.3: Mixing Experiment 1: 10 nM Fluorescein + 40 nM Antibody. The fluorescence intensity
images are plotted at the two measurement locations in the T-Channel. The intensity is averaged in the
direction of flow to obtain a profile across the channel width. The intensity is converted to fluorescein
concentration. The fluorescence intensity and thus fluorescein concentration is reduced by binding to the
antibody.

In Figure 5.5, we show the decrease in concentration compared to the control
case at image location 2 at three positions in the channel, transverse to flow. We note the
larger decrease on the side where the antibody solution enters (y = 0.1875) compared to
the side of the channel where the fluorescein enters (y = 0.5625). The diffusivity of
fluorescein is approximately one order of magnitude larger than the diffusivity of
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antibody, thus the fluorescein diffuses more quickly to the opposite side of the channel
where it binds to the antibody and quenches fluorescence. The antibody, however, is a
larger molecule and does not diffuse to the opposite side of the channel at a similar rate.
While doubling the antibody concentration from 20 nM to 40 nM did increase the
fluorescein-antibody complex formation, the increase of approximately 10% is too small
to warrant the use of the higher concentration. This result was expected, as the decrease
in fluorescence intensity with increased antibody concentration shown in Figure 4.32
reached a steady level after the antibody concentration was twice that of the fluorescein.
5.1.2. Further Comments

We have shown that this fluorescein and fluorescein-antibody mixing experiment
allows the analysis of mixing in a microfluidic channel by the visual quenching effect of
fluorescein-antibody binding. This set of experiments provided the initial conditions of
fluorescein and fluorescein-antibody complex to use for the computational comparison.
Further extensions of this experiment include using different flow rates, using a different
anti-fluorescein antibody clone, and testing different microchannel geometries that would
enhance mixing compared to the straight channel. As mentioned before, flushing the
system with BSA prior to the mixing experiment would block the binding sites on the
PDMS channel walls to allow increased antibody binding to fluorescein.
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mm and length Lx = 28.2 mm, which corresponds to the distance from the first image
location near the channel inlet to 1.9 mm past the second image location near the channel
outlet. The fluorescein concentration averaged in the direction transverse to flow in the
region 25.7 mm ≤ x ≤ 26.3 mm is compared to the image-derived fluorescein
concentration profile. In the following sections, we describe the process of determining
the appropriate computational parameters required to solve the transport equation for the
comparison.
5.2.1. Computational Parameters

In this study, we explore the effects of the fluorescein and antibody diffusion
coefficients and the initial concentration profile of the antibody, while keeping the other
system parameters fixed. For the fluid, we assume the viscosity and density are that of
water, μ = 1 Pa·s and ρ = 1000 kg/m3. The velocity profile in the channel is assumed a
steady parabolic flow: u(y) = 4umax ( (y/Ly) – (x/Ly)2 ). The outlet flow rate in the three
dimensional channel controlled by the syringe pump is Q3D = 100 μL/min = 1⅔ mm3/s.
We determine the maximum velocity umax from the two-dimensional flow rate in the
channel expressed as [142]
¥
æ
æ np öö
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ç
Q2D = Q çç1- å 5 5 a tanh çç ÷÷÷÷÷÷ = 1.89 mm3 /s,
èç 2a øø÷
èç n=1,3,5 n p
-1
3D

(5.2.1)

where α = Ly/Lz, the ratio of the channel width Ly = 0.75 mm to the channel depth Lz = 4
mm. The maximum velocity is then umax =1.5* Q2D / (Ly*Lz) = 0.945 mm/s. The average
velocity is uavg = ⅔umax = 0.63 mm/s. Reported values of fluorescein diffusivity range
from 2.7x10-6 – 7x10-6 cm2/s, which are listed in Table 5.1. When the relevant
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information was provided by these sources, we adjusted the diffusion coefficient to our
assumed temperature T = 20°C using the Stokes-Einstein Equation:
D=

k BT
,
6pm Rh

(5.2.2)

where kB is Boltzmann’s constant, T is the absolute temperature, μ is the solvent
viscosity, and R is the radius of the molecule.
T
(ºC)

D
(x 10-6 cm2/s)

Rh (nm)

37

7.0

0.48

25
20

5.12
4.47

0.48
0.48

25

5.5

0.5

Water

25

5.4

0.45

Water

20

4.77

0.45

Fluorescein
MW 332

Sterile Medium

20

5.5 ± 0.4

NR

Fluorescein

PBS

23

2.7

NR

Fluorescein

Water

NR

6.4

NR

Water

25

4.25 ± 0.1

NR

Water

27

5±2

NR

25

0.38

6.5

20

0.39 ± 0.02

NR

Aqueous

20

0.46

NR

Water

20

0.408 ± 0.07

NR

Aqueous pH = 7

25

0.334 ± 0.08 –
0.456 ± 0.07

5.31 ± 0.135
– 5.65 ± 0.14

Source

Solute

Solvent

Nugent and Jain,
1984 [143]
Adjusted for T
Adjusted for T
Radomsky et al,
1990 [144]
Fu et al,
1995 [145]
Adjusted for T
de Beer et al,
1997 [146]
Periasamy and Verkman,
1998 [147]
Galambos and Forster,
1998 [148]
Culbertson et al,
2002 [149]
Mosier et al,
2002 [150]

Fluorescein
MW 376

Water

Fluorescein
MW 332
Fluorescein
MW 376

Radomsky et al,
1990 [144]
Berk et al, 1997 [151]
de Beer et al,
1997 [146]
Brandt et al,
2010 [152]

Human IgG
MW 146K
IgG
TRITC-IgG
MW 150K
Human IgG1
MW 150K

Phospate
buffered water
PBS

Yandav et al, 2011 [153]

IgG1

Fluorescein
MW 332
Fluorescein
MW 376

Water
Water
Phospate
buffered water

Table 5.1: Reported Diffusion Coefficients for Fluorescein and IgG Antibody. Previously reported
values of the diffusivity D of fluorescein and IgG antibody are given with the conditions under which they
were measured or calculated. Rh is the hydrodynamic radius.

Page 137
We use D1 = 4.77x10-6 cm2/s as the starting value of fluorescein diffusivity. We estimate
the diffusivity of the monoclonal IgG2A anti-fluorescein antibody with (5.2.2) as D2 =
4.29x10-7 cm2/s assuming a radius Rh = 5 nm. The sensitivity to this parameter will also
be investigated. This diffusion coefficient falls within the range of reported values for
IgG antibodies under various conditions as shown in Table 5.1. We note that increasing
the temperature increase the diffusivity, while decreasing the solvent viscosity, and
increasing the viscosity decreases the diffusivity.
We assume for the computations that the diffusion coefficient of the fluorescein-antibody
complex is the same as the antibody diffusivity, D3 = D2. For the reaction of the
fluorescein and antibody, we use the measured M49209 clone reaction rates kon = 0.052
nM-1s-1 and koff = 0.1872 s-1.
We use the initial concentration profiles of fluorescein c1 and fluoresceinantibody complex c3 from the mixing experiment at image location one with 10 nM
fluorescein and 20 nM M49209 antibody shown in Figure 5.4. We assume that the
concentration of fluorescein entering from the inlet reservoir is c1IN = 10 nM. To account
for any mass loss due to experimental error, we determine a correction factor κ by
dividing the assumed inlet mass flux by the mass flux at location one with no antibody
present:
m 1IN = Lz ò

Ly

0

c1IN ⋅ u ( y ) IN dy,

m 1loc1,0 Ab = Lz ò

0

k=

m 1IN
m 1loc1,0 Ab

.

Ly

c1loc1,0 Ab ( y ) ⋅ u ( y )loc1 dy,

(5.2.3)
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Then, the experimental concentration profiles c1(y) and c3(y) at location 1 for the initial
condition of the computation are multiplied by κ to ensure that
m 1IN = m 1loc1 + m 3loc1 ,
Lz ò

Ly
0

c1IN ⋅ u ( y ) IN dy = Lz k ò

Ly
0

c1loc1 ( y ) ⋅ u ( y )dy + Lz k ò

0

Ly

c3loc1 ( y ) ⋅ u ( y )dy.

(5.2.4)

Unfortunately, we are unable to determine the precise antibody concentration
profile from the experiment images due to the absence of fluorescence and must predict
this concentration. The domain is symmetric, so if the diffusivity and initial concentration
of antibody were the same as for fluorescein, the same initial condition reflected about
the channel could be used. But the antibody has a smaller diffusivity and a larger
concentration than the fluorescein. Another option considered was to compute the
diffusion of fluorescein only from an initial step jump condition of constant c10 = 10 nM
in one half of the channel and determine the time required to reach the initial condition
profile from the experiment. Then the computation would be completed for the antibody
to predict the concentration after the same time and length in the channel if no fluorescein
were present. The initial antibody concentration for the mixing experiment would be
calculated as the experimental complex concentration subtracted from the concentration
profile of antibody with no fluorescein. However, we found that we could not achieve the
experimental concentration of fluorescein at location one in this way. We expect that the
channel imperfections, specifically at the inlet junction, caused variations in the fluid
dynamics not simulated by the computational model. The experiment could be repeated
using a fluorescent antibody to determine the concentration profile after the inlet junction
in the same manner as the fluorescein.
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We approximate the initial concentration of the antibody using a four-parameter
equation that creates a sigmoidal shape similar to the fluorescein profile:

c2 ( y ) = A +

D- A
.
æ y - C ÷ö
1 + exp çç÷
çè
B ø÷

(5.2.5)

The four parameters control the maximum asymptote (A), the slope factor (B), the
inflection point (C), and the minimum asymptote (D). While we aimed to infuse an initial
concentration of c2IN = 20 nM into the channel, this parameter will be allowed to change
in the sensitivity analysis as the effective concentration may have been lower due to
measurement error, degradation of antibody, or non-specific binding. The combination of
the parameters c2IN, A, B, C, and D must satisfy the conservation of mass such that the
assumed initial antibody concentration must equal the integrated initial concentration
profiles c2(y) and c3(y) at the starting point of the computation:
m 2IN = m 2loc1 + m 3loc1 ,
Lz ò

0

Ly

c2IN ⋅ u ( y ) IN dy = Lz ò

0

Ly

c2loc1 ( y ) ⋅ u ( y ) dy + Lz k ò

0

Ly

c3loc1 ( y ) ⋅ u ( y )dy.

(5.2.6)

The relationship between A and c2IN is fixed as A = c20 – 0.16 nM. When determining the
value of one of the parameters of equation (5.2.5), another parameter must be adjusted to
maintain the mass conservation relationship.
5.2.2. Sensitivity Analysis

The goal of this analysis is to determine how the fluorescein and antibody
diffusion coefficients D1 and D2 and the parameters c2IN, A, B, C, and D of the initial
antibody concentration equation (5.2.5) affect the evolution of the fluorescein
concentration in the channel. We compute the convection-diffusion-reaction equation
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with the Particle Strength Exchange method described in §3 in a shortened segment of the
channel (Lx = 11.2 mm) and compare the initial concentration profile of c1 at the inlet to
the c1 profile at the outlet after the concentration is steady. We use the sum squared
difference between the profiles as the metric of comparison,
SSD = å (c1 ( y ) x=0 - c1 ( y ) x=8 7 ) ,
2

(5.2.7)

and define the sensitivity Si to parameter Pi as the change in this metric with respect to
the change in Pi:

Si =

¶SSD DSSD
»
.
¶Pi
DPi

(5.2.8)

Each one of the parameters is changed within ±10% of the baseline values at 2.5%
increments. The baseline parameters are:


P1: D1 = 4.77e-6 cm2/s (eqn. (5.2.2), T = 20°C, Rh = 0.45 nm)



P2: D2 = 4.29e-7 cm2/s (eqn. (5.2.2), T = 20°C, Rh = 5 nm)



P3: c2IN = 20 nM (inlet concentration), A = 19.84 nM (max asymptote), (with C)



P4: B = 0.03 mm (steepness of curve), (with C)



P5: C = 0.3692 mm (inflection point), (with A)



P6: D = 0 nM (minimum asymptote), (with A)

The parameter in parenthesis is modified as needed to enforce conservation of mass.
In Figure 5.6, we show the change in SSD with respect to the change in the
parameter, normalized to the baseline case. The computed sensitivity values Si are
summarized in Table 5.2. We see that the transport solution is most sensitive to the
parameters A and C, which are the maximum asymptote and the inflection point of the
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We investigate the effect of the parameters on the outlet fluorescein concentration
profile c1(y) by comparing the difference between the c1(y) profile solution at the
parameter baseline and c1(y) with the parameter ±10% of the baseline value. In Figure
5.7 - Figure 5.12, we plot the c1(y) profile solution at the parameter baseline in black

with c1(y) profile solution after +10% change in Pi in blue on the first plot and -10%
change in Pi in green on the second plot, both with reference to the left axis. The
difference between the two c1(y) curves is plotted in red with reference to the right axis.
The dot indicates the location of the largest difference between the two c1(y) curves. The
change in c1(y) for each parameter is described in the following sections.
5.2.2.1

Sensitivity to Parameter P5: C
The change in P5 (C) had the largest effect of all parameters tested. The outlet

concentrations c1(y) and the change between the curves are plotted in Figure 5.7. A 10%
decrease in the parameter C of the initial antibody concentration c2(y) from 0.369 to
0.332 increased the outlet c1(y) by 0.67 at y = 0.41. A 10% increase in C to 0.406
decreased the outlet c1(y) by -0.72 at y = 0.45. Modification of this parameter shifts the
curve left or right.
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Figure 5.7: Effect of Parameter P5 (C-A) on Outlet c1(y). Decreasing C, while increasing A, results in a
leftward curve shift and increase in the c1(y) outlet solution mid-channel.

5.2.2.2

Sensitivity to Parameter P3: c2IN, A
The c1(y) outlet profiles and difference curves with ±10% change in P3 (c2IN, A)

are plotted in Figure 5.8. A 10% decrease in the parameter c2IN of the initial antibody
concentration c2(y) from 20 to 18 increased the outlet c1(y) by 0.15 at y = 0.375. A 10%
increase in c2IN to 22 decreased the outlet c1(y) by -0.13 at y = 0.375. Modification of this
parameter shifts the curve left or right to a lesser degree than P5 and requires only slight
modification of the second parameter C.
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Figure 5.8: Effect of Parameter P3 (c2IN&A-C) on Outlet c1(y). Decreasing c2IN & A, while increasing C,
results in a leftward curve shift and increase in the c1(y) outlet solution mid-channel. The opposite occurs
when increasing c2IN & A.

5.2.2.3

Sensitivity to Parameter P4: B
The c1(y) outlet profiles and difference curves with ±10% change in P4 (B) are

plotted in Figure 5.9. A 10% decrease in the parameter B of the initial antibody
concentration c2(y) from 0.03 to 0.027 increased the outlet c1(y) by 0.0961 at y = 0.45. A
10% increase in B to 0.33 decreased the outlet c1(y) by -0.0958 at y = 0.45. Modification
of this parameter shifts the curve left or right in the region 0.375 < y < 0.6 and requires
only slight modification of the second parameter C.
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Figure 5.9: Effect of Parameter P4 (B-C) on Outlet c1(y). Decreasing B, while increasing C, results in a
leftward curve shift and increase in the c1(y) outlet solution at 0.375 < y < 0.6. The opposite occurs when B
is increased.

5.2.2.4

Sensitivity to Parameter P6: D
The c1(y) outlet profiles and difference curves with +10% change in P6 (D) are

plotted in Figure 5.10. A 10% increase in the parameter D of the initial antibody
concentration c2(y) from 0 to 0.1 decreased the outlet c1(y) by -0.068 at y = 0.68.
Modification of this parameter was constrained by D > 0 to produce only physically
possible results. The increased D decreases c1(y) for y > 0.375, which is the fluorescein
side of the channel. The increased c2 on this side allow more reaction of fluorescein with
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antibody and lowers c1 in this part of the channel. The parameters c2IN and A were
modified to conserve mass of the initial c2(y) condition.
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Figure 5.10: Effect of Parameter P6 (D-c2IN&A) on Outlet c1(y). Increasing D, while decreasing c2IN &
A, results in a decrease in c1(y) on the side of fluorescein entry into the channel, y > 0.375.

5.2.2.5

Sensitivity to Parameter P1: D1
The c1(y) outlet profiles and difference curves with ±10% change in P1 (D1) are

plotted in Figure 5.11. A 10% decrease in the diffusivity of fluorescein D1 from
4.77x10-4 mm2/s to 4.29x10-4 mm2/s decreased the outlet c1(y) at 0.2625 < y < 0.4125 and
increased c1(y) at y < 0.4125, with maximum of 0.075 increase at y = 0.525. A 10%
increase in D1 to 5.25x10-4 mm2/s decreased the outlet c1(y) by -0.072 at y = 0.525, while
increasing c1(y) for 0.2625 < y < 0.4125.
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Figure 5.11: Effect of Parameter P1 (D1) on Outlet c1(y). Decreasing D1results in a decrease in c1(y) at
0.2625 < y < 0.4125 and an increase in c1(y) at y < 0.4125. The effect is opposite when D1 is increased.

5.2.2.6

Sensitivity to Parameter P2: D2
The c1(y) outlet profiles and difference curves with ±10% change in P2 (D2) are

plotted in Figure 5.12. A 10% decrease in the diffusion coefficient of antibody D2 from
4.29x10-5 mm2/s to 3.86x10-5 mm2/s increased c1(y) by 0.0087 increase at y = 0.4219. A
10% increase in D2 to 4.72x10-5 mm2/s decreased the outlet c1(y) by -0.0085 at y =
0.4125. The diffusivity of antibody had a negligible effect on the outlet solution of c1(y).
We use these relationships between the parameters and fluorescein concentration solution
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to determine the correct parameters for comparison of the computation and experimental
results.
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Figure 5.12: Effect of Parameter P2 (D2) on Outlet c1(y). Decreasing D2results in a very small increase in
c1(y) for 0.3375 < y < 0.5625. The effect is opposite when D2 is increased.

5.2.3. Error Minimization

Now that we have a clear picture of how each parameter effects the fluorescein
concentration, we run the convection-diffusion-reaction simulation for the full channel
length to t = 238 seconds and compare the computed c1(y) to the experimental profile at
location 2 near the outlet of the channel. We start with the baseline set of parameters and
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compute the mean squared error (MSE) between the two solutions. We methodically
change each of the parameters investigated in §5.2.2 separately to minimize the MSE. For
the baseline parameter set, the MSE = 8.69x10-2. This error minimization approach is not
the steepest descent method, but parameters are changed sequentially from most sensitive
to least.
Error Minimization of Parameter P5 (C) and P3 (c2IN, A)

5.2.3.1

We found that modifying P5 (C), the parameter with the highest sensitivity, to
minimize MSE between computation and experiment resulted in initial conditions of c2
that were much larger than the assumed inlet concentration c2IN = 20 nM. The parameter
c2IN is linked to C to meet conservation of mass constraints. The opposite modification of
c2IN with adjustments in C provided initial conditions within the maximum concentration
constraint.
We run the simulation to minimize the MSE by changing parameters c2IN and A
of the initial condition c2(y) with the accompanying modification of parameter C to meet
conservation of mass. The remaining parameters are fixed. As shown in the plot of MSE
versus c2IN in Figure 5.13, we found that the minimum error MSE = 4.25x10-2 occurred
when c2IN = 15.2 nM, A = 15.04 nM, and C = 0.367356. The starting values were c2IN =
20 nM, A = 19.84 nM, and C = 0.3692.
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appropriate approximations of the experimental conditions. While we lowered the initial
concentration of antibody from the assumed experimental value of 20 nM to 14.185 nM,
this decrease may take into account that some of the antibody in the solution was inactive
or some antibody molecules were bound to the PDMS wall rather than to the fluorescein
in solution. The initial conditions at location one and the computed concentrations of the
fluorescein, antibody, and complex at location two are shown in Figure 5.18. We will use
these initial conditions for the transport-reaction simulations in more complex
microchannel domains to predict the best design characteristics.
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Figure 5.17: Error Minimization between computational and experimental c1(y): Summary. The
fluorescein concentration solution near the channel outlet is plotted for each minimization with the imaged
fluorescein concentration at image location two for comparison.
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The experimentally derived initial conditions for the fluorescein, antibody, and
fluorescein-antibody complex shown in Figure 5.18 are applied at the inlet of the
channel. We simulate the transport-reaction equation in the geometries with the coupled
boundary element-particle strength exchange method to t = 25 s and compare the mass
flux of the complex concentration in a measurement region near the outlet in each of the
domains.
5.3.1. Microchannel Geometries and Simulation Parameters

The physical channel in this simulation is constrained to 12 mm length and 0.75
mm width. The inlet region is 1.5 mm in length, the mixing region subject to
modification is 6 mm in length, and the complex concentration is measured in the region
9 mm < x < 9.75 mm. The mixing region is modified by adding circular obstructions that
both protrude from the wall and are free-standing within the channel. We construct 16
channels with different mixing regions by changing the obstruction diameter and vertical
spacing between the circular obstructions. The obstruction diameters with the
corresponding obstruction number per column, (Obs./Col.), vertical spacing (Vert. Sp.),
total number of obstructions (# Obs.) and open area within the mixing region (MR Area)
are shown in Table 5.3 with 16 possible geometries.
In these designs the obstructions are placed within the mixing region as follows.
For the first column of cylindrical obstructions, the obstruction is adjoined to the lower
wall of the channel followed by the remaining obstructions in the column such that the
number of obstructions and spaces in the column is equal. A fillet connects the
obstructions to the wall such that the boundary is smooth. The second column of
obstructions is opposite from the previous; the first obstruction is adjoined to the upper
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0.0375 mm and a parabolic velocity profile u(y) = 4*umax (y/0.75 – (y/0.75)2) with umax =
0.945 mm/s and uavg = 0.63 mm/s. This corresponds to the adjusted 2-D flow rate Q2D =
1.89 mm2/s (5.2.1). Assuming density ρ = 1000 kg/m3 and viscosity μ = 1 Pa·s, the
Reynolds number is Re = 0.4725, and so the BEM is an accurate tool for evaluating fluid
flow. The PSEM is computed with h = 0.0375 mm, δ = h, D1 = 5.12e-4 mm2/s, D2 = D3 =
4.29e-5 mm2/s, kon = 0.052 nM-1 s-1, and koff = 0.1872 s-1. The initial concentration
conditions are shown in Figure 5.18. The fluorescein Péclet number is Pe1 = 923, and Pe2
= Pe3 = 11014 for the antibody and complex concentrations.
5.3.2. Analysis of Transport-Reaction in Microchannels

To compare the effectiveness of the geometries for increasing the reaction between
the two concentrations, we compute the mass flux of the concentrations ṁi through the
measurement area of the channel, 9 mm ≤ x ≤ 9.75 mm, with respect to the direction
transverse to flow, y:
Lz
m i =
(9.75 - 9)

y =0 75 x=9 75

ò ò

y =0

ci ( y )u ( y )dxdy.

(5.3.1)

x =9

We assume a channel depth of Lz = 4 mm. Increased ṁ3 indicates an increase in the
product c3 formation in the measurement area and thus, better mixing occurred within the
mixing region. We use the integration of the concentration in the x direction rather than a
single x value to simulate the expected measurement conditions in a biosensor device.
The fraction of the total c1 that has bound to c2 to form c3 is expressed as
M 1,3 =

m 3
.
m 1 + m 3

(5.3.2)
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= 0.5625 mm, are shown in Figure 5.22. This geometry has the highest maximum
velocity, the greatest pressure drop, and the highest amount of product formation, due to
the channel constriction to 75% of the inlet width. Geometry #2 is shown in Figure 5.23.
The smaller circle diameter of d = 0.375 obstructs half of the channel with a smaller
pressure drop and maximum velocity. We note that for these geometries the higher
concentrations of product occur in regions of the channel where the velocity is lower.
Geometries #3 and #4 with obstruction diameter d = 0.1875 are compared in
Figure 5.24 and Figure 5.25. The domain with unattached obstructions produces less

product than the straight channel, but has a greater maximum velocity and pressure drop
than the geometry with only wall-attached obstructions. This trend continues as the circle
diameter decreases as shown in Figure 5.26 and Figure 5.27 for Geometries #5 and #7
with d = 0.15.
Geometries #9 and #10 with d = 0.1125 are shown in Figure 5.28 and Figure
5.29. Geometry #10 was the only geometry with 2 or more obstructions per column that

produced a greater amount of reaction product than the baseline Geometry 0. Comparing
this geometry with 3 obstructions per column to the geometry with the 2 obstructions per
column with the same obstruction diameter, we see that for Geometry #9 the obstructions
split the flow field and appear to keep the two solutions more segregated. In Geometry
#10, the fluid flows in between the obstructions and increases the convective diffusion
between the two solutions to allow more product formation.
Geometries #14 and #16 with the smallest obstruction diameter d = 0.075 mm are
shown in Figure 5.30 and Figure 5.31. Geometry #14 has 3 obstructions per column
while Geometry #16 has 5 obstructions per column and the highest density of
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obstructions in the mixing region. In Geometry 14, we see three streams of higher
velocity magnitude divided by the two rows of obstructions, which appear to keep the
two solutions from joining as much at their interface. This geometry creates more product
than Geometry #16, however. In Geometry #16, the high density of obstructions does not
appear to enhance mixing and product formation by multiple splitting and recombination
of the fluid streams as proposed by Chen et al. [58].
In general, the obstructions do not appear to aid movement of the fluorescein and
antibody solution to the side of the channel opposite to their entry to enhance the reaction
between the two; rather the mixing mainly occurs at the interface mid-channel. More
internal obstructions with small vertical spacing separate the fluid streams instead of
bringing them in closer proximity. The obstructions also increase areas of low/zero
velocity in the channel due to the no-slip condition. While slower velocities allow more
time for the reaction to occur, the solutions pass more slowly through the mixing region
and into the measurement zone than in the non-obstructed domains. The domains with
internal obstructions that reduce mixing between the analyte and antibody may be a good
technique for applications when complete mixing is not desired. We also note that
additional simulations with varying inlet flow fields could be completed in the obstructed
mixers. A velocity profile with a transverse component may provide more asymmetry to
the system and enhance mixing in the obstructed geometries.
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Figure 5.22: Velocity and Concentration Fields for Geometry #1. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 6.86 mm/s and ṁ3 = 3.38 nM·mm3/s in the
measurement area.

Figure 5.23: Velocity and Concentration Fields for Geometry #2. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.23 mm/s and ṁ3 = 3.00 nM·mm3/s in the
measurement area.
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Figure 5.24: Velocity and Concentration Fields for Geometry #3. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 1.53 mm/s and ṁ3 = 2.68 nM·mm3/s in the
measurement area.

Figure 5.25: Velocity and Concentration Fields for Geometry #4. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 2.32 mm/s and ṁ3 = 2.37 nM·mm3/s in the
measurement area.
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Figure 5.26: Velocity and Concentration Fields for Geometry #5. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 1.37 mm/s and ṁ3 = 2.65 nM·mm3/s in the
measurement area.

Figure 5.27: Velocity and Concentration Fields for Geometry #7. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.11 mm/s and ṁ3 = 2.07 nM·mm3/s in the
measurement area.
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Figure 5.28: Velocity and Concentration Fields for Geometry #9. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 1.49 mm/s and ṁ3 = 2.35 nM·mm3/s in the
measurement area.

Figure 5.29: Velocity and Concentration Fields for Geometry #10. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 1.96 mm/s and ṁ3 = 2.58 nM·mm3/s in the
measurement area.
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Figure 5.30: Velocity and Concentration Fields for Geometry #14. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 1.37 mm/s and ṁ3 = 2.06 nM·mm3/s in the
measurement area.

Figure 5.31: Velocity and Concentration Fields for Geometry #16. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 2.05 mm/s and ṁ3 = 1.63 nM·mm3/s in the
measurement area.
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5.3.3. Path Length vs. Physical Length

We found in §5.3.2 that Geometry #1, with 0.5625 mm cylindrical obstructions
occluding 75% of the channel width, produced the greatest increase in reaction product
compared to the straight channel than the other obstructed geometries. While both
geometries have the same physical length of the mixing region, 6 mm, the path length of
Geometry #1 is 2.475 mm longer than the path length of the straight channel due to the
obstructions. Here we investigate how a simultaneous increase in path length and
decrease in the channel width affect the formation of antibody-fluorescein complex. The
simulation time for all cases is 25 seconds.
We compare the following set of geometries with the same path length of flow,
8.475 mm:
1. Geometry #1: 0.5625 mm cylindrical obstructions, as shown in Figure 5.22.
2. Geometry #17a: The straightened version of Geometry #1 with width 0.1875
mm in the mixing region, 25% of the inlet width. The geometry is shown in
Figure 5.32.

3. Geometry #1b: Modified Geometry #1 with the mixing region extending from
mid-channel rather than from the upper channel wall, shown in Figure 5.36.
4. Geometry #17b: The straightened version of Geometry #1b, shown in Figure
5.33

The physical length is longer for Geometries #17a and #17b, but the measurement region
is the same distance from the mixing region as Geometries #1 and #1b. The geometries
with the same path length are compared to the corresponding geometries of the same
physical length, 6 mm, of the mixing region:
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When the path length is constant at 8.475 mm, we see that the reduction in
channel width increases ṁ3 by 28-31% compared to the straight channel with constant
width 0.75 mm, Geometry 0b. There is a 0.56% difference between Geometries #1 and
#17a and a 1.14% difference between Geometries #1b and #17b, indicating that the
serpentine path and increased vertical component of velocity do not contribute to
enhanced mixing. Further, the pressure drop is lower in the straight channels, #17a and
#17b. The configuration in which the reduction in channel width from the inlet occurs
mid-channel increases the ṁ3 in the measurement region by 2.62% in the straight domain,
#17b, compared to domain #17a, and 0.89% in the obstructed domain, #1b, compared to
domain #1.
In general, when the geometry is constrained by the physical length of the mixing
region, the obstructed domains with the longer path length produce more product
concentration. Compared to the constant-width straight Geometry 0a, the serpentine
Geometries #1 and #1b produced 32-33% more complex, while the reduced-width
straight Geometries #17c and #17b with the shorter path length produced 21-23% more
complex. The mass flux is 8.67% greater in Geometry #1 than #17c and 7.91% greater in
Geometry #1b than 17d. When the overall footprint of the mixer is a concern, creating
circuitous geometries to increase the path length is advantageous in enhancing the
analyte-antibody reaction. Geometry 0a is shown in Figure 5.37. Comparing this
geometry to Geometry #1b in Figure 5.36, we see that the product concentration c3(x,y)
fills the width of the measurement region in Geometry #1b whereas c3(x,y) in Geometry
0a is concentrated in the channel center, at the interface of the two solutions. This
indicates increased transverse diffusion by the analyte and antibody by the geometry.
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Figure 5.32: Velocity and Concentration Fields for Geometry 17a. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.78 mm/s and ṁ3 = 3.36 nM·mm3/s in the
measurement area.

Figure 5.33: Velocity and Concentration Fields for Geometry 17b. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.78 mm/s and ṁ3 = 3.45 nM·mm3/s in the
measurement area.
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Figure 5.34: Velocity and Concentration Fields for Geometry 17c. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.78 mm/s and ṁ3 = 3.09 nM·mm3/s in the
measurement area.

Figure 5.35: Velocity and Concentration Fields for Geometry 17d. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 3.78 mm/s and ṁ3 = 3.14 nM·mm3/s in the
measurement area.
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Figure 5.36: Velocity and Concentration Fields for Geometry 1b. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 6.86 mm/s and ṁ3 = 3.41 nM·mm3/s in the
measurement area.

Figure 5.37: Velocity and Concentration Fields for Geometry 1b. The velocity magnitude in the
channel, product concentration, and relative concentration of the three species are shown. The gray box
indicates the measurement region. The maximum |u| = 0.945 mm/s and ṁ3 = 2.55 nM·mm3/s in the
measurement area.
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In summary, we have investigated the convection-diffusion-reaction of
fluorescein and fluorescein-antibody in a series of 2-D microchannels with circular
obstructions at Re = 0.4725 and Pe1 = 923, Pe2 = 11014. The goal of the geometry
modifications was to increase the transverse diffusion of the fluorescein and fluoresceinantibody solutions to the channel region opposite of their entry to promote formation into
bound product. We found that attaching circular obstructions to the channel walls to form
a narrow serpentine path enhanced the reaction by both bringing the solutions in closer
proximity and by increasing the length of the fluid path. The narrowing of the channel
from the inlet width does increase the pressure drop across the channel length and
maximum velocity, but in the domains considered the computed pressure drop of ΔP ≤ 13
Pa is acceptable for a microfluidic device. We also found that reducing the channel width
to the midline (symmetrically) slightly increases the product formation over an
asymmetric configuration.
We did not see an improvement in mixing by placing the circular obstructions at
high density within the channel as presented in [58]. We constrained the time of
measurement in the computational experiments, however the obstructions impede the
flow such that a longer time may be needed to see an improvement in reaction. A future
investigation could consider the effect of mixing time in obstructed geometries.
Additionally, we assumed a maximum velocity of 0.945 mm/s, while in [58] the lowest
velocity was 0.37 mm/s. Repeating the study with a lower maximum velocities or
velocities with a transverse component may show that the obstructed geometries are more
effective. However, for cases of low Reynolds and high Péclet numbers as described
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here, simply narrowing the channel width and extending the path length may be a more
beneficial approach for enhancing reaction.
The comparison of the fluorescein concentration from the microchannel
experiment to the results of the transport simulations of fluorescein and fluoresceinantibody indicate that the BEM-PSEM scheme allows the analysis of deep, planar
microchannels for the promotion of reaction between two solutions, or as found with the
obstructed channels, the prevention of reaction. This model can be used to predict the
mixing efficacy of microchannel geometry before manufacturing and experimentally
testing the designs. While the channel depth of 4 mm assumed in the simulations is larger
than the 50-200 μm typically used for microfluidic devices, we note that this increased
depth increases the contact between the solutions to be mixed. We expect the use of the
fluorescein-antibody system in the model to provide an accurate prediction of mixing
within an antibody-based sensor due to similarity of reagents.

Page 177

6. CONCLUSIONS
In this dissertation, we have described a computational tool backed by physical
experiment to simulate convection-diffusion-reaction of analyte and antibody solutions in
microchannels. This work is applicable to the development of the mixing component of a
miniaturized antibody-based sensor capable of detecting small concentrations of harmful
low molecular weight toxins and heavy metals. We considered passive, in-plane mixing
geometries that would maintain the simplicity, low-cost, and portability of a sensor
device. We completed the three specific aims introduced in §1 as follows.
1.

We developed a grid-free computational scheme consisting of the Boundary
Element Method and the Particle Strength Exchange Method to model the
transport and reaction between analyte and antibody solutions. We used
fluorescein and fluorescein-antibody as the reagents in the simulations. We
demonstrated the validity of the program by comparison to the analytical solution
to the Taylor-Aris dispersion problem and to the grid-based Spectral Element
Method; we found good agreement in both cases. We found that the BEM-PSEM
is an efficient scheme to compute transport in complex domains for low Reynolds
and high Péclet number systems compared to the SEM. Conversely, we found that
the SEM was better-suited to the low Péclet number regime than the PSEM. The
computational program presented is adaptable to other types of microfluidic
transport problems.
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2.

We investigated an experimental system to analyze microchannel mixing
using fluorescein fluorescence quenching by fluorescein-antibody. We
characterized two fluorescein antibody clones, 4-4-20 and M49209, and found
that the latter worked better for these studies. We imaged the fluorescence and
antibody-induced quenching by injecting fluorescein and fluorescein-antibody
solutions in a microchannel at 100 μL/min and correlated the fluorescence
intensity measurements to fluorescein concentration. This system provides a
method to visualize and quantitatively assess the reaction in a microchannel.

3.

We compared the experimental results from the fluorescein and fluoresceinantibody reaction in a microchannel to the simulation results provided by the
BEM-PSEM program. We found that the numerically predicted fluorescein
concentration profile at a location near the outlet matched the imaged-derived
fluorescein concentration profile with a mean-squared error of 4.8x10-3. We
investigated a set of microchannel geometries with cylindrical obstructions and
compared the mass flux of analyte-antibody complex near the outlet as a reaction
metric. We found that decreasing the channel width and increasing the fluid path
length by attaching the cylindrical obstructions to the walls enhances the mixing
and reaction between the two solutions. Increasing the number of obstacles within
the channel proved to slow the flow and cause less complex to reach the
measurement area after a specified time. A serpentine geometry allows a longer
path length for the reaction to occur than a straight channel when the
microchannel design is constrained by the physical footprint.
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We have identified several ways that the study can be improved and expanded in
future investigations. Regarding the computational model, the implementation could be
extended to three dimensions to allow analysis of the full problem without assuming a
large depth to width ratio. The BEM could be implemented with moving boundaries or
physico-chemical interaction to include bubbles or microdroplets in the microchannel.
The weakest point of the PSEM is the interpolation method after particle resets; different
methods could be investigated to reduce the mass loss incurred during this process.
The experimental investigation of the fluorescein and fluorescein-antibody system
could include other fluorescein antibody clones. The potential that particular clones may
work better or worse for the fluorescence quenching experiments in the microchannel is
intriguing. Manufacturing and experimentally testing computationally designed
microchannels optimized for analyte-antibody reaction is a natural progression of this
research. We suggest decreasing the channel width and maximizing the fluid path length
within the size constraints of a device as starting points for future optimizations.
While the focus of this study was the enhancement of microscale mixing and
reaction between analyte and antibody solutions, other microfluidic applications require
separation or prevention of mixing between solutions flowing through the same channel.
Our simulations of transport in the channel geometries with cylindrical obstructions
showed that the obstructions in some configurations act as fluid separators and reduce
interaction between the analyte and antibody. This effect could be further investigated for
microfluidic applications such as separating blood cells or maintaining separation of a
purified or filtered sample without the need for additional channels.
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Appendix A. USER GUIDE TO BEM-PSEM PROGRAM
A.1. PROGRAM OVERVIEW
The purpose of this program is to compute solutions to the Stokes and convectiondiffusion-reaction equations in geometries with one or more discontinuous surfaces
within the domain. The program uses the boundary element method (BEM) to solve for
the velocity and the particle strength exchange method (PSEM) to solve for the
concentrations of one or more substances which are described in Chapter 3. The program
options to find the velocity and/or the concentrations are as follows:
1. Compute the BEM boundary solution.
2. Compute the internal velocity in a domain from the BEM boundary solution.
3. Compute the PSEM transport solution using the BEM boundary solution for
convecting the particles.
4. Compute the PSEM transport solution with a known velocity (no BEM).
5. Compute the PSEM transport solution with a provided file that contains the
velocity values at SEM mesh points and use the SEM to compute particle
velocities. The BEM may be used beforehand to compute the velocities at the
mesh point, but the BEM is not used during the PSEM computation.
In the subsequent sections, we describe the technical details of the code and provide
instructions for creating the geometry and input files, executing the program, and postprocessing from the output files. Please refer to Chapter 3 for the theoretical explanation.
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The program codes described in this Appendix are provided as supplementary electronic
files with this dissertation.

A.2. CODE DESCRIPTION
The main program file Main.f90 calls the four main parts of the program, as
shown in the following flowchart Figure 3.1:
1. Setup_Program.f90 – Calls subroutines that read the input files and set up
the computation parameters.
2. If parameter BEM_opt = 1: BEM_Velocity.f90 – Calls subroutines to
compute the BEM boundary solution to the Stokes equations.
3. If parameter Grid_opt = 1: Intvels.f90 – Calls subroutines to compute the
internal velocity field from the BEM boundary solution.
4. If parameter CDR_opt = 1: Setup_CDR and Setup_Blobs, contained in
module PSE_Parameters.f90, and PSE_Concentration.f90 – Calls
subroutines to compute the transport equation with PSEM.

Main.f90

End

Setup_Domain.f90
BEM opt = 1?

No

Yes

BEM_Velocity.f90

Grid opt = 1?

Yes

Intvels.f90

No

CDR opt = 1?

No

Yes

PSE_Concentration.f90

Figure A.1: Flowchart for Main Program. The main program file Main.f90 calls the four main parts of
the program, given the user-provided input options.

Page 182
A.2.1. Program Setup: Setup_Domain.f90

The subroutine Setup_Domain.f90 defines the parameters of the system. If the
BEM will be used, it gets the x and y coordinates of the boundary nodes in the domain,
and determines the normal vectors and boundary conditions at these points. If the PSEM
will be used, it gets the PSEM settings and initial particle positions and concentrations.
The subroutine is dependent on two module files, Setup.f90 and Parameters_PSE.f90,
which contain the setup subroutines related to the BEM and PSEM respectively. The
flowchart for this section is shown in Figure A.2.

Setup_Domain.f90

Return

Setup_Program
Yes

BEM opt = 1?

No

CDR opt = 1?

No

Yes

Setup_BEM_Geometry

Setup_CDR

Setup_BEM_Normals

Setup_Blobs

BND opt = 1?

No

Yes

Setup_BEM_Values

In Module
Setup.f90
In Module
PSE_Parameters.f90

Setup_BEM_Bndcond
Figure A.2: Flowchart for Subroutine Setup_Domain.f90. This subroutine is called from Main.f90 and
calls the subroutines to setup the parameters for the BEM-PSEM program.
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A.2.1.1

Setup_Domain
The subroutine Setup_Domain is located in the module file Setup.f90. It opens

the input file Input_Settings_BEM.inp to provide values for the geometry number, the
total surface number, program options, and viscosity. This file is formatted as follows:
! Input file to set up Boundary Element Program
!**********************************************************************
1
! ngeo: Geometry Number - 1,2,3, or 4 digits
1
! nsurf: Total Number of Surfaces in domain
! Program Options
! For all, 0 --> NO, 1 --> Yes
1
! BEM_opt: Use BEM? If 0, only PSEM part is used.
1
! BND_opt: Compute BEM boundary solution?
1
! Norm_opt: Compute normal vectors?
1
! Grid_opt: Compute internal velocity at specified points?
1
! CDR_opt: Compute convection-diffusion-reaction with PSEM?
100
! intgauss: # gauss points for internal vel. calc. Range 10-100
1
! mu: Viscosity of fluid. Use 1 if problem is scaled.
!**********************************************************************

If BEM_opt equals 0, CDR_opt must equal 1. For Norm_opt, enter 1 to compute with end
conditions, 2 to compute with knot-a-knot condition, or 0 if the normal vectors have been
previously computed and written to the file geo[ngeo]_Vnorm.dat. The viscosity value
must be greater than zero.
A.2.1.2

Setup_BEM_Geometry
The subroutine Setup_BEM_Geometry is located in the module file Setup.f90 and

is called if BEM_opt = 1. It first reads the file geo[ngeo]_Input_Elements.inp, which
contains discretization info about the boundaries of the domain. [ngeo] is the four-digit
geometry number. In this file, the number of sides (nsides) and the number of points
(nsurfpts) on each surface are listed first, followed by the number of elements (numele)
on each face of each surface. The first surface is ALWAYS the outermost surface. The
last point on a surface is equal to the first point on a surface to close the boundary and is
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included in the total number of points. The total number of node points on a surface
equals double the number of elements plus one. The element file for a geometry with
three surfaces, each with four faces, is formatted as follows:
4 881
4 105
4 105
40
180
40
180
13
13
13
13
13
13
13
13

!#
!#
!#
!#
!#
!#
!#
!#
!#
!#
!#
!#
!#
!#
!#

of
of
of
of
of
of
of
of
of
of
of
of
of
of
of

sides & points on Surface.1
sides & points on Surface.2
sides & points on Surface.3
elements on Surface.1 Face.1
elements on Surface.1 Face.2
elements on Surface.1 Face.3
elements on Surface.1 Face.4
elements on Surface.2 Face.1
elements on Surface.2 Face.2
elements on Surface.2 Face.3
elements on Surface.2 Face.4
elements on Surface.3 Face.1
elements on Surface.3 Face.2
elements on Surface.3 Face.3
elements on Surface.3 Face.4

Next, the subroutine reads a file called geo[ngeo]_surface[surf].inp for each
separate surface containing the x and y coordinates (bound) for that surface, where [ngeo]
is the four-digit geometry number and [surf] is the four digit surface number. For
example, the file for the first surface of ngeo = 1 would be geo0001_surface0001.inp,
and the second surface coordinates would be in the file geo0001_surface0002.inp. The
file is formatted as two columns; the first contains the x coordinate of each boundary
node and the second lists the y coordinate. Each row represents one node point. The first
point is the same as the last point to close the surface. The outer surface coordinates are
counted in the counterclockwise direction. The inner surface coordinates are counted in
the clockwise direction.
A.2.1.3

Setup_BEM_Normals
The subroutine Setup_BEM_Normals is located in module file Setup.f90 and is

called if BEM_opt = 1. It reads the input file geo[ngeo]_Input_Normals.inp, which
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contains the end conditions needed for the spline routine if Norm_opt = 1. The end
conditions are the slopes dx/ds and dy/ds for the first (exval1, eyval1) and last (exvaln,
eyvaln) points of each face of each surface. The file is formatted in four columns: exval1,
eyval1, exvaln, eyvaln, with a row for each face of each surface. If Norm_opt = 2, the nota-knot condition is applied to compute the normal vectors and no input file is needed. If
Norm_opt = 0, the normal vectors have already been calculated for the geometry and are
read in from the file geo[ngeo]_Vnorm.dat. The normal input file for a rectangular
domain with one inner rectangle is formatted as follows:
0.000000
1.000000
0.000000
-1.000000
0.000000
1.000000
0.000000
-1.000000

-1.000000
0.000000
1.000000
0.000000
1.000000
0.000000
-1.000000
0.000000

0.000000
1.000000
0.000000
-1.000000
0.000000
1.000000
0.000000
-1.000000

-1.000000
0.000000
1.000000
0.000000
1.000000
0.000000
-1.000000
0.000000

!left side
!bottom side
!right side
!top side
!left side
!top side
!right side
!bottom side

This subroutine calls the subroutine Normals.f90 to compute the normal vectors if
Norm_opt = 1 or 2. This process is illustrated in the flowchart in Figure A.3.

Setup_BEM_Normals

Input:
geo[ngeo] Normals.inp

1

Norm opt
Value

0

Input:
geo[ngeo] Vnorm.dat

2

Normals.f90
Output:
geo[ngeo] Vnorm.dat

Spline.f90

Splinenr.f90

dgtsv
(LAPACK)
Return

Figure A.3: Flowchart for Subroutine Setup_BEM_Normals f90. This subroutine computes the normal
vectors required for the BEM.
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A.2.1.4

Normals.f90
This subroutine determines the x and y components of the normal vector at each

point along each side of each surface and places these variables in terms of 3-point
element counters in the array vnorm. The subroutine Spline.f90 is called, which accepts n
x-y pairs of data and determines the normal vector at each point using cubic spline. The
subroutine Splinenr.f90 is called from Spline.f90, which determines the first derivatives
with respect to arc length at each x and y point. This subroutine is adapted from
Numerical Recipes and requires access to the LAPACK routine dgtsv
(www.netlib.org/lapack). The normal vectors are output to the file
geo[ngeo]_Vnorm.dat. Normal vectors are directed away from the fluid: the outer

surface normal point outward, while the inner surface normal point inward. The length of
the list in three times the total number of elements because the end points of elements are
counted twice to allow designation of two normal vectors at corners. The file is formatted
as four columns: x-component of normal vector, y-component of normal vector, xcoordinate, y-coordinate.
A.2.1.5

Setup_BEM_Bndcond
The subroutine Setup_BEM_Bndcond is located in module file Setup.f90 and is

called if BEM_opt = 1 and BND_opt = 1. This subroutine sets up the boundary conditions
for the BEM Code for flow. For a velocity condition kode = 0; for a stress conditions
kode = 1. The file geo[ngeo]_BEMBCs.inp is read, which contains a list of values to be
placed in the arrays kode and bc in the order x-component type, x-component value, ycomponent type, y-component value for each node on each element on each surface. The
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list is in terms of 3-node element counters. The first and last node of an element are
counted twice so that one node can have two types of conditions, which is necessary at
corner points to avoid singularity. The length of the list is three times the total number of
elements nelm. If type = 0, the velocity at that node is provided. If type = 1, the stress is
provided. The list is ordered to correspond to the list of x, y coordinates in the surface
files.
Setup_BEM_Values

A.2.1.6

The subroutine Setup_BEM_Values is located in module file Setup.f90 and is
called if BEM_opt = 1 and BND_opt = 0. The subroutine reads in a previously computed
boundary element solution from the files geo[ngeo]_VelVals.dat and
geo[ngeo]_StrVals.dat. These files contain the x and y components of velocity and stress

on the boundaries, respectively. This information is needed to compute the internal
velocities.
A.2.1.7

Setup_CDR
The subroutine Setup_CDR is located in module file Parameters_PSE.f90 and is

called if CDR_opt = 1. This subroutine reads the file Input_Settings_CDR.inp, which
contains the parameters for the PSEM computation of the transport equation. The file is
formatted as follows:
! Input file to set up CDR Program
!**********************************************************************
1
!Run Number of CDR to compute (crun)
0.50000
40 !Length of time step to TOUT (outstep), # timesteps (nt)
0.0
1 !tstart, kstart
3
!# species (ns) 0, 1, or 3
12326 12326 !# starting particles (np), # particles in Blob file (ng)
4
0 !# image particles surf 1 (nm), # for obstacles (nmo)
3
63 !num_inlets, # particles at inlet boundary in y-dir (ny)
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4.0 4.0 4.0 !Inlet vel coefficients (ucoeffI)
0.0 1.5 3.0 !Min y of each inlet (yminI)
1.0 1.0 1.0 !Width of each inlet (yLI)
12.0 1.5 1.0
!For outlet: ucoeffO, yminO, yLO
-0.75 18.2 0.0 18.0 !Min xp0, Max xp0, L and R Domain Bnd. (xpb)
15.2 18.0 1.5 2.5
!Measurement area boundaries [xL,xR,yB,yT] (mA)
0.05 0.05
!Spacing between particles (h),Blob parameter (del)
2.0e-4 2.0e-4 2.0e-4 ! D or 1/Pe
5.2
0.1872
! Formation (kon) and Dissociation (koff) rxn parameters
0
!Equals 1 if using an SEM velocity file (SEM_opt)
2100
!Geometry number for SEM velocity (vel_geo)
2100-k.vel
!Name of SEM velocity file - 10 characters (vel_file)
1
!interp_opt: >0 to regrid: 1 at rgstep, 2 if conditional regrid
4.0
!rgstep: Length of time Step to regrid, >= Outstep.
0.0 0.0
!For interp_opt = 2, stol, mtol
0
!lg_opt: Equals 1 to use Local Regridding option in ddt
0.025 0.1
!rgmin and rgmax: distance limits for particles
!**********************************************************************

The program provides an output at every outstep to time nt*outstep. To continue a
calculation, set tstart to the starting time, kstart to the starting counter (1 + the number of
the last output file), and np to the number of particles in the last output file. If using
image particles set the number of ‘rows’ outside the domain. For example, if h = 0.05,
and you wish to have image particles to a distance of 0.2 outside the domain, nm = 4. If
nmo > 0, image particles are also placed inside obstacles. The number of inlets
(num_inlets) can be 1, 2, or 3. The velocity coefficients ucoeffI and ucoeffO are for the
equation: u(y) = ucoeff*( (y - ymin)/yL - ( (y-ymin)/yL )^2 ), where ymin and yL are the
minimum y-values for the inlets and outlet and the widths of the inlets and outlets,
respectively. The array xpb contains the x positions of the leftmost and rightmost particle
and the left and right domain boundaries. Particles can exist outside the BEM domain to
allow continual input of particles, but a velocity equation must be provided. The array mA
contains the boundaries of the measurement region where you want to integrate the
concentration. Several options for resetting the particles during the calculation are
offered. To complete the PSE calculation without regridding at all, set interp_opt = 0.
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This option is fine for uniform and Poiseuille flows in a geometry where the spacing of
the particles stays constant. To regrid at a given time step rgstep, set interp_opt = 1. The
time to regrid can be determined by first running the computation with particles only (ns
= 1), and looking at when the particles start to become too close together (rgmin) or too
far apart (rgmax). This is the option used in most of the computations that required a
particle reset in this dissertation. Another option (interp_opt = 2) is to regrid only when
the relative difference between the sum and maximum of the particle concentrations and
the sum and maximum of the interpolated concentrations is less than the given tolerances
stol and mtol (i.e. (sum(cp) – sum(ci))/sum(cp) <= stol AND (max(cp)-max(ci)/max(cp)
<= mtol). This method chooses times to regrid when the error introduced by the
interpolation is low. Finally, if lg_opt = 1, a method of ‘local regridding’ is implemented.
In this case, the distance between particles is computed to find clumps of particles too
close together at each time step. When the distance between two or more particles is less
than rgmin, only one of the particles is used in the calculation of right hand side of the
concentration ODE. The goal of this method is to reduce spikes in the concentration
when multiple particles group together. Note that this method is a new concept and not
rigorously tested.
A.2.1.8

Setup_Blobs
The subroutine Setup_Blobs is located in module file Parameters_PSE.f90 and is

called if CDR_opt = 1. This subroutine reads the following files to initialize the particle
calculation:
5. geo[ngeo]_crun[crun]_Input_Blobs.inp - contains the initial x,y coordinates
and concentrations values of ng particles.
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6. geo[ngeo]_crun[crun]_ParticleConc_T[kout].dat – read if kstart = kout+1;
contains x,y coordinates and concentrations values of np particles at kout.
7. geo[ngeo]_crun[crun]_BoundaryPoints.inp – Contains the x,y coordinates
of the outer wall domain boundaries and does not include inlet and outlet.
8. geo[ngeo]_crun[crun]_ObstaclePoints.inp – Contains the x,y coordinates of
the obstacles in the domain if nsurf > 1.
A.2.2. Boundary Element Method: BEM_Velocity.f90

The subroutine BEM_Velocity.f90 uses the BEM to determine the velocity and
stress values at each node of the boundaries in the domain. The flow is driven by a
specified pressure drop or velocity profile. The boundary solution is used to determine
the internal velocity field. The variables and parameters needed for this subroutine are
defined in the module Setup.f90. The module GlobalMatrix.f90 contains the subroutines
SL_INIT, GM_Set_Value, GM_Set_Value_From_Local, GM_Get_Value, and
GM_Gather2All, which are used to distribute the dense G and H matrices to a process

grid to solve the linear system using ScaLAPACK (www.netlib.org/scalapack). The
matrices are divided such that smaller portions are stored on different processors,
allowing the computation of much larger domains. MPI is utilized for the BEM
computations and the use of at least two processors is required.
The flowchart for BEM_Velocity is shown in Figure A.4. The subroutine first
calls Setgauss.f90 to setup the Gaussian quadrature for the boundary solution. Next, the
G and H matrices are constructed. The process grid and MPI are initialized for
ScaLAPACK by calling SL_INIT (in GlobalMatrix module) and BLACS_GRIDINFO
(BLACS routine: www.netlib.org/blacs), the G and H matrices are initialized, and the
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array descriptors are initialized by calling DESCINIT (ScaLAPACK). The subroutine
GHMATEQ.f90 is called to compute the coefficients of the G and H matrices.

BEM_Velocity
Setgauss.f90
SL_INIT

BLACS_GRIDINFO
Extineq.f90

BLACS_GRIDINFO
DESCINIT
Ghmateq.f90

Obs. Pt.
on current
element?

Yes

Locineq.f90
Extineq.f90

No

GM_Gather2ALL

GM_Set_Value

pdgesv

GM_Get_Value

GM_Gather2ALL

GM_Set_Value_From_Local

BLACS_GRIDEXIT
Reorder.f90

Output:
geo[ngeo] VelVals.dat
geo[ngeo] StrVals.dat

Write_BEM_Results.f90

Output:
geo[ngeo] Velstr surf[surf].dat

Return

In Module
GlobalMatrix.f90
BLACS
Routine

ScaLAPACK
Routine

Figure A.4: Flowchart for Subroutine BEM_Velocity.f90. This subroutine computes the boundary
solution to the Stokes equations with the Boundary Element Method.
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Then, the distributed matrix is gathered into to one big matrix on all of the processors by
calling GM_Gather2ALL (in module GlobalMatrix.f90). The system of equations is
solved with ScaLAPACK function pdgesv. The answer is copied to all CPUs
(GM_Gather2ALL), the process grid is released, and BLACS content is freed
(BLACS_GRIDEXIT). Lastly, the subroutines Reorder.f90 and
Write_BEM_Results.f90 are called, which write the boundary solution to files for post-

processing.
A.2.2.1

Setgauss.f90
The subroutine Setgauss contains the data for the standard Gaussian quadrature

and data for integration of an integrand with logarithmic singularity when the number of
gauss points is 10, 6, or 4; we use ngauss = 10. This information is used when computing
the boundary element solution. This subroutine is also called when computing the
internal velocities. For this case the subroutine Gauleg.f90 is called, which is adapted
from Numerical Recipes in Fortran and computes up to 100 Legendre ordinates and
weights on the interval [-1, 1]. After the gauss points are determined, the shape functions
for integration are computed.
A.2.2.2

Ghmateq.f90
This subroutine computes the G (4N x 6N) and H (4N x 4N) matrices needed to

solve the BEM equations. (N is the total number of elements.) To accomplish this, every
boundary node of the geometry is considered once as an “observation node”. For each
observation node, each 3-node element of the geometry is considered to create two 2x6
matrices GW and HW, which are components of the G and H matrices, respectively The
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entries of the component matrices are computed in the subroutine Extineq.f90 if the
observation node is not on the current element. The standard Gaussian quadrature
computed by Setgauss.f90 is used. If the observation is on the current element,
Extineq.f90 is called to compute the HW matrix, while a different subroutine
Locineq.f90 is called to compute the GW matrix. In this case a logarithmic quadrature is

used due to the singularity. Each GW and HW matrix is inserted into the correct place of
the G and H matrices. The diagonal elements of H are then computed by imposing a
uniform flow in both the x and y directions. The elements of G and H are reordered to
develop a system of equations in the form A z = f, where A is a 4N x 4N matrix, z is a 2N
vector containing the unknown velocities and stresses, and f contains the known stress or
velocity information. The subroutines GM_Set_Value, GM_Set_Value_From_Local,
and GM_Get_Value (in module GlobalMatrix.f90) are called to correctly order the
components into the matrices and form the system of equations.
A.2.2.3

Reorder.f90 and Write_BEM_Results.f90
The subroutine Reorder.f90 puts the velocity values at each boundary node in

array Vel_Vals and the stress values at each node in array Stress_Vals. The size of
Vel_Vals corresponds to the size of bound, the array containing the x,y coordinates of
each surface. The size of Stress_Vals corresponds to the vnorm counting convection.
These arrays containing the boundary solution are written to the files
geo[ngeo]_VelVals.dat and geo[ngeo]_StrVals.dat. The subroutine
Write_BEM_Results.f90 writes the x,y coordinates and the x,y coordinates of velocity

and stress at each node point on each boundary to a separate file. The file for each surface
is titled geo[ngeo]_VelStr_surf[surf].dat.
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A.2.3. Boundary Element Method: Intvels.f90

This subroutine solves for the internal velocities at specified points and is called
from Main.f90 if Grid_opt = 1. The subroutine first calls the subroutine Setgauss.f90
(§A.2.2.1) to set up the quadrature, which calls gauleg.f90. Then, the subroutine
InternalVelocity_Schedule located in module InternalVelocityMPI.f90 is called to

divide the calculation among multiple processors. The input file geo[ngeo]_VelGrid.inp
is read, which contains the total number of internal points on the first line followed by a
list of x,y coordinates where the internal velocity values are to be computed. The velocity
is computed at a given point by calling the subroutine Velocity.f90 located in module
InternalVelocityMPI.f90. This subroutine accepts an x,y coordinate and returns the

velocity u, v at that point. The subroutine Extineq.f90 is called for each element on the
boundary, and the velocity is computed using GW and HW and the boundary solution.
The velocity is written to the file geo[ngeo]_VelGrid.dat in the format [x y u v |u|],
where u and v are the x and y components of velocity and |u| is the velocity magnitude at
that point. After the velocity at all points has been computed the subroutine
InternalVelocity_Destroy located in module InternalVelocityMPI.f90 is called. The

process is depicted in the flowchart in
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Intvels.f90

Setgauss.f90

Return

InternalVelocity_Schedule

InternalVelocity_Destroy

For each
point

gauleg.f90
Input:
geo[ngeo] VelGrid.inp
In Module
InternalVelocityMPI.f90

Velocity.f90

Output:
geo[ngeo] VelGrid.dat

Extineq.f90

Figure A.5: Flowchart for Subroutine Intvels f90. This subroutine computes the internal velocity at any
point within a domain using the boundary element solution.

A.2.4. Particle Strength Exchange Method: PSE_Concentration.f90

This subroutine uses a PSE method to determine the concentration field in the
domain at each step in time by solving the convection-diffusion-reaction equation. This
method transforms this equation into a set of ODEs that solve the convection from the
velocity field and diffusion-reaction from the Laplacian approximation. Each
particle/blob carries an amount of concentration that diffuses to other blobs, and the blobs
are convected through the domain by the velocity field calculated with BEM or SEM or
given by an equation (such as the analytical solution to Poiseuille flow in a channel). If
BEM_opt = 1, the BEM is used for particle convection and the subroutine Setgauss.f90 is
called to setup quadrature for internal velocity calculations. The subroutine calls
Gauleg.f90 to compute up to 100 gauss points. The InternalVelocity_Schedule

subroutine in module InternalVelocityMPI.f90 is called to initialize the particle velocity
calculation on multiple processors. If SEM_opt = 1, the SEM is used for particle
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convection and the subroutines init_Topology and init_FEMesh located in the module
femlib.f90 and init_Element located in the module elements.f90 are called to initialize

SEM for velocity calculation. The velocity solution is input from the file [ngeo]-k.vel,
which contains the x,y coordinates of the SEM mesh points and u,v at these coordinates.
Next, the particle loop schedule is set for MPI. Each processor is assigned a set of
particles to compute the right hand side of the ODEs in ddt.f90. This schedule is also
used for other loops performing operations with the particles. The LSODE parameters are
then assigned values. The details of these parameters and the LSODE solver can be found
in [113]. The time loop solves the ODEs to time nt*outstep, looping from kstart to nt and
outputting at each outstep. For each step, the system of ODEs is solved by first calling
Master2Array, then DLSODE, and Array2Master. Master2Array and Array2Master

manipulate the arrays for DLSODE and are located in the module Parameters_PSE.f90.
DLSODE uses the subroutine ddt.f90 to compute the right hand side of the ODEs. At

each outstep, the subroutine Interpolate.f90 is called to write the particle positions and
concentrations at this time step to file and either add particles to the inlet of the domain
and remove particles that have left or reset the particles if that option is chosen. The
LSODE parameters dependent on np are reinitialized as the number of particles in the
calculation may have changed. Information from this time step is written to the file
geo[ngeo]_crun[crun]_status.dat. This file contains the following values at each

outstep:
9. k: the value of the loop counter
10. np: the number of particles in the particle output file
11. TCUR: the current time
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12. NST: the number of time steps taken since the last outstep
13. HU: the size of the last time step taken by DLSODE
14. ktime: the CPU time spent in DLSODE
15. itime: the CPU time spent in subroutine Interpolate.f90
16. rgflag: equals 1 if a regrid occurred, 0 otherwise
17. num_new: the number of particles added to the entry of domain
18. sum_new(1:3): if ns > 0, the total sum of concentrations added to domain
19. num_cut: the number of particles removed from the domain
20. sum_cut(1:3): if ns > 0, the total sum of concentrations removed
The loop continues until nt is reached, then the subroutine returns to Main.f90 and the
computation is finished. The flow chart for PSE_Concentration is shown in Figure A.6.
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PSE_Concentration

BEM opt
= 1?
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Setgauss.f90

gauleg.f90

InternalVelocity_Schedule
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Input:
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init_FEMesh
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DLSODE
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elements.f90
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In file: opkmain.f
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Master2Array
Interpolate.f90

In Module
PSE Parameters.f90

Output:
geo[ngeo] crun[crun] status.dat

BEM opt Yes
= 1?

In Module
InternalVelocityMPI.f90

InternalVelocity_Destroy

No
No

free_Topology

SEM opt Yes
= 1?

free_FEMesh

free_Element

Return
Figure A.6: Flowchart for Subroutine PSE_Concentration.f90. This subroutine computes the
convection-diffusion-reaction equation using the grid-free particle strength exchange method.
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A.2.4.1

ddt.f90:
The subroutine ddt.f90 is called by DLSODE to compute the right hand side of

the convection and diffusion-reaction ODEs for each particle:
d
x p (t ) = u (x p (t )) ,
dt
d
1 h2
ci (x p , t ) =
dt
Pei d 2

(5.3.3)
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First, Master2Array in module Parameter_PSE.f90 is called and the variables are
initialized. If the option lg_opt = 1, then the ‘local regridding’ technique is used, which
loops through the particles to find particles that are less than the distance of rgmin. If
there is a group of particles within this small distance of each other, if only one of the
particles will be included in the diffusion approximation and the rest will be flagged as
dflag(p) = 1. Note that this is a new concept and has not been rigorously tested.
The next loop to compute the image particles is parallelized: each processor
completes the operations for its group of particles and then broadcasts the result to the
other processors. If nm > 0, the image particles are determined by finding particles within
nm*h distance of two boundary points (but not on boundary), constructing a
perpendicular line from the particle to a line segment connecting the two closest
boundary points, and reflecting the coordinates of the particle about the boundary line. If
nmo > 0, this is done for obstacle boundaries as well. The particle velocity is also
computed in this loop if SEM_opt = 1 or BEM_opt = 0. If SEM_opt = 1, the function
FEMesh_Value in module femlib.f90 is called to evaluate the velocity u,v with the SEM
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at the particle coordinates xp,yp if xpb(3)+h ≤ xp < xpb(4)-h, where xpb(3) and xpb(4) are
the inlet and outlet boundaries of the domain. If the particle is on the boundary (vflag(p)
= 1), u,v = 0. If xp < xpb(3)+h, the inlet velocity is provided and if xp ≥ xpb(4)-h the
outlet velocity is provided. If BEM_opt = 0 and SEM_opt=0, the analytical velocity is
provided for all particles: up(y) = ucoeff * ((yp - ymin)/yL - ((yp - ymin)/yL)2), v = 0. If
BEM_opt = 1, the particle velocity is computed with the BEM. The same conditionals are
used as for the SEM, except the subroutine Velocity in module InternalVelocityMPI is
called when the particle coordinates are within the domain.
The last MPI loop computes the Laplacian approximation plus reaction (5.3.4) for
each particle p if the particle is within the domain and dflag(p) = 0, otherwise it is zero.
The blob (5.3.5) for the Laplacian is calculated and includes all particles with dflag = 0
and the image particles if nm > 0 and nmo > 0. The minimum distance mindistp(p)
between the particle p and all other particles is determined. If this distance is less than
rgmin or greater than rgmax, this particle is counted. The subroutine writes to the output
file geo[ngeo]_crun[crun]_status2.dat each time ddt is called. This files contains the
time (T), the wall time to compute the velocity and image particle coordinates (vtime), the
wall time to compute the Laplacian approximation (ptime), the minimum mindistp
(mindistT), the maximum of mindistp (maxdistT), the total number of particles that are
less than rgmin or greater than rgmax to any other particle (mincntTOT), the number of
particles for which dflag = 1 (flagnum), and if ns > 0, the total sum of cp for each species.
The right hand sides of (5.3.3) and (5.3.4) for every particle are assembled in the vector
YDOT, listed in the order u(1:np), v(1:np), and lap_app(1:np) for each concentration. The
flowcharts for ddt.f90 and the SEM routines are shown in Figure A.7and Figure A.8.
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Compute
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Output:
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Assemble YDOT
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Figure A.7: Flowchart for Subroutine ddt.f90. This subroutine is called by function DLSODE at each
time step taken by the solver to compute the right hand side of the ODEs at the current time.

Page 202
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Input:
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Input:
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Input:
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tri2rect
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JacobiP
dgetrf
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init_FEMesh
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Routine

BLAS
Routine

Figure A.8: Flowchart for SEM Subroutines Called to Compute SEM Velocities. The chart lists the
subroutines and functions needed to compute the SEM velocities for convecting the particles in the PSEM.
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A.2.4.2

Interpolate.f90
The subroutine Interpolate.f90 is called to produce the data output at the current

time step and regrid if necessary. The sum of the particle concentrations is computed
(caddT(1:ns)) and the integrated concentration in the measurement area is calculated
(cavgA(1:ns)) as well as the amount of c3 in this region relative to c2+c3 (C3A) if ns = 3.
The subroutine calerf.f90 is used to compute the error functions required for the integral.
The concentration in the domain is then interpolated at the original particle positions and
the concentration in the measurement area is integrated from the interpolated
concentration for comparison (cavgA(1:ns), C3Ag). To compare the interpolated
concentration to the particle concentration, the relative differences (pdifs(1:ns),
pdifm(1:ns)) between the particle concentration sum (cpsumT(1:ns)) and maximum value
(cpmax(1:ns)) and the interpolated concentration sum (cisumT(1:ns)) and maximum
value (cimax(1:ns)) are calculated. If using the conditional regrid option (interp_opt = 2),
a regrid will occur if these relative differences are less than the tolerance values stol and
mtol. The interpolated concentration at the current time step is written to the file
geo[ngeo]_crun[crun]_ParticleConcI_T[k].dat. The file is formatted as follows:
Line
Line
Line
Line
Line
Line
Line
Line
Line
Line

1:
2:
3:
4:
5:
6:
7:
8:
9:
10

cavgA(1), cavgA(2), cavgA(3), C3A
cavgAg(1), cavgAg(2), cavgAg(3), C3Ag
caddT(1), caddT(2), caddT(3)
cpsumT(1), cpsumT(2), cpsumT(3)
cisumT(1), cisumT(2), cisumT(3)
pdifs(1), pdifs(2), pdifs(3)
cpmax(1), cpmax(2), cpmax(3)
cimax(1), cimax(2), cimax(3)
pdifm(1), pdifm(2), pdifm(3)
- ng+9: xp0(p), yp0(p), cpi(p,1), cpi(p,2), cpi(p,3)

If rgflag = 1, the particles are reset to their initial positions with the interpolated
concentration cpi. If rgflag = 0, particles are added to the far left side of the inlet to allow
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continual addition of particle into the domain, and particles that have moved past the far
right of the particle boundary xpb(2) are removed. The particle positions and
concentrations set for the next time step are written to the file
geo[ngeo]_crun[crun]_ParticleConc_T[k].dat in the format:

[xp0(p), yp0(p), cpi(p,1), cpi(p,2), cpi(p,3)]. The flowchart for this subroutine is given in

Interpolate.f90
MPI
do p =
1,np

calerf.f90

MPI
do p =
1,ng

xp0(p)
≤ xpb3

No

Yes

cpi(p) = cp0(p)

Compute cpi(p)

Output:
geo[ngeo] crun[crun] ParticleConcI T[k].dat

rgflag
= 1?
No

Yes

Particle Reset
Add/Cut
Particles

Output:
geo[ngeo] crun[crun] ParticleConc T[k].dat

Return

Figure A.9: Flowchart for Subroutine Interpolate.f90. This subroutine generates the particle
concentration output at each outstep, interpolates the concentration at the original particle positions, and
resets the particles if necessary before continuing the calculation of the ODEs at the next time step.

The interpolation of the particle concentrations is the area of the code that needs
improvement. Avoiding resets is not always possible due to the particle distortion in
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some flow fields. While we provide a few options for when to reset, error is introduced
into the calculation when a reset occurs because of the interpolation method. An
alternative method could be implemented that avoids the mass loss and ‘spikes’ in the
concentration field that sometimes occur using the current method. The local regridding
technique does help, but only deals with particles that are too close together and does not
remedy the problem of particles becoming too far apart and thus creating ‘holes’ in the
concentration field.

A.3. CREATION OF COMPUTATIONAL DOMAIN AND INPUT FILES
To create the domain boundaries, one can draw a channel design using Adobe
Illustrator (Adobe Systems Inc., San Jose, CA) and save the file in XML-based SVG
(Scalable Vector Graphics) format. When drawing the lines, make sure each surface is
closed. This file can be imported into the program ‘BEMSurface’, a GUI written in
Objective-C language utilizing Xcode and the Macintosh operating system libraries
(Cocoa). This program only works with a Mac OSX. This geometry generator provides a
visual method of applying boundary conditions and handles boundary discretization and
generation of input files for the BEM. We use Matlab (The Mathworks, Inc., Natick,
MA) to handle the particle setup and create the input files for the PSEM. If one does not
have access to a Mac OS system, Matlab or another manual method may be used to
create the geometry and BEM input files according to the formats described in the
previous sections.
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A.3.1. BEMSurface Geometry Generator

The geometry generator program BEMSurface (for Mac OSX) may be used to
either draw a domain or import the .svg file of a domain created with another software
program such as Adobe Illustrator. To import a .svg file, first open the program, then
select File  Import  SVG File and choose the file. Enter a scaling factor if necessary
if the coordinates are too small or too large for the computation. The bottom right
window contains a list of faces on each surface. Scrolling through this list highlights each
face on the drawing board. To change the boundary type of a face, select the face in the
list and change ‘Wall’ to ‘In’ or ‘Out’ to indicate an inlet or outlet. When scrolling up
through the face list from face 0 to the last face, the sides should go around the geometry
counter-clockwise for an outer surface and clockwise for an inner surface. If the order is
opposite this, highlight the surface in the left list, then select Surface  Reverse Order.
Nothing will visually change, but the node order will be reversed in the files. If the
bottom-left corner is not at (0,0), select Tool  Reset Left-Bottom to (0,0). To set the
boundary conditions, select Window  Show BC Set Window. The drop menu allows
selection of the boundary (i.e. ‘In’ or ‘Out’) and then one can select the boundary type
(velocity or stress) and type the value for the condition in both the x and y directions.
Click the ‘Set’ button after making each selection, and when finished with boundary
conditions select Window  Hide BC Set Window. Note that only a constant stress or
velocity may be set with this program; to set a distribution such as a parabolic profile,
one must modify the BC file manually.
A geometry may also be created using the BEMSurface program. First add
vertices: Vertex  Add. The coordinates are listed in the upper right window and can by
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modified here. To make a face, highlight two vertices and select Face  Add  Line,
Cubic Bezier or Quadratic Bezier. Three vertices are required to add a circle. Anchor
points are automatically added with the Bezier faces. To make a surface, highlight the
faces of the surface in the lower right list and select Surface  Add. If there is more than
one surface in the domain, the outer surface must be the first surface. To ensure the input
files are created correctly, select the outer surface in the left list, then select Surface 
Set First Surface.
To export the data files for the BEM, select File  Export  BEM Input File. In
the dialog box, set the geometry number and set the element size. For example, an
element size of 0.05 creates a geometry with node spacing 0.025. A save menu will then
open, in which one may type in a file name. To save a .poly file for the Triangle program,
select File  Export  Triangle Poly. To save the geometry for the BEMSurface
program, select File  Save and save as a .xml file. This file may be opened later in this
program by selecting File  Open. The program creates the outputs
geo[ngeo]_surface[nsurf].dat, geo[ngeo]_BEMBCs, geo[ngeo]_Elements, and
geo[ngeo]_Normals. Before exiting the program, check the files to ensure that the nodes

are listed in the correct order for each surface, and that the BC, Element, and Normal files
are correct for the geometry. The program must be exited and restarted to complete a
second geometry.
A.3.2. Triangle Mesh Generation

The mesh generation program ‘Triangle’ is used to create the .node, .ele, and
.edge files needed if the SEM is used to compute the particle velocities. The required

files and information on how to use this program created by Jonathan Shewchuk can be
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found at the website: http://people.sc.fsu.edu/~jburkardt/c_src/triangle/triangle.html.
First, the .poly file is generated by the BEMSurface program or other method. The
following example uses the file 2100.poly for geometry number 2100. After compiling
the program, run the program with the following command:
triangle –p -e 2100.poly

The mesh can then be refined using the next two commands:
triangle -r –p –e 2100.1.poly
triangle -r –p –q30 –a.005 –e o2 2100.2.poly

The files 2100.3.edge, 2100.3.node, and 2100.3.ele are generated. These files are needed
for the PSEM if SEM_opt = 1.
A.3.3. Input File Generation

The file Setup_BEM-PSEM.m may be used to initialize the BEM-PSEM
program with Matlab. At the beginning of the file, set the parameters for the file
Input_Settings_BEM.inp, the BEM domain boundaries, the parameters for the file
Input_Settings_CDR.inp, the dimensional scaling parameters (the BEM and CDR

parameters entered must be scaled if the solving a scaled problem), and the parameters
for running the script. The function Read_Geometry converts the files created by the
geometry generator (geo[ngeo]_surface[nsurf].dat, geo[ngeo]_BEMBCs,
geo[ngeo]_Elements, and geo[ngeo]_Normals) to the correct format and sets the points

to compute the internal velocities if Grid_opt = 1. A GUI named selector is called to
ensure that the points are within the domain. Points can be added or removed using this
program; simply exit when the selected points are correct (blue). The red points will not
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be computed. This creates the file geo[ngeo]_VelGrid.inp. The function
Input_Settings_BEM creates the file Input_Settings_BEM.inp.

The function Grid_Domain sets the initial particle positions and concentrations
for the PSEM calculation. The selector GUI is called to pick the particle positions in the
domain. Blue particles are to be included in the calculation; red particles are not. The
files geo[ngeo]_crun[crun]_Input_Blobs.inp,
geo[ngeo]_crun[crun]_BoundaryPoints.inp, and
geo[ngeo]_crun[crun]_ObstaclePoints.inp (if nsurf > 1) are generated. The function
Input_Settings_CDR creates the file Input_Settings_CDR.inp. Plots are generated to

visualize the initial conditions and ensure that correct conditions have been applied.
Lastly, the function CCSScript creates the script file to run the job on a cluster using
PBS (portable batch system).

A.4. PROGRAM EXECUTION
The BEM-PSEM program is coded in FORTRAN. We used the PGI 7.2 compiler
(The Portland Group, Inc., Lake Oswego, OR), but another FORTRAN compiler such as
gfortran or Intel could be used. We also used the MVAPICH2 MPI software (The Ohio
State University). The program requires the use of the ScaLAPACK, LAPACK, BLACS,
and BLAS libraries from www.netlib.org and the ATLAS library from http://mathatlas.sourceforge.net. The following makefile is used for compiling:
FC=mpif90
MPI=mvapich2
CPL=pgi
COM=ib
ARC=$(MPI)-$(CPL)-$(COM)
FFLAGS = -tp amd64 -O3 -fastsse -Mipa=fast,inline
LSCALAPACK= /usr/local/opt/scalapack-$(ARC)/libscalapack.a
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LBLACS= /usr/local/opt/BLACS-$(ARC)/libmpiblacsF77init.a \
/usr/local/opt/BLACS-$(ARC)/libmpiblacs.a \
/usr/local/opt/BLACS-$(ARC)/libmpiblacsCinit.a
LATLAS= /usr/local/opt/atlas-3.8.2-$(CPL)/lib/liblapack.a \
/usr/local/opt/atlas-3.8.2-$(CPL)/lib/libf77blas.a \
/usr/local/opt/atlas-3.8.2-$(CPL)/lib/libptf77blas.a \
/usr/local/opt/atlas-3.8.2-$(CPL)/lib/libcblas.a \
/usr/local/opt/atlas-3.8.2-$(CPL)/lib/libatlas.a \
LFLAGS= $(LSCALAPACK) $(LATLAS) $(LBLACS) -lgfortran -lm
f90SRC= dubiner.f90 \
lobatto.f90 \
elements.f90 \
femlib.f90 \
Setup.f90 \
Gauleg.f90 \
Parameters_PSE.f90 \
GlobalMatrix.f90 \
Extineq.f90 \
InternalVelocityMPI.f90 \
Ghmateq.f90 \
BEM_Velocity.f90 \
Main.f90 \
Write_BEM_Results.f90 \
Splinenr.f90 \
Spline.f90 \
Setup_Domain.f90 \
Setgauss.f90 \
Reorder.f90 \
Normals.f90 \
Locineq.f90 \
Intvels.f90 \
ddt.f90 \
Interpolate.f90 \
calerf.f90 \
PSE_Concentration.f90
f77SRC= opkdmain.f \
opkda2.f \
opkda1.f
allsrc=${f90SRC} ${f77SRC}
OBJS = $(f90SRC:.f90=.o) $(f77SRC:.f=.o)
EXEC = exec
all: $(EXEC)
%.o:%.f90
$(FC) -c $(FFLAGS) $<
%.mod:%.f90
$(FC) -c $(FFLAGS) $<
%.o:%.f
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$(FC) -c $(FFLAGS) $<
$(f90SRC:.f90=.o): ${f77SRC}
$(f77SRC:.f=.o): ${f77SRC}
exec: $(OBJS)
$(FC) $(FFLAGS) -o $(@) $(OBJS) $(LFLAGS)
clean:
rm *.o *.mod *.oo exec

For the computations in this dissertation, we used 2.4GHz AMD Opteron processors with
2GB of memory per CPU. The following script is used to run the program on a Portable
Batch System (PBS):
#!/bin/bash
#PBS -l walltime=06:00:00
#PBS -N geo2100_run1
#PBS -o geo2100_run1_CCSOutput.dat
#PBS -l nodes=1:infiniband:ppn=8
#PBS -j oe
#PBS -q ccs_short
############ THE JOB ITSELF #############################
echo Start Job
cd $PBS_O_WORKDIR
export NUM_CPU=`cat $PBS_NODEFILE | wc -l`
time mpiexec -n $NUM_CPU ./exec
echo End job

A.5. POST-PROCESSING
The BEM-PSEM program generates a set of output files, which are processed and
visualized using Matlab. The BEM portion of the program creates the files
geo[ngeo]_Vnorm.dat, geo[ngeo]_VelVals.dat, geo[ngeo]_StrVals.dat,
geo[ngeo]_VelStr_surf[nsurf].dat, and geo[ngeo]_VelGrid.dat. The Matlab file
Output_BEM.m imports these files to produce plots of the velocity vectors, the stress

vectors, the velocity magnitude, and the velocity streamlines. The PSEM part creates the
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files geo[ngeo]_crun[crun]_status.dat, geo[ngeo]_crun[crun]_status2.dat, and the
files geo[ngeo]_crun[crun]_ParticleConc_T[k].dat and
geo[ngeo]_crun[crun]_ParticleConcI_T[k].dat at each outstep. The Matlab file
Output_PSEM.m imports these files to produce surface plots of the concentration and

store the data.

Page 213

Appendix B. SPECTRAL ELEMENT METHOD
The SEM is a high-order finite element method that was first introduced by Patera [154].
The SEM has been used extensively to solve problems involving flow, such as the
Navier-Stokes equations [155] and the advection-diffusion equation [156-159].
Compared to the traditional low-order finite element method, the SEM often results in a
more computationally efficient approach because: (1) fewer elements are needed because
of the higher accuracy; and (2) the number of unknowns can be reduced by applying a
sub-structuring technique to eliminate the unknowns in the interior of elements. The latter
is important as the number of unknowns can be reduced from ~h-dNd to ~h-dNd-1, where h
is the average element size, d is the space dimension, and N is the polynomial degree
used. In the SEM, the linear system resulting from the discretization of the differential
equation is usually solved by a preconditioned iterative method, and a number of
preconditioners have been proposed in the literature [160-162]. For equations with a time
derivative, such as the advection-diffusion equation, we have found that the Jacobi
preconditioner usually works well. The computational code we used supports
preconditioned conjugate gradient with different preconditioners, including Jacobi,
overlapping Schwarz, and BDDC. More details of these preconditioners can be found in
[163].
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B.1. NAVIER-STOKES EQUATIONS
For this implementation, the Navier-Stokes equations
æ ¶u
ö
Re çç + (u ⋅) u÷÷÷ = 2u -P, ⋅ u = 0,
çè ¶ t
ø

(B.1.6)

are discretized in time by the second-order rotational pressure correction scheme [164].
In the first sub-step, we solve for an intermediate velocity ũk+1 from
3u k 1  4u k  u k 1
1 2 k 1 1
 2N k  N k 1 
 u 
p k  0,
2t
Re
Re

(B.1.7)

with homogenous Dirichlet condition on the walls, homogeneous Neumann condition at
the outlet, and a prescribed velocity profile at the inlet, where N k  (u k )u k is the nonlinear term. In the second sub-step, the incompressibility of the velocity field is enforced
by projecting ũk+1 onto an incompressible space:
u k 1  u k 1   k 1 ,
  u k 1  0,

(B.1.8)

u k 1  n  u k 1  n on .
Finally, the pressure is updated through

p k 1  p k 

3Re k 1
    u k 1.
2t

(B.1.9)

The pressure correction scheme results in a number of Poisson-type equations to be
solved in each time step. These equations are solved using a spectral element method
(SEM). Let T  i  be a triangulation of the domain Ω. Then the spectral element space
is

VN (T ) : PN (T )  V ,
where

(B.1.10)
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PN (T ) : u  C 0 () : u

i

 PN (i ), i  T



(B.1.11)

is the space of continuous functions whose restriction in each subdomain Ωi is a
polynomial of degree at most N, and V is the solution space of the differential equation.
To illustrate the idea, consider the Poisson-type equation

 u   2u  f

(B.1.12)

with boundary conditions

u  0 on D ,

u
 g N on N ,
n

(B.1.13)

where α is a non-negative constant and D N   . The spectral element approximation
is: Find uN VN (T ) such that

  u


N

v  u N v  dx   fvdx   g N vds


N

(B.1.14)

for all v VN (T ) , where the integrals on the right-hand side are approximated by replacing
the functions f and gN with interpolants in PN (T ) . Replacing v by basis functions of
VN (T ) in the above then results in a linear system. The linear system can be solved by a

direct method or a preconditioned iterative method. For equations resulting from the
discretization of a time derivative,  is large ( 

~ 1 / t

), and the Jacobi preconditioner

works very well. Otherwise, one may use a more sophisticated preconditioner, such as the
overlapping Schwarz preconditioner [162]. After testing, we found that conjugate
gradient with Jacobi preconditioner works best when solving the velocity, and a direct
solver with sub-structuring technique works best when solving the pressure.
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B.2. CONVECTION-DIFFUSION-REACTION EQUATION
The convection-diffusion-reaction equation

¶ ci
1 2
+ (u ⋅) ci =
 ci + Ri ,
¶t
Pei

(B.2.15)

is discretized in time by the second-order scheme

3cik 1  4cik  cik 1
1 2 k 1
  u (t k 1 )   ci*,k 1 
 ci  Ri*,k 1 ,
2 t
Pei

(B.2.16)

with homogenous Neumann boundary conditions for the walls and outlet of the domain
and a Dirichlet condition at the inlet. The second-order approximations to the
concentrations and reaction terms at the current time step are

ci*,k 1  2cik  cik 1 , Ri*,k 1  2Rik  Rik 1 ,

(B.2.17)

which are solved with the spectral element method.
For an advection-dominant system, i.e. Pe >> 1, the resultant linear system can be
solved efficiently using the Jacobi preconditioner. In this case, the work per time step is
proportional to the number of unknowns. Hence,

CPU time  (h1 N )d t 1 ,

(B.2.18)

where h is the typical size of an element, N is the polynomial degree, and d = 2 is the
space dimension. Moreover, the element size h is proportional to the slope of the
concentration front, Pe−1/2, and the time step t is proportional to the element size h due
to the CFL condition. Hence, equation (B.2.18) becomes:

CPU time  N d Pe( d 1) / 2 .

(B.2.19)

We note that the CFL condition is relevant here because the advection part is treated
explicitly.
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